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BentBent f u nc t i onsf u nc t i ons ((mm ev enev en))

s et  o f b o o l ean f u nc t io ns
w it h m var iab l ess et  o f b o o l ean

af f ine f u nc t io ns
RM(1,m)

f b ent

f ar t h es t f u nc t io n
f r o m R M ( 1 , m)



On t h e nu m b e r o f b e nt f u nc t i o ns w i t h 8  v a r i a b l e sB F C A ’0 6

What i s the n u m b e r o f b e n t f u n c ti o n s
w i th m v ar i ab l e s  ?

A  g e n e r al u p p e r b o u n d [C ar l e t,  K l ap p e r 2 0 0 2 ]

f bent⇒ d eg  f � m/ 2 [R o th a u s 7 6 ]

#  o f bent f u nc ti o ns w i th m v a r i a bl es  � 
# RM(m/2,m)
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L e t  m f i x e d
W h a t i s t h e n u m b e r o f
b e n t f u n c t i o n s ?

C o ns tr a i ntsC o ns tr a i nts o n o n bentbent f u nc ti o nsf u nc ti o ns ( 1 )( 1 )

f b e n t ⇒ d e g  f � m/2 [Ro t h a u s 7 6 ]

• m =  2
f ∈  RM ( 1 , m)

• m =  4 d e g f =  2 t h e n u m b e r o f q u a d r a t i c b e n t
f u n c t i o n s i s w e l l k n o w n f o r  a n y m.

• m =  6
d e g f =  2 o r  3 ‘a l l ’ c u b i c b e n t f u n c t i o n s i n  6  

v a r i a b l e s  a r e  k n o w n
[Ro t h a u s 1 9 7 6 ] ) 

# o f b o o l e a n f u n c t i o n s =  2

� �

computer s ea rch ca n b e us ed .
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f bent⇒ d eg  f � m / 2 [R o th a u s 7 6 ]

• m  =  8 d eg f =  2 ,  3  o r

number o f q ua d ra t i c bent
f unc t i o ns k no w n f o r a ny m

‘a l l ’ c ubi c bent f unc t i o ns i n 8
v a ri a bl es  a re k no w n [ H o u 1 9 9 8 ] )  

4?

We w i l l f o c u s o u r s t u d y
o n  t h e n u m b er o f b en t
f u n c t i o n s o f d eg r ee 4  i n  
8  v a r i a b l es
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C o n s t r a i n t sC o n s t r a i n t s o n  o n  b en tb en t f u n c t i o n sf u n c t i o n s ( 2 )( 2 )
L et be a  bo o l ea n f u nc ti o n o f d eg r ee 4  i n 8  v a r i a bl es

q u a r ti c p a r t c u bi c p a r t q u a d r a ti c p a r t
a f f i ne p a r t

Necessary co n d i t i o n  f o r f t o  b e b en t [Hou, Langevin 1998]
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ConstraintsConstraints on on b e ntb e nt f u nc tionsf u nc tions ( 2 )( 2 )

gives a  n ec essa r y c o n d it io n  
o n  t h e q u a r t ic p a r t  o f f

gives a  sy st em o f eq u a t io n s
w h ic h m u st  b e f u l f il l ed b y  
t h e c u b ic p a r t  o f fgives a  sy st em o f eq u a t io n s

w h ic h m u st  b e f u l f il l ed b y  
t h e q u a d r a t ic p a r t  o f f

system Isystem IIsystem III

4 3 2
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Aα =yβ bα

S trate g yS trate g y to to c om p u tec om p u te an an u p p e ru p p e r b ou ndb ou nd

E n u m er a t e a l l q u a r t ic p a r t
a n d c h ec k :

(I) el im in a t es q u a r t ic f o r m s w h ic h c a n n o t b e p a r t
o f a  b en t f u n c t io n .

(II)
gives a n  u p p er b o u n d o n  t h e n u m b er o f
p o ssib l e c u b ic p a r t  f o r  a  f ix ed q u a r t ic p a r t

256-r a n k ( A) o r   0

Aα =yγ bα,β(III)
gives a n  u p p er b o u n d o n  t h e n u m b er o f
p o ssib l e q u a d r a t ic p a r t  f o r  a  f ix ed q u a r t ic p a r t

2 2 8 -r a n k ( A)

X 29

8  eq u a t io n s ,  5 6  u n k n o w n s

2 8  eq u a t io n s ,  2 8  u n k n o w n s
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L et  f ∈ R M ( 4 , 8 )  a n d A  ∈ G L ( 8 , 2 )

f b en t ⇔ g is b en t

L et  q b e a n  h o m o gen eo u s q u a r t ic f o r m

g f ~ g

if y o u c o n s id e r t h e a c t io n  o f G L (8 , 2 )  o n  t h e s p a c e
o f q u a r t ic fo r m s R M (4 , 8 ) * : = R M (4 , 8 ) / R M (3 , 8 )  t h e n
a l l q’ ∈ O r b GL( 8 , 2 ) (q)  a r e  t h e q u a r t ic p a r t  o f a  b e n t
fu n c t io n .

m o d R M (3 , 8 )

q is t h e q u a r t ic p a r t  o f a  b e n t f u n c t io n
⇔

∀ A ∈  G L ( 8 , 2 ) ,  q o A is t h e  q u a r t ic p a r t  o f  a  b e n t  f u n c t io n

S y st e m s I ,  I I  a n d I I I  g iv e e x a c t l y
t h e sa m e n u m b e r o f so l u t io n s f o r  
t w o q u a r t ic f o r m s in  t h e sa m e
o r b it .  ( it ’s a n  in v a r ia n t )  
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Our goal : 

F i n d a s uf f i c i e n t ly s m all (  <  2 2 0 )  s e t  of q uart i c
f orm s w h i c h re p re s e n t s t h e s p ac e R M ( 4 , 8 ) *  up
t o li n e ar e q ui v ale n c e .

S i n c e | R M ( 4 , 8 ) * |  =  2 7 0 ,  i t i s i m p os s i b le  t o c om p ut e
s t rai gh t f orw ard t h e ac t i on  of G L ( 8 , 2 )  ov e r R M ( 4 , 8 ) * .

We f o u n d a  s et  o f 6 8 6 4 7  such f un ct i o n s a f t e r 3  r e d uct i o n s
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q1 q2 q3

q4 q5 q6

q7 q8 q9

q10 q11 q12

FirstFirst R e d u c tio nR e d u c tio n

Let f ∈ R M ( 4 , 8 ) *
f =  q  +  X 8 c  

R M ( 4 , 7 ) *
R M ( 3 , 7 ) *

F o r  a n y A =  B t0
10…0

w h er e B ∈ G L( 7 , 2 ) ,  th en

f o A =  q  o B +  X 8 ( c  o B)

RM(4,7)*

G L (7,2 ) a c t i n g  o n RM(4,7)*

0
4 5 6 7
3 4 6 7 + 2 5 6 7
3 4 5 7 + 2 4 6 7 + 1 5 6 7
3 4 5 7 + 1 2 6 7
2 4 6 7 + 2 3 5 7 + 1 4 6 7 + 1 4 5 7 + 1 3 6 7

3 4 5 6 + 2 4 5 7 + 2 3 6 7
3 4 5 6 + 2 4 5 7 + 2 3 6 7 + 1 5 6 7
4 5 6 7 + 1 2 4 7 + 1 3 5 6
3 4 6 7 + 2 5 6 7 + 2 4 6 7 + 1 3 5 6 + 1 2 4 6 + 2 3 4 5
3 4 5 6 + 2 3 5 7 + 1 4 5 7 + 1 2 6 7
2 3 5 6 + 2 3 4 7 + 1 4 5 6 + 1 3 5 7 + 1 2 6 7

X . D . H o u  

∈ OrbGL(7,2)(q) = { q o  B  |  B ∈ G L ( 7 , 2 )  }
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We c o u l d c h ec k
s y s t em s I ,  I I  a n d I I I  o n
12 x 235 f u n c t i o n s i n s t ea d
o f   2 7 0 .

card( R M ( 3 , 7 ) * )

T h e c l a s s i f i c a t i o n  o f R M ( 4 , 7 ) *  u n d er t h e a c t i o n  o f G L ( 7 , 2 )  a l l o w s u s
t o  c o n s i d er o n l y t h e q u a r t i c s f o r m s qi + X 8c f o r  i ∈ { 1 , 2 , .., 1 2 }  
a n d c ∈ R M ( 3 , 7 ) *  

7
2

5

q + X �c

3

q ∈ Orb �� ���� �� ( q 	)
c  ∈ R M ( 3 , 7 ) * 9

1

6
11

12
8

RM(4,8)*

10



On t h e nu m b e r o f b e nt f u nc t i o ns w i t h 8  v a r i a b l e sB F C A ’0 6
Second Second R edu ct i onR edu ct i on

Let f ∈ .   T h e derivative o f f i n  th e direc tio n o f u  ∈ F2
m is*

mod R M ( r - 2 ,  m)

∈ R M (r - 1 ,m)

The s et  ∆( f ) =  { δu f ,  u  ∈ F2m }  i s a  
s u b s p a c e o f R M ( r  - 1 , m ) *  

R M (r,m)

*



On t h e nu m b e r o f b e nt f u nc t i o ns w i t h 8  v a r i a b l e sB F C A ’0 6

[B r ie r , L a n g e v in  2 0 0 3 ]  L e t  q ∈ R M (4 ,7 )*  a n d c ∈ R M (3 ,7 )* .  F o r  a n y
d ∈ ∆( q) , t h e r e  e x ist s A ∈ G L (8 ,2 ) su c h t h a t

(q +  X8c) o A =  q +  X8 ( c +  d)

qi + X8cc ∈ R M (3 ,7 )*

q �+X �c,  
c ∈ RM(3,7)*/∆∆∆∆(q �)
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i dim R M ( 3 , 7 ) * / ∆(qi)
1
2
3
4
5
6
7
8
9
10
11
12

35
31
29
28
28
28
29
28
28
28
28
28

q1= 0

235 + 5 . 230

Foreach i ∈ { 1 , . . , 1 2 } , i n s t ead of check i n g al l f orm s
qi + X 8c w here c ∈ R M (3 , 7 ) * ,  w e can res t ri ct ou rs el v es
t o t hos e c ∈ R M (3 , 7 ) * / ∆(qi ) .

W e cou l d check systems I ,  I I  a n d I I I  o n

f u n c ti o n s i n stea d o f
1 2  x  2 35
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L a st L a st R ed u c ti o nR ed u c ti o n

Stab(qi )  =  {  B ∈ G L (7 , 2 )  |  qi o B =  qi }

Proposition 2. S ta b (qi) a c ts o n  R M (3 , 7 )* / ∆(qi)

qi + X 8cc ∈ RM(3,7)*/∆(qi)
θθθθi :  #  o r b it s
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W e o n l y h a v e to  c h ec k systems I ,  I I  a n d I I I  o n

=  2 35+ 5 . 2 30
f u n c ti o n s i n stea d o f1 2  +

F o r ea c h i ∈ {1,..,12}, i n s t e a d o f c h e c k i n g a l l f o r m s
qi + X 8c w h e r e c ∈ R M (3 ,7 ) * / ∆(qi), w e c a n r e s t r i c t
o u r s e l v e s t o  c u b i c s c w h i c h a r e  r e p r e s e n t a t i v e s o f
R M (3 ,7 ) * / ∆(qi) u n d e r t h e a c t i o n  o f S t a b (qi ) .

Let θi b e th e n u m b er o f o r b i ts o f R M (3 , 7 )* / ∆(qi) u n d er th e a c ti o n  o f S ta b (qi)

<  ?

S p ec i a l C a s e :  S ta b (q1) =  S ta b (0 ) =  G L(7 , 2 ) a n d R M (3 , 7 )* / ∆(0 ) = R M (3 , 7 )*
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i θθθθi

1
2
3
4
5
6
7
8
9
10
11
12

12
63
289
730
480
214
136

1124
6449
1354

33736
240 60

θi : N u m b er o f o r b i ts o f R M (3 , 7 )* / ∆(qi) u n d er th e a c ti o n  o f S ta b (qi)

68647

2 7 0

1 2 x 2 3 5

2 3 5 + 5 . 2 3 0

q ∈ RM(4,8)*

qi :  1 2  r e p r e s e n t a t i v e s o f RM(4,7 )*
u n d e r t h e a c t i o n  o f G L (7 ,2 )

c  ∈ RM(3 ,7 )*

qi :  1 2  r e p r e s e n t a t i v e s o f RM(4,7 )*
u n d e r t h e a c t i o n  o f G L (7 ,2 )

c  ∈ RM(3 ,7 )*/∆ ( qi)
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Our main re s ul t :
t h e numb e r o f b e nt f unc t io ns in 8  v ariab l e s  is
l e s s o r e q ual t o  2129.2

Carlet - K lap p er b o u n d :  2 152
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W o rk in p ro g re s s : re d uc e t h e s e t  o f t h e 6 8 6 4 7
f unc t io ns t o  a s e t  o f 9 9 9 re p re s e nt at iv e s o f
R M ( 4 , 8 ) *  und e r t h e ac t io n o f G L ( 8 , 2 ) .


