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Boolean functions

m inputs € {0,1}
0

L — output € {0,1}

X2 =x
: F5" — 5 “has a unique representative polynomial in

B | vel e L el e G )

J = Y agXg, ag€Fy Xg= ][] Xs
Sall, . ol seS
ANF

EX :m =0, f =X1X2X5X6—|—X2X3 a1256=a23=]
degree 4
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Bent functions (m even) “

d(f,g) = card{z € F3' | f(z) # g(z)}
f bent

d( f.RM(1 —  inf d — om—1_ »5-1
(f,RM(1,m)) gERll\ﬂ(l,m) (f,q)

set of boolean functions

set of boolean with m variables

affine functig
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fbent = deg f < m/2 [Rothaus 76]

(m/2)

# of bent functions with m variables < 22" I:F

# RM(m/2,m)

A general upper bound [Carlet, Klapper 2002]

(m/2) (mT;LQ)
2

22m 1_|_

ol ) m—1
PRI 4oy 422"

where e = 1/29((2™/m)1/2)
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Constraints on bent functions (1)

Jfbent = deg /< m/2 [Rothaus 76]

"m=4 deg f=2

the number of quadratic bent
functions 1s well known for any m.

deg/f=2or 3 —~ ‘all’ cubic bent functions in 6

variables are known
[Rothaus 1976])
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fbent = deg f < m/2 [Rothaus 76]
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‘all’ cubic bent funct

variables are known [Hou 1998])
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Constraints on bent functions (2) 1

Let f = Z agXg be aboolean function of degree 4 in 8 variables
Sc{1,...,.8}

Necessary condition for f to be bent [Hou, Langevin 1998]
f bent = for any V C {1,...,8} such that |V| € {6,7,8},

Z agaT = 0
(S, T}SUT=V

f= ) asXst+ Y BsXst+ DY sXs+h

Sc{1,...,8} Sc{1,...,8} Sc{1,...,8}
|S|=4 |5]=3 |5]=2

l l l affine part
quartic part cubic part quadratic part
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gives a necessary condition

on the quartic part of
gives a system of equations o
. . which must be fulfilled by >, asaz=0
gives a system of equations . .. bic part of f Sc{1,...,8}
which must be fulfilled by |S1=4

the quadratic part of f

l | l

system 111 system I1 system I
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y to compute an upper bound A=
‘ BsXst WSXS@
8}

Sc{1,....8}
|5|=2
x 27

Enumerate all quartic part
and check:

( ) Z aAgxg — 0 eliminates quartic forms which cannot be part

Sc{1,...,8} of a bent function.
5|=4
A . b gives an upper bound on the number of
(II) a y L — a possible cubic part for a fixed quartic part
8 equations , 56 unknowns 956rankid) op 0

_ b gives an upper bound on the number of
(III) a y y a ;IB possible quadratic part for a fixed quartic part
28 equations , 28 unknowns 5 28-rank(t)
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Let /' € RM(4,8) and 4 € GL(8,2) '

G
=

d OA)(Xl, ce ,Xg) — f((Xl, co ,Xg)A)
g - f~8

f bent < g 1s bent

Let g be an homogeneous quartic form

é g 1s the quartic part of a bent function

g o

V A € GL(8.,2), g0 4 is the quartic part of a bent function

if you consider the action of GL(8,2) on the space
of quartic forms RM(4,8)*:=RM(4,8)/RM(3,8) then
all g” € Orbg 5,)(¢) are the quartic part of a bent
function.




Ty

BFCA’06 On the number of bent functions with 8 variables ‘

Since [IRM(4,8)*| = 27V, it is impossible to compute
straightforward the action of GL(8,2) over RM(4,8)*.

We found a set of 68647 such functions after 3 reductions
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First Reduction

Let f € RM(4,8)* —

RM(3,7)%

>"’-._ -,.54-

For any 4 = ( B t0> where B €611(7,2), then GL(7,2) aCting:?n RM(4,7)*
0.0/ 1 .

q:
€ Orbg; 709 ={qoB|BeGL(7.2)} q,

0 3456+2457+2367
4567 3456+2457+2367+1567
3467+2567 4567+1247+1356 q-
3457+2467+1567 3467+2567+2467+1356+1246+2345
3457+1267 3456+2357+1457+1267
2467+2357+1467+1457+1367 2356+2347+1456+1357+1267

910

X.D. Hou

qs

q:i
RM(4,7)*

q;

9

q9

912
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Fa e

The classification of RM(4,7)* under the action of GL(7,2) allows us
to consider only the quartics forms g, +Xsc fori € {1,2,..,12}

and c € RM(3,7)*

\

card(RM(3,7)*)
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Second Reduction =

Letf € RM(r,m)*. The derivative of f in the direction of u € F,” is

ouf(X) = f\(X + u) -I-f(if) mod RM(r - 2, m)

~

ERM(r - 1,m)*
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[Brier, Langevin 2003] Let ¢ € RM(4,7)* and ¢ € RM(3,7)*. For any
d € A(g), there exists A € GL(8,2) such that

(g + Xsc)od =q+X;(c+d
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dim RM(3,7)*/A(g,)

11 28
12 28 @5.230
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Last Reduction 7=
(Ckin (48

q;+ Xy
c € RM(3,7)* :

6.: # orbits

Proposition 2. Stab(g,) acts on RM(3,7)*/A(q,)
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Let & be the number of orbits of RM(3,7)*/A(g,) under the action of Stab(g,)

Special Case : Stab(q,) = Stab(0) = GL(7,2) and RM(3,7)*/A(0)=RM(3,7)*
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270

g € RM(4,8)*

120872

g, : 12 representatives of RM(4,7)*
under the action of GL(7,2)
c € RM(3,7)*

2o

q; : 12 representatives of RM(4,7)*
under the action of GL(7,2)
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Carlet - Klapper bound : 2!>2
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