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Abstract— The Residue Logarithmic Number System (RLNS)
represents real values as quantized logarithms which, in tun, are
represented using the Residue Number System (RNS). Compate
to the conventional Logarithmic Number System (LNS) in whih
quantized logarithms are represented as binary integers, BNS
offers faster multiplication and division times. RLNS and LNS
use a table lookup involving all bits for addition. The width,
dynamic range, precision and naive table size of RLNS (with
careful moduli selection) is as good as those for conventiah
LNS.

Conventional LNS can be more efficient than naive addition
lookup. First, commutativity allows interchanging arguments.
Second, the addition function is often essentially zero, ahdoes
not have to be tabulated. In binary, comparing arguments for
commutativity and essential zero is easy during initial stps sub-
sequent table lookup depends upon. In residue, comparisoree
slow. Although RLNS inherently demands comparison, this pper
shows a novel way comparisons can be performed in parallel to
the lookup from a small table. This paper also describes a n@}
tool that generates synthesizable Verilog, making RLNS visle
in practical applications that benefit from its theoretical shorter
multiply and divide times.

|I. INTRODUCTION

(e.g. binary or decimal), the ratio between adjacent wsight
is a constant (e.g. 2 or 10). A Mixed Radix Number System
(MRNS) is one in which this ratio is allowed to vary. MRNS
relates the integer value to the digits ;) that form its
representation using the following formula that shows how
to compute the digits given the desired value:

Ty = {m/(ﬁMJ)J mod M;

where0 < i < n, n is the number of digits and/; is the
ratio between the weights for theand j + 1 positions. The
MRNS is capable of representing

n—1
M =] Mm;

=0

1)

)

unigue valuesi,, < = < .., Where thez,, and thex,.,
are the integer minimum and maximum such that= z,..—
Tmn+1. Typically, z,, = 0 andx, = M —1 forming unsigned

This paper considers a number system that is a compoditégers, but signed integers are possible with < 0 at the
of two unusual number systems: the Residue Number Systéf$t of a smaller,,.. For binary,M; = 2 and thusM = 27,
(RNS) and the Logarithmic Number System (LNS). BotRutin MRNS the); is different in each position and thug
trace their roots to ancient mathematical innovations: tfie @ composite number. Because (1) chooses the digits from
Chinese Remainder Theorem for RNS [22] and the Gau&hon-redundant set, i.e), < z; < M;, the algorithms for
Leonelli addition logarithm [3] for LNS. Interest in such@ddition, subtraction, comparison, etc. are analogoubdeet
unusual number systems in the face of standard numifi@fbinary, involving carries which make the speed of minkma
systems can be explained by the emergence of ApplicatighHé@ circuits proportional to the value nf(e.g., ripple-carry
Specific Processors (ASPs) that benefit from the speed, ced¢lers).
and/or power advantages of these unusual number systems arfty) advantage of a positional number system is that it is

tolerate their nonconformance to standards [3].

easy to perform the inverse procedure of (1), and to convert

This paper deals with representation of real numbers whd&€ tuple of digitsz;,0 < i < n into its integer valuey:

values are chosen from a continuous set. Since digitalitsrcu
are finite, an approximation is necessary, mapping a real
value to some integer that represents it. To understand such

n—1

i=0 j=0

3)

mappings, we need to briefly review positional and non-

positional number systems for integers.

A. Positional

Related to the ability to perform (3) are several operations
essential in Section Il. Division by the weight of theh
position (Mg - M - ... - My_1) is known asscaling Scaling

Binary and decimal are examples of positional numberccurs at insignificant cost in MRNS by considering the
systems, in which the position of each digit determines tliemaining positions (all but the rightmog) as forming a
associated weight. The left-most digits have larger weighdifferent mixed radix. Unlike a constant radix system (e.g.
which allows easy comparison, sign detection and divisidninary) where this operation is visualized as shifting the
by constants related to the weights. For simple radix systememaining digits to the right, MRNS requires the castinghef t



remaining digits according to a new MRNS data type definesiorage efficient as binary. The one-hot option does not have
by the remainingl/;s. this advantage. The total number of bits to store a value with

Another important operation in Section Il ligse extensign one-hot-coded RNS (or MRNS) is
which takes a representation with a small number of digits, 1
and produces the representation of the same value using a ny = ZM @)
larger number of digits. Just as in binary, base extension is ’
implemented in MRNS by simple concatenation of zeros on
the left (interpreted according to neid;s that the designer ~RNS addition speed depends on technology and coding, but
chooses). in theory has the advantage of no carries. Although sophisti
B. Non-positional cated methqu [14] speeq up long-word _addit_ion, for thetshor

' words considered here, ripple-carry addition is probalolgdy

In contrast to positional number systems, the Residue Nufgr hoth conventional binary and binary-encoded modult Le
ber System (RNS) [22] represents an integgl < = < ..« the delay of a simple gate be the delay of a multiplexor
with a set of moduli, be ... = 26 and the delay of a full adder be, say, ~ 39.

£; = z mod M; (4) An ngy-bit binary adder takes aboul,e, ~ n2d ~ 3n20.

The delay of equivalent binary-encoded RNS depends on
where theM;s must be chosen to be relatively prime to eac,l]w = max (1o, ...,nn—1). Modulo addition needs two)-bit
other, i.e., for alli # j, gcdM;, M;) = 1. Each moduli is ripple-carry adders in which the carry of the second chases
of equal importance—unlike MRNS digits, one cannot spege 5., behind the first. A final multiplexor chooses between
of more- or less-significant moduli. Oftel;s are chosen 10 the two possible resultsi{ + §j; or &; + §j; — M;), making
be primes, which allows a number-theoretic logarithm figrct Saarnson = (1 4 1)0 + Omu ~ 316 + 5. Sincen < na,
(also called index calculus) to be defined [22] that assi#lls Wpinary-encoded RNS should be faster. One-hot encodingsneed
multiplication and is the basis for the Logarithmic ResidugaddRNSOH ~ (1 + n)d with fan-in-2 gates. For example, with
Number System (LRNS) [25], a similar-sounding but distingodyli My =4, My =3, My =5, M3 =7 we getny = 3
concept from the one (RLNS) proposed in this paper. and ny = 10; thiS MeanSs.s, ~ 308, Sarnsin ~ 146 and

In conventional RNS, moduld4 addition, subtraction and S asamnson 22 46.

multiplication of integers are carry-free. For example, 10 The problematic operation in RNS is the interpretation of

computez = (z — y) mod M, the integer value represented by the moduli. There are two
2 = (#; — §;) mod M; (5) common approaches: the Chinese Remainder Theorem (CRT),

) ) which computes a sum of products modulo the large number

where0 < j < n. Thesen channels of information can be ;. and the Mixed Radix Conversion (MRC), which computes

processed in parallel. Even though the numeric mterpoetatseria"y each MRNS digit using a large numbed((2))

(4) of .the RNSz;s is entirely different_than the numeric inter-yg simpler operations on moduli/digits [14]. Scaling, base

pretation (1) of the MRNS;s, the coding options and storagxtension, sign detection and comparison are all expensive

requirements are similar using the samgs. Electronically, gperations in RNS since all moduli need to participate [22].

each MRNS digit7; or RNS modulusi; may be represented  gage extension in RNS involves creation of a new modulus

with one of several codes: _ _ channel,i,, defined by an additional relatively prim&/,,.

e Binary: 7; = [log, M;] wires with 2-valued logic [17], This new channel reconstructs whamod 1/,, should be from

o Index:~ [log, M; | wires with 2-valued logic [25], the existing moduli channelsp, ..., #,_. Unlike MRNS, all

o One-hot:\/; wires with 2-valued logic [9], of the existing channels have to be processed to accomplish
o M;-ary: 1 wire with multi-valued logic [24]. this. A sequential algorithm to accomplish this is to apjig t

The binary-coded representation is the most com_pact f@hT, but instead of doing the sum of products modivg
storage purposes, but the one-hot-coded representaldwsal pace extension only requires the much smaller modulp
faster logic and lower power consumption [8]. In addition t¢,, moderatels. another alternative is a ROM.
electronics, optical [7] and quantum [19] implementatiofis Dividing by the constant); is easy in MRNS, but in

RNS have been suggested. ___RNS it depends onz. Such scaling is less difficult when
The total number of bits needed to store a value with blna% — 0. In this case, the RNS interpretation of the remaining

coded RNS (or the related MRNS) is moduli, z mod (M/M;) can be multiplied modulaVi/M;
n-l on a channel-by-channel basis by the multiplicative inverk

ny =) [log, M;j]. (6) M, to form the RNS representation pf /M | mod (M /M;).

j=0 Unfortunately, this result is not in the original RNS, buttire

By choosing one modulus as a power of two and the othéRNS defined by the reduced moduli §étly, My, ..M, 1} —
slightly less than powers of two, the range of a similardize{1/;}. Scaling is more difficult itz; # 0. In this case, the base
binary system2”2, is only slightly larger thanl/. Thus, in extendedz; must be subtracted from, | (z — &;)/M; ] mod
some applications that do not need quite the full power-ofdZ/M;). Such scaling is good for the small moduli used here,
two range, careful selection of moduli allows RNS to be adthough [6] gives a better scaling method for large moduli.



II. REPRESENTINGREALS The choices ob and M determine the relative precision [18].

There are three basic systems for using integer arithmefigPically in binary LNS,b = 2 and M = 2-", where F' is
hardware of the kind described earlier to process real nisnbdhe precision. However, because any ed 1 is permissible,
fixed point, floating point and the logarithmic number systeff100singb ~ 1 and M = 0 allows an integer to represent
(LNS). In each of these systems, it is possible to use binary® real X with precision related to how close is to one.
residue for representing the integer(s) that in turn mage# r THis is @ major advantage over fixed point or floating point
numbers, making six systems in all under consideration. hef$ it decouples the application-specific choice of the nimer
In this paper upper-case variables describe real Va|ue$mar|precision from the implementation-specific choice of thdixa
ulated by an application. Corresponding lower-case vigabOr moduli. Assumingb ~ 1, the lossy conversion from an
are the integers that represent these values followingules r arbitrary realX to an integer is:

for the particular system. In turn, such lower-case integee 10.5 4+ 108, Xna),  Xona < | X|
represented by a collection of digits or moduti; (or ;). z=q [0541og, [X|], Xy <|X]| < Xoa (12)
The following subsections describe the mapping of inteters 10.5 + logy Xonl, |X| < X
reals in these systems without regard to whether the uridgrly ) _ )
integer representation is binary or residue. The designer-supplied constanfs,, and X, satisfy the
i ] constraintsp®in < X, and X,. < b*m Because of the
A. Fixed Point lack of overflow detection in RLNS, it is desirable to choose
The mapping from integet to a real valueX in the fixed- [X,., X.] Well inside the RLNS dynamic range.
point system is: Although some LNS implementations provide an exact zero
X =z/Mp, (8) [16],[18], here zero is represented ds,. By proper selection

of X, multiplication yields a small result that is still large
enough not to underflow. A better alternative is to avoid
converting zeroes altogether [3].

where the designer chooses the considiatto be the product
of a subset ofM;s. (For binary, allM; = 2, thus the

interpretation of the integer simply involves moving théixa As in floating point, the value sign (indicating < 0) is

point) = is treated as a signed integer; thus, the r&als given as an explicit bitc;,. Unlike floating point,x is also

alsp S|gn_ed (althpugh r_ecover;_/ of the.s_|gn.W|II be d|f.f|cudt.f signed, which is hard to retrieve with RLNS. When< 0,
residue fixed point). Fixed-point addition is easy sincesit i

) ! o . S X| < 1.0. Whenz > 0, |X| > 1.0. Some RLNS operators
equivalent to integer addition. Since scaling is needeelraf!re Lire extracting the sian of however. manv do not require
each fixed-point multiplication so that the product is in th d g gn ok ' y q

same format as the inputs, fixed point multiply is more ditticu is costly step.
in RNS than integer multiplication. D. Comparison of the Prior Systems

B. Floating Point Table | shows on a scale of 1 (easiest) to 4 (hardest) a sub-
Ignoring some of its more exotic features, the IEEE-75&ctive estimate of the relative difficulty for common aritatic

standard [14] maps the integers, (mantissa)z. (exponent) OPerations in the six real-number systems, not considéhieg

and z, (sign of the value) to the hidden-bit normalized redfovel improvement to RLNS addition proposed later in this
value X as paper. Comparison and overflow detection are difficult in all

residue-based systems. Sign detection is easy in all LNS and
X=(1-wz) 2% (1+zm/M), (9) floating point variants because the sign is encoded explicit
whereM = 223 for single precision. In floating poin, is an Residue floating point operations are hard because they all
integer and does not need scaling. (9) can be generalizeswHemand sign detection [13]. Multiplication for residuesigers
M is a product of relatively prime moduli allowing easie{Not shown in Table 1) is easy but multiplication is more
representation with residue [13]. Also, it may be desirable challenging for residue fixed point because of the need te sca

allow unnormalized values with an arbitrary integer base, e after each multiplication. Unlike residue floating point, S
b=10: does not need sign detection for multiplication, which ngean

X = (1— ) b" - 2 /M. (10) RLNS mgltipligation is faster than in any of tht=T other syssem
In a typical signal-processing application with as many or
In (10) z,,, is an unsigned integer. The sign of the value igore multiplications than additions, RLNS will be fasteath
encoded with an explicit bity. the equivalent residue floating point. RLNS division is éast
C. LNS compared to any of the other systems.
Table | shows the difficulty of implementing RLNS addition

The formal description of LNS is similar to normahzedﬁJsing prior naive approaches (described in Section 1JI-B)

floating point, but LNS is simpler because it uses a sin i :
scaled exponent/My instead of an integer exponent ang(ﬁ/ ich requires large memory, whereas the table also shows
much easier addition is in binary LNS using the standard

separgte .Iinear mantissa. The value represented by an I‘L approach (described in Section I1I-C), which requiessl|
word is given by memory. Although the only prior RLNS literature [2], [5] hav
X=(1-xz)- b/ M (11) proposed sophisticated interpolation techniques, thitsmpts



TABLE |

In such binary LNS as well as all RLNS circuits, the designer
DIFFICULTY OF OPS INVARIOUS SYSTEMS.

must prevent overflow by proper selection of the minimum
and maximum real converted values relativeMq as in (12).
Designers of integer RNS circuits [17] are familiar with Buc
a priori overflow prevention. Overflow prevention with RLNS

Fixed Point || Floating Point LNS
Bin [ Res [[ Bin [ Res Bin [ Res

; 5; ; 5; i ‘;_’ 11 is easier since the dynamic range possible in RLNS for a given
I 4 4 4 4 2 1 M is typically much larger than for the sandé with RNS.
Sf” 1 j i 411 i 411 The second stefin the naive approach involves a table
Overfiow 11T Z 1 Z T 1 2 lookup using all the bits of:

w = { 5()(2) Ts = Ys w, = { 0 Ts = Ys (15)

db(z) Ts F Ys z2>0 s #ys
have not overcome the basic memory limitations imposed by
the naive approach. The contribution of this paper is teroffThe functions; is used when the value sign bits and y;
a novel algorithm (described in Section 1V-B) that decrsasare the same, and the functidp is used when they differ:
the memory and delay for RLNS addition so that it will be

closer to the difficulty of binary LNS. sp(2) = logy (1 +b%), dy(z) = {

[1l. LNS ARITHMETIC ALGORITHMS
The central idea for efficient LNS design is to keep numbef1alogous to (12).dy(0) is a special case so that future

in logarithmic format for as long as possible. They are coffPmputations will avoid underflow. Because (15) involves
verted on input and output but all intermediate computatiogddresses with all bits af, it conceals sign detectiony(—z)
stay in LNS. Arithmetic algorithms are givefys or ;s and 7 $»(2)), which is also evident inv.
must produce the result in identical format. This sectioregi | he third stepproduces the result using an adder and an
LNS algorithms in a generic enough way that they could B§OR gate:
implemented either with binary LNS or RLNS.

log, |1 —b*] z2#0
logy(Xmn) 2=0

t = (y+w)mod M (16)
A. Easy Operators ty
For operators like multiply and divide, RLNS allows for
easy implementation. For example, the following producésjain, residue works fot as long asV is large enough and
Q = X/Y in LNS format @, gs) given the LNS represen- z... and z,;, are close enough together that overflow cannot
tations (¢, zs) and @, ys): occur in the application. The significant cost in area andylel
is the lookup table, which grows exponentially with the bits

= YsDws

¢ = (@—y)mod M (13) in ». The delay isdngive = 20adq -+ o but this comes at
s = TsDYs the cost of2M words of memory, which probably makes the
B. Nave Addition Algorithm access timeyy, slow. Using theM, = 4, My = 3, My =

. . . . . . 5, M3 = 7 example from Section I-B and considering the
This subsection gives a naive explanation of LNS add't'ogncoding options of binary LNS, binary-encoded RLNS and

Later sections will look at improved versions. To add twol redne-hot RLNS, the delays af5 -+ 6,7, 285 + 0,y and8s +
values, X andY, and producel’ = X + Y, the naive LNS 5 5 respectively, wheréc ~ 25 is the delay to compress
add.|t.|on involves three steps: the one-hot-coded moduli to binary-coded moduli so that the
o divide, Z = X/Y memory address bus will be the same width. Naive Multiply
N Iookgp, W=1+2 Accumulate (MAC) delays ar@0d + oy, 426 + 6y and126 +

° “.““'“P'y’ r=y- W'X . 0, respectively, which illustrates why, if we could overcome
This givesT = V(1 + ) = X + Y. LNS hardware manip- y,q delay of the large Naive memory, RLNS would become

ulates representations y, w, t instead of realsX,Y, W.T. = o, competitive for MAC-intensive applications, like F&T
Thefirst stepof the naive approach uses integer subtractlorbc-l-s FIR filters. etc

z=(x —y) mod M (14)

Prior implementations do this with binary{ as a power of C. Standard Addition Algorithm

2), but it could be done using residu@/(as a product of  Prior LNS designers [23] have realized the inefficiency
primes). There is a small danger of overflow or underfloaf the naive approach. Many table-reduction techniques ar
in this internal computation of. In binary LNS, it is easy possible for binary LNS [16]. All of these compression tech-
to detect such overflow, which either indicates>> y or niques have in common the assumption that sign detection
y > z, and to choose correspondinglyor y as the result and comparison are inexpensive (in binary the byproduct of
of the addition. Omitting such overflow detection hardwar@4) produces a carry which detects the sign 29f The
significantly reduces power consumption of binary LNS [3following describes the standard algorithm that capiéalinn



two algebraic properties involving the real valde from the sign of the larger input:

1
1+Z2=74+1 = (1+=)-Z 17 _J ¥ 2 <0
(1+7) (A7) ts { AR (22)
lim(1+2) = L. (18)
Z=0 The advantage is that the standard approach need2only

When rephrased in terms of an LNS representatigrthese 1/,, words of memory versug - M in the naive approach.

describe properties thai exhibits: (sp and d, need the same size tables.) In RLN& is the
e Commutativity,s,(z) = sp(—2) + z; product (2) of all moduli, wheread/,, is the product of a
e Essential zerolim,_, o sp(2) = 0. subset of moduliM /M., > 3 will be the product of the one

dy has the same properties. L&f., be the point where the or more moduli discarded before addressing the table. The
designer decides it is acceptable to approximafe) and number of address bits savefpg,(M)] — [logy(M.,,)], is
dy(z) asz for z > M., Also it is acceptable to approximatesignificant, typically two to five bits. The problem for RLNS
sp(z) anddy(z) as0 for z < —M,, Some designers [18] haveis that the standard algorithm needs early sign detectign an
chosenl/,, as the point at which the error becomes one-half @omparison to produce the address prior to the lookup, which
an ulp. Itis possible to choose a smalldr, if the application is also a slow step. The delay for the standard algorithm is
will accept a few errors greater than this [3]. It is also foIsS  dgq = 2054g+ dcomp+ 20mux+ daz,,, Wheredyy,, is the delay
to choose a largen/,, than required so that it matches thef the smaller (probably faster) memory. In binary LNS, the
table size, typically a power of two. For RLN$/,, will be a standard algorithm increases speed much more than thé sligh
product of a subset of moduli and will not be constrained ftelay introduced by the muxes. In RLNS, comparison is slower
analytical formulae as in [18], but rather be part of the RLNfhan the other components.
design exploration enabled by the novel tools introducest la
in this paper. IV. NOVEL ADDITION ALGORITHM

The following improved algorithm is, with few variations,

the standard method used for addition in prior LNS applica- S€ction IV-B proposes a new RLNS addition algorithm,
tions [3], [23]. Thefirst stepcomputes: = |z—y| by selecting Which is as memory efficient as the standard one. The novel

either z,, or z4: algorithm postpones sign detection so that speculativie tab
lookup can proceed in parallel with sign detection (as happe
2o = (z—y)mod M (19) in the naive approach where sign detection is inherentén th
23 = (y—x)mod M lookup using all bits ot). Since lookup in the novel algorithm
o mod M., 24 >0 is no'F depgndent on sign detection and comparison, the novel
z = { 25 mod M: e <0 algorithm is faster than the standard algorithm for RLNS.

Before presenting this novel RLNS algorithm, it will be
Although this requires an extra subtraction, it has the advahelpful to illustrate some concepts using a simpler, spima
tage that the two subtractions occur in parallel. In binahgL algorithm that could be implemented with either converdion
the only extra delay is for a multiplexor. In RLNS, the startla binary LNS or with RLNS. Section IV-A presents this easier-
algorithm will result in excessive delay for sign detectidhe to-explain but less-memory-efficient algorithm in terms of
above modulaV/,, operation is easy. In binary LNS, it meansnteger operations, likét—y) mod M. The main property that
ignoring high order bits. In RLNS it means ignoring some distinguishes this speculative algorithm from the staddare

the moduli. The purpose of this step is to discard the higfSection IlI-C) is that the new algorithm delays comparison
order information fromz prior to lookup. Thesecond stefin  until the final step. Section IV-B uses somewhat obscure,
the standard algorithm uses the reduced width special RLNS properties to optimize memory requirements of

the algorithm.
w - { sp(2), s =Ys

do(2), s # Ys A. Simple Speculative Algorithm

(20)
Thefirst stepof the speculative algorithm starts by comput-
The third stepneeds to consider four cases: ing both positive and negative versions 0f
?(Jv ) mod M ZQJMS —M,, 0 2¢ = (z—y)mod M (23)
. r + w) mo , —M,<z4< . _
t= (y +w) mod M, 0< z, < M, (21) zg = (y—x)mod M
z, M., < z, z = 2o mod M,,.

Some implementations [23] have checked these with two twat this point we do not know which of these is positive;
input multiplexors (one based on, > 0 and the other basedtherefore, unlike the standard algorithm, it is not possibl
on |z.| > M,); however, for this paper it is convenient toto compute the absolute value. Instead this algorithm will
consider this as a four-input multiplexor. The value sigmes speculate and arbitrarily choosg, as z and then, as the



TABLE Il TABLE Il

RESIDUE REPRESENTATION29 = z mod My, z1 = z mod M;) OF HALF-SIZED TABLE OF s3,(2) AND s,(—2z) ADDRESSED BY | 21/2] AND 2o
—10 < 2 < 9 FOR MODULI Mg = 2 AND M7 = 5. THE FACT THAT THERE FORMgy = 2, M1 = 5 AND Mg, = 10.
IS NO MORE THAN ONE ODDZ21 (IN BOLD) PER LINE ILLUSTRATES(27),
AND MEANS ONLY EVEN £; NEED TO BE STORED THESE CAN BE T2l [ %0 [ 5@ [ (=2 ]
ADDRESSED BY|21/2]. 0 0 || 5,(0) || so(—10)
0 1 || s6(5) || ss(=5)
1 0 || so(2) || su(=8)
4 — A — T [ 1 [ s(D) [ (=3
2] [B1/2] T2 z1 ] 2 [[&1/2] [20 % 2 0 || so(4) || su(=6)
0 0/]0 © 2 1 [ s6(9) [ se(=1)
1 0] 1T 1| 1 21 4
2 T 0 2] 2 170 3
3 T 1T 3 -3 111 2
4 2 0 4| 4 0 0 1 : . . .
5 O R R O o1 0 compared to the one just presented in Section IV-A is that
6 0] 0 1] -6 2| 0 4 the standard algorithm can remove the sign bit of the binary
l 11 2 7 111 3 before the memory is addressed without losing the inforonati
g ; 2 2 :g (1) (1) f needed to construct the correct result. This sign allowsrrec
10 0 0 0 struction usings,(z) = s(—z) + z. If we can identify some

other bit in the RLNS representation that could be removed
yet preserve this same property, equivalent memory savings

will result. The removed bit cannot be the sign bit because in
second steplook up the function value at both positive ang¢esidue no single bit can reveal the sign.

corresponding negative arguments: Table Il shows the residue representation,z; ), of z with
so(2), Ts = Ys m_oduli subsetMy = 2 and M; = 5 for -10 < 2 <9.1In
We { d(2), e £y (24)  this exampleM,, = M, - M; = 10, which means there would
be ten positive and ten negative arguments:db tabulate
wg = { ;b(:z) Ts =Ys for the speculative approach given earlier. These modeli ar
b(=2), @5 # Vs for illustration as this is probably too small for practicse.

The memory requirements for this speculative algorithn) (2Looking only at the subsétyz; ) it is ambiguous whether the
will be 4- M,,, which is twice the standard algorithm but betteoriginal z was positive or negative. For example, with =
than the2- M needed by the naive algorithm. Only at the timé, z; = 2, the corresponding could be eitheR or —8. Until
of the third stepis the result of comparison required: MRC involving additional moduliz,..., has occurred, we are
not sure. This is why the speculative approach computes both
%o S — M, wa = sp(z) andwg = sp(—2).
(IJFw"‘) mod M- =M, < za <0 (25) It is also why the speculative approach takes twice the
(y—i—wg Ymod M 0< 24 < M,
Moo= s memory of the standard approa_ch. _
o= For an odd modulus)/;, there is a property which offers a
ts is calculated as in (22). In RLNS to select the appropriaggmilar reduction in table size as the standard approach eve
case, (25) requires comparison (say, using MRC to convérbugh sign detection has not yet occurred:
to the high-order MRNS digit,,_1). By choosing an asym-
metrical range, such ad/,, — Tnn = Zme + 1, (rather than ((=2) mod M;) mod 2 =0V (2 mod M;) mod 2 = 0. (27)
usual symmetrical choice for signed RNSg,,, = =+ 1)  The proof is simple, but omitted due to space limitations. To
simple MRC/base extension can provide correct sign detectillustrate (27), Table 1l shows positiveand the corresponding

t=

as well: negativez on the same line. The table also sholis/2], the
y [Mp_1/2] < Zp1 < My_q —2 importance of which will b_e described shprtly. In T_able Il,
(z+wo) mod M Z,_1 = My_q — 1 odd values oft; are shown in boldface. Notice there is never
t= (y+wg) mod M %, 1 =0 a case wheré; is odd in one column when the corresponding
T 1< 21 < | Mu_1/2). %1 in the other column is qlsg_odd. _
(26) In general, the least significant bit of the odd modulus,
Such asymmetrical ranges are workable for many LNS;) mod 2, can be used to partition the range ofnto two
applications, like MPEG [5]. sets in the same way the sign bit partitioned the range of
. for the standard algorithm. We only need to store the functio
B. Novel RLNS Algorithm for positive  in the standard algorithm; analogously, we only

If the speed and memory for RLNS addition can approacteed to store the function for even in the novel algorithm.
that of binary LNS, designers will have reason to exploifhis allows us to eliminate the least significant bitzgfoefore
the faster multiply and divide offered by RLNS. The reasonsing it to address the table. Such a near half-sizéd) table
the standard algorithm (Section 11I-C) uses half the memoof M., + 2 words is shown in Table Il1| 2, /2] addresses this
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example moduli 4, 3, 5 and 7 discussed in Section V.

Novel RLNS Addition Unit, with bus widths correspang to

andwg, for the same purpose as in the speculative algorithm.
The addresses are restricted to the ones that are tabulated
because of the selection ofin (28), but the tabulated may

not be what the RLNS computation needs. For this reason, a
multiplexor on the output of the table interchangeé:) and
sp(—2) when z;, mod 2 = 1. The following describes the
effect of looking upw, andwg from a half-sized table like
Table Il followed by the multiplexor:

sp(2), s =Ys A Za, mod 2 =0
_ Sb(i'z)v T :ys/\z/oé\1 II'lOdZZ 1

Yoo = dy(2), s # Ys A Za, mod 2 =0 (29)
dy(—2), s # Ys A Za, mod 2 = 1.
Sb(fz)v Ts = Ys N Z/a\i mod 2 =0
wa — sp(2), T =Ys N Za, mod 2 =1
v db(—Z), Ts #ys/\z/a\q mod2 =0
db(Z)a Ts #ys/\z/a\q mod 2 = 1.

In the third step ¢t andts are calculated as in (26) and (22),
respectively. Figure 1 shows the proposed hardware for RLNS
addition. The delay i$,oe = Oaaa + Omux + max(dps, + Oasa +
20mux, Gcomp) . ASSUMINGSoomy 1S 1AIGET, Gnover = Faca + Grnx + Foomps
which is an improvement a4+ 6+ as., OVer the standard
algorithm.

Using the Section I-B example (moduli 4, 3, 5 and 7),
Jnover DECOMESL6 + 0o, fOr the 11-bit binary-encoded RLNS
and 69 + d.m, for the 20-bit one-hot RLNS. Using MRC,
Seomp = (n—1)(d.0a+971), Whered; is the time for multiplicative
inverses. For binary-encoded MRC with such small moduli,
dr = 2 and dem, = 486. Assuming a realistic memory delay,
M, < 308, Snoemn =~ 649 and the binary-encoded RLNS MAC
delay is about78s. One-hot multiplicative inverses are free,
which reduces$,,,, ~ (n—1)d.q =~ 12, thus the one-hot RLNS
add may be as fast 480, provided that,,, +dc < 49. With
the more realistic assumptiafy,, > 2, the one-hot RLNS
delay iS0yneon & 166 + dps,,- The one-hot RLNS MAC delay
is then209 + dz,,. A 32-bit binary-encoded RNS [12] (with

table, from which eithes, (2) or s,(—z) may be reconstructed. integer precision and dynamic range equivalent to the above
Once MRC and sign detection have completed, we can cho@éebit one-hot RLNS in a DCT application) hgs= 8, and
which of the two outputs will yield the correct RLNS resultd.uris = 296. The integer RNS MAC delay, assuming index
Table Il has a mixture of positive and negativewith no calculus, will be at leasi8 + 2d,4,,. One-hot RLNS is two to
easily discernable pattern: 0, -1, 2, -3, 4, 5, -5, -6, 7, -8, three times faster than index-calculus RNS in this apptoat
-10; yet this partitioning is just as effective as the alkpiwe whilst having a word size that is one third smaller—even
one used in the standard algorithm.
The first step of the novel algorithm is similar to the calculus approach [25] is only one of several possible RNS
standard algorithm (19), except that rather than seledtieg implementations [17] for 32-bit integer-RNS multiplicari,
absolute value, the novel algorithm selects betweeand zg

based on whethet,; is even:

z2a = (z—y)mod M
zg = (y—x)mod M
i Zq mod M,
o zg mod M.,

In most cases, this selection will be unique, but in a few gase

Za, mod 2 =0
Za, mod 2 =1

either possibility works, as in the example for= —5.
The second stepuses a table like Table Il to obtaiw,,

(28)

using storage-inefficient one-hot RLNS. Although the index

it is noteworthy that the index-calculus approach takesehr
tables of 256 words each, whereas théd, table in the novel
RLNS unit will take only 128 words, a factor of six savings
for RLNS in this application. This comparison would be even
more favorable for RLNS if it considered the cost of scaling
the RNS result at the end of the DCT computation—something
which is unnecessary with RLNS.

V. RLNS DESIGNTOOL

The advantages of unusual number systems like LNS [21]
and RNS [22] have been documented for decades, yet few



designers actually use them. Hardware Description Larggiag The best RLNS design methodology would be to perfarm
(HDLs), like Verilog and VHDL, are now commonplacepriori analysis and avoid all errors due to underflow and over-
HDLs support conventional binary arithmetic as a standafidw, possibly using the Interval Logarithmic Number System
part of the languagex+y causes synthesis tools to gen{ILNS) [4] simulation prior to hardware design; however, a
erate binary adder hardware without designer effort. Deemplete proof that a particular choice bf M, M., Ty,
signers are accustomed to the convenience of this level 2f,, X.. and X,. achieves this could be quite involved.
abstraction—implementing an unconventional number gsystdnstead, each of the above arithmetic modules has a novel
requires much more effort. Recently, software tools haveature to assist with debugging and design exploration of
begun to appear that generate easy-to-use HDL code for nearious moduli and other design parameters. The designgr ma
standard number systems such as RNS [20], [10] and LM@tionally define a Verilog macrd, CHECK RELERR, with a
[11], [15]. Itis even more difficult to design RLNS ALUs fromrelative error criterion, for example 0.08. When simulgtin
scratch using HDLs because of the multiple abstractionidevarithmetic with this definition, any computation whose RLNS
(logarithm, residue and moduli) involved. To overcome thigesult exceeds this bounds in relation to the same computati
problem, a novel toolr | nst ool . c, [1] is introduced here performed withr eal s will cause an error report. Such errors
that generates synthesizable RLNS Verilog based on desigremuld be the result of a) inherent RLNS relative error if the
specified moduli/;, and the logarithm basé, debugging criterion is set too low or the base is too big; b)
To illustrate, consider the use bf= % 2, n.=4, My =4, inherent underflow or overflow of the result due to a small

M, = 3, My = 5, Ms = 7, which has similar precision - c) approximation error of;, or d; due to small}/,, and/or
and dynamic range compared to a 10-bit binary LNS that was’ £ dz - ord fl £ d *
overflow free and visually satisfactory in an MPEG applicati aSymmetry ofc,,, andz,,; or d) overflow ofz due tox <y or

[3]. Before compilingr I 'nst ool . ¢, the designer supplies z > y. For a given set of parameters, error a) and b) cannot be
rl'nstool . h with this information: avoided-a larger wordsize will be required; c) and d) codd b
#def i ne BASE 044273782 avoided by providing more expensive addition hardware. (e.g

1.
#defi ne MAXMODULI 4 i i

ot i no MODULUSO. 4 that compares andy rather tharz) with the same wordsize.
#define MODULUSL 3
#defi ne MODULUS2 5
#defi ne MODULUS3 7

VI. CONCLUSIONS

_ neo . . RLNS, a combination of LNS and RNS, offers the potential
rinstool.c assumes thatM,, = [[;_y M;; the dis- ¢ faqter real multiply and divide than either of its conssint

;ardf?]\f?OdIU';%n:hl IST%((jedE) :sntcgnm(ianr:otr]?/wga\}i{l ZQJSJV\{Gﬁﬁggultparts. RLNS representations can be as compact as LNS and

if M,_; is the largest moduli. The tool generates separdiore compact than RNS. For example, Fernandez et al. [12]
files for one-hot-encodedr ég 19:_0% al, bl ..., i.e,, report implementation of the DCT using RNS fixed-point
L+ny =1+4+3+5+7= 20 bits) and binary-encoded yith moduli 256, 255, 253 and 251. Their 32-bit binary-
reg [10:0] a2, b2, ..., le,1+mny =14+242+ ) ’ o .

+3 = 11 bits). Each file' expects a macro that identifiegncoded-moduli RNS representation is approximately three
the expected moduli set and encoding. Here, binary-encodindles the size of the equivalent RLNS representation wigh th

files expect MODULI .4_3_5_7; one-hot-encoded files” expec : ; A
CMODUL | ONEHOT 4.3 57 To assist with simulation debug_tmoduh 4, 3, 5, and 7, which should be sufficient for such

ing, the tool generates nlonsynthesizame. Ver"og funst|omU|timedia applications. The dIﬁICU“:y with naive RLNS is
that convert these formats into Verilog floating-paimial s:  how to compress the addition table as much as is possible

with standard binary LNS without incurring extra delay due
WL st duelNSLhot 21 eal (aD)- /evt 1r] to residue comparison and sign detection. To improve speed
B e e inaar eat (o) Y ey and memory efficency, a new RLNS addition algorithm was

The tool also generates nonsynthesizable Verilog tasks tﬁéoposed in which the comparison and sign detection occur

print the residue representation as well as the associatdd i parallel with the table lookup. Special properties of RN
during simulation: allow this novel algorithm to produce the correct resuleaft

print_1hot residuelLNS(al): //priirins.v eliminating one bit from an odd modulus used as part of the
print_resi dueLNS(a2); Ilpri2rins.v table address. An RLNS design tool was explained that esable

The actual hardware for one-hot RLNS arithmetic is delesigners to explore parameters and generate synthesizabl
scribed by synthesizable modules that the tool generates: \jerilog HDL for one-hot and binary encoded RLNS that uses

real A

mul _1hot residueLNS mul(pl, al, bl): //mullrlns.v this algorithm. The combination of fast multiply and divjde

di v_1hot _resi dueLNS dv1(ql, al, bl); //divlrins.v i i H H H

S Thot Troei duoLNS adl(ot. a1, bi): {1 ot ne v an |mprovgd addition algorithm and the conveplent des_lgn
/1also nadirlns.v tool (that hides much of the obscure mathematics explained

Two versions of RLNS addition are generated by the todt€re) make RLNS a practical option for high-throughput,
the new oneddd1r| ns. v) proposed in Section IV-B, and thelow-precision applications, such as signal and multimedia
naive onerfadlrl ns. v) explained in Section IlI-B. Similar processing.
modules are generated for binary-encoded RLNS:

mul _resi dueLNS mu2(p2, a2, b2); //mul2rlns. REFERENCES

di v_resi dueLNS dv2(q2, a2, b2); //div2rlns.
add_r esi dueLNS ad2(s2, a2, b2); //add2rlns.
/1 al so nad2rl ns.
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