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ABSTRACT
In this paper, new hardware algorithms converting the num-
bers of a residue number system(RNS) into and from the
mixed-radix number system(MRNS) using a radix-two signed-
digit (SD) arithmetic circuits are presented. In each residue
digit of the RNS, integers mi = (2pi − 1) are used as the
moduli and the modulo mi addition and multiplication can
be performed by an end-around-carry SD adder and a bi-
nary modulo mi SD adder tree, respectively. Therefore, the
modulo mi addition time is independent of the word length
of operands, and the modulo mi multiplication can be per-
formed in a time proportional to log2pi. An efficient method
for calculating a multiplicative inverse number of a modu-
lus is also presented by using the SD arithmetic. By the
use of the fast SD arithmetic circuits, number converters
of RNS-to-MRNS and MRNS-to-RNS can be implemented
with shorter delay time than that using a binary number
system.

Categories and Subject Descriptors
B.2.4 [High-Speed Arithmetic]: Algorithms; B.7.1 [Types
and Design Styles]: Algorithm inplementation in Hard-
ware; C.5.4 [VLSI Systems]:

General Terms
Algorithms

1. INTRODUCTION
Residue number system(RNS) is a non-weighted number
system in which the arithmetic with carry-free between residue
digits can increase the speed of computations[1]. Various
methods of applications of RNS in digital signal processing
and error detection have been proposed[2, 3, 4].

Integer (2p − 1) is well used as a modulus for an RNS,
where p is an integer, because the additions modulo (2p−1)
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Figure 1: The structure of an RNS with the
weighted number converters.

can be implemented by p-bit binary adders[1, 5]. Some mod-
ulo (2p− 1) adders and multipliers have been proposed[5, 6,
7]. However, since these adders and multipliers are con-
structed based on the ordinary binary arithmetic systems,
the carry propagation will arise and the residue addition
time is proportional to log(p) even for the improved adder
architectures[8].

It is known that carry propagation is limited to one po-
sition during additions of signed-digit (SD) numbers[9]. A
number of arithmetic circuits based on SD number systems
have been presented[10, 11]. We have introduced a radix-two
SD number representation to an RNS for the implementa-
tion of high speed residue arithmetic circuits[12, 13]. By
using integers mi = (2pi − 1) as moduli[12], the modulo mi

addition can be implemented simply using a pi-digit end-
around-carry SD adder, and the modulo mi multiplier can
be implemented with a binary tree structure of the modulo
mi SD adders.

In a computation system, as shown in Fig. 1, the residue
numbers should be converted from and into weighted num-
bers. For some operations, for example, the comparisons
can not be performed directly in RNS, and the residue num-
bers have to be converted into the weighted numbers for a
digital-analog conversion.

To convert the RNS to a weighted number system, the
Chinese Remainder Theorem is usually applied[1]. In gen-
eral, a residue arithmetic with a large modulus resulted from
the product of the moduli of the RNS is required for the con-
version and the conversion circuit may be very complicated.
Another method converting the RNS to a weighted num-
ber system called mixed-radix number system(MRNS) can
be considered, in which the moduli of RNS are associated
as the weights[1]. Since only the moduli of RNS are used
to perform the residue arithmetic, compact circuit design
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and fast number conversion can be expected. Therefore, in
this paper, a hardware algorithm converting the RNS to a
mixed-radix number system using residue SD arithmetic is
presented.

In the following section we mention the basic definitions of
the residue number system and the mixed-radix number sys-
tem. In Sec. 3, a redundant residue number representation
is introduced, and the radix-two SD number representation
can be used to realize the high speed residue arithmetic.
Thus, the residue addition is performed by an SD adder,
and the residue multiplication is implemented with a binary
SD adder tree. By introducing a Booth recoding method,
the residue partial products are reduced to half and the per-
formance of the multiplier can be improved. By using the
SD number representation, the multiplicative inversion can
be also performed efficiently. In Sec.4, an architecture of
the RNS to mixed-radix number converter is proposed. The
VLSI implementation using VHDL is also discussed. For
the performance evaluation, residue arithmetic circuits and
converters using the presented method and a binary num-
ber method have been designed. The design and simula-
tion results show that high speed conversion circuits can be
achieved by the proposed algorithms by comparing with the
binary ones.

2. CONVERSION OF RESIDUE NUMBER
SYSTEM TO MIXED NUMBER SYSTEM

2.1 Residue Number System
A residue number system(RNS) has normally a set of rel-

atively prime moduli, {m1, m2, · · · , mn}, and the residue
digit with respect to a modulus mi is represented by the
number set:

lmi = {0, 1, · · · , mi − 1}. (1)

An integer A in a value range of [0, M−1] (M =
Qn

i=0 mi) is
uniquely represented by the n-tuple (A1, A2, · · · , An), where

Ai = |A|mi = A− [A/mi]×mi, (i = 1, 2, · · · , n). (2)

In the above equation, each residue digit Ai is defined to be
the remainder when A is divided by mi and [A/mi] is the
integer part of A/mi.

To simplify residue arithmetic, we use as the moduli a set
of positive integers:

mi = 2pi − 1 = 2pi−1 + 2pi−2 + · · ·+ 1, (3)

where pi is a positive integer. These numbers can be selected
by satisfying the condition that they are relatively prime in
pairs. For example, an integer set of (27 − 1, 211 − 1, 213 −
1, 215 − 1, 216 − 1, 217 − 1) can be used as the moduli of an
RNS. Thus, modulo mi addition can be simply implemented
by one end-around-carry adder. However, when the ordinary
binary number system is used for the residue arithmetic, the
carry propagation will limit the speed of residue operations.

2.2 Associated mixed-radix number system
Magnitude comparison for the residue number system can

be facilitated by converting the given residue representations
into a mixed-radix number system associated with the mod-
uli of the RNS. It is a weighted number system, with the
representation for a number x given by

x = ynwn + yn−1wn−1 + · · ·+ y2w2 + y1w1. (4)

wi is the weight of ith digit as follows:

w1 = 1 (5)

wi = mi−1mi−2 · · ·m1 (6)

= mi−1wi−1, 2 ≤ i ≤ n− 1, (7)

where mi is a modulus of the RNS to be converted. Each
digit yi of the mixed-radix number representation is a num-
ber in lmi and satisfying 0 ≤ yi < mi. For example, in a
mixed-radix number system associated with an RNS having
moduli (m3, m2, m1) = (27 − 1, 211 − 1, 213 − 1), a number
x is represented by (y3, y2, y1), where

x = y3(2
11 − 1)(213 − 1) + y2(2

13 − 1) + y1

and the digits yi satisfy

0 ≤ y3 < 27 − 1,

0 ≤ y2 < 211 − 1,

and

0 ≤ y1 < 213 − 1.

From (y3, y2, y1), a residue number modulo mi associated
with the MRNS can be converted by the following rela-

tionship.

xi = |x|mi = |yiwi + · · ·+ y1w1|mi

The conversion from a number represented with (x3, x2, x1)
in the RNS to the associated mixed-radix number represen-
tation (y3, y2, y1) is calculated by using the following equa-
tions[1]:

y1 = |x|m1 = x1 (8)

y2 = |(x2 − y1)| 1

m1
|m2 |m2 (9)

y3 = |((x3 − y1)| 1

m1
|m3 − y2)| 1

m2
|m3 |m3 (10)

where | 1
m1
|m2 , | 1

m1
|m3 and | 1

m2
|m3 are the multiplicative

inverses of m1 and m2, respectively. From the above equa-
tions, the converter can be implemented by a number of
modulo m adders and multipliers.
Example 1 : Let a moduli set of an RNS be (m3, m2, m1) =
(22−1, 23−1, 25−1) = (3, 7, 31), and X = 143 = (x3, x2, x1) =
(2, 3, 19). Then we convert the number representation to the
mixed-radix number representation with (y3, y2, y1) as fol-
lows:

y1 = 19;

y2 = |(3− 19)| 1

31
|7|7

= |5× 5|7
= 4

y3 = |((2− 19)| 1

31
|3 − 4)|1

7
|3|3

= |(1× 1− 4)× 1|3
= 0

Therefore, (y3, y2, y1) = (0, 4, 19), and X = 0w2+4w1+19 =
143, where w2 = 7× 31 = 217 and w1 = 31. 2
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3. RESIDUE ARITHMETIC BASED ON SIGNED-
DIGIT NUMBER REPRESENTATION

3.1 Redundant residue number representation
A residue number x can be represented by a p-digit radix-

two SD number representation as follows:

x = xp−12
p−1 + xp−22

p−2 + · · ·+ x0,

xi ∈ {−1, 0, 1} (i = 0, 1, · · · , p− 1), (11)

which can be denoted as x = (xp−1, xp−2, · · · , x0)SD. In
the SD number representation, x has a value in the range of
[−(2p − 1), 2p − 1]. The SD number representation can be
considered for implementation of high speed residue arith-
metic, However, it is difficult to know if x is in lm, because
of the redundancy of the SD number representation.

To simplify the manipulation of the modular operation in
an SD number representation, we give a redundant residue
number representation so that each residue digit has the
following redundant residue number set:

Lm = {−(2p − 1), · · · ,−1, 0, 1, · · · , 2p − 1}, (12)

Thus, x must be in Lm when it is expressed in a p-digit
SD number representation. (The subscript i is omitted.)
Obviously,

−x = −(xp−1, xp−2, · · · , x0)SD

= (−xp−1,−xp−2, · · · ,−x0)SD

is in Lm.
Definition: Let X be an integer and m = 2p − 1 be a

modulus. Then x = 〈X〉m is defined as an integer in Lm.
When |X|m 6= 0, x has one of two possible values given by
equations

x = 〈X〉m = sign(X)|abs(X)|m, (13)

where abs(X) is the absolute value of X, and

x = 〈X〉m = sign(X)|abs(X)|m − sign(X)×m, (14)

respectively; When |X|m = 0, there are three possible values
for x, that is, −m, 0 and m. 2 The
integer set lm in Eq.(1) is a partial set of Lm. The numbers
as the intermediate results calculated in Lm are used for a
high speed residue arithmetic system as shown in Fig.1 . To
convert the residue SD numbers into the weighted numbers,
it is necessary to convert the residue numbers from Lm into
lm.

3.2 Residue SD arithmetic circuits
In this paper, the radix-two SD number representation is

used for the residue arithmetic. For the same modulo m
addition as the above, we have the following algorithm.
[Algorithm 1 (Calculation of 〈a + b〉m)] Let a and b be
two integers in the p-digit SD number representation, and
ci, zi and si be the intermediate carry, intermediate sum and
sum at the ith SD digit (i = 0, 1, · · · , p − 1), respectively.
For each digit, the following two steps are performed.

(ADD1) When |ai| = |bi|,
zi = 0

and

ci = (ai + bi)/2;

ADD1

a
p-1

b
p-1

a
p-2

b
p-2

ADD2

z
p-1

ADD1

a
0

b
0

ADD2

z
1

ADD1

ADD2

z
0

a
1

b
1

SDFA

c
p-1 c

1
c
0

a
p-1

b
p-1

Figure 2: Modulo m SD adder(MSDA).

i : 4  3  2  1  0

a : 1  0 -1  1  1

b : 1  1 -1  0  0
(Add1)

z :    0  1  0 -1 -1

c : 1  0 -1  1  1  1

(Add2)
s :    0  0  1  0  0

Figure 3: Example of modulo m SD addition.

when |ai| 6= |bi|,

zi =

8
<
:
−(ai + bi) if ai + bi and ai−1 + bi−1

have the same signs
ai + bi otherwise

,

and

ci =

8
<
:

ai + bi if ai + bi and ai−1 + bi−1

have the same signs
0 otherwise

.

Since ai, bi ∈ {−1, 0, 1}, zi, ci ∈ {−1, 0, 1}.

(ADD2) si = zi + ci−1.

When i = 0, (i − 1) is regarded as (p − 1) in the above
equations. Thus,

〈a + b〉m = s = sp−12
p−1 + sp−22

p−2 + · · ·+ s0.

2

In the above algorithm, it is always true that 2ci + zi =
ai + bi and zi and ci−1 do not have the same sign so that
si = zi + ci−1 ∈ {−1, 0, 1}. Thus the carry propagations
are limited to one digit. A modulo m SD adder can be
constructed using p SD full adders (SDFAs) as shown in
Fig.2. The blocks ADD1 and ADD2 perform step 1 and
step 2 of Algorithm 1, respectively.

Example 2 : Let p = 5, a = (1, 0,−1, 1, 1)SD and
b = (1, 1,−1, 0, 0)SD, so that m = 31, a = 15 and b = 20.
Fig.3 illustrates the calculation of 〈a + b〉31 using the above
algorithm. The result is 〈15 + 20〉31 = 4. 2

The calculation of 〈a− b〉m can be realized by replacing b
with −b in the above algorithm.
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Partial Product Generator

MSDA MSDA MSDA

MSDA MSDA

MSDA

x y

 x y m

:p digits

Figure 4: Modulo m SD multiplier(MSDM).

3.3 Residue SD multiplication with a Booth
recoding

To calculate 〈x × y〉m, where x and y are integers in the
p-digit radix-two SD number representation, we have

〈x× y〉m = 〈
p−1X
i=0

〈yi2
i × (xp−12

p−1 + xp−22
p−2

+ · · ·+ x0)〉m〉m

= 〈
p−1X
i=0

ppi〉m, (15)

where

ppi = 〈yi2
i × (xp−12

p−1 + xp−22
p−2 + · · ·+ x0)〉m (16)

denotes as a partial product. Since yi ∈ {−1, 0, 1},
ppi = yi〈2i × (xp−12

p−1 + xp−22
p−2 + · · ·+ x0)〉m

= yi × sxi, (17)

where

sxi = 〈2i(xp−12
p−1 + xp−22

p−2 + · · ·+ x0)〉m. (18)

Since 〈2p+i〉m = 〈〈2p〉m × 2i〉m = 2i, the modular shift op-
eration is performed as follows:

sxi = 〈2i × (xp−12
p−1 + xp−22

p−2 + · · ·+ x0)〉m
= xp−i−12

p−1 + xp−i−22
p−2

+ · · ·+ x02
i + xp−12

i−1 + · · ·+ xp−i (19)

Therefore, a modulo m multiplication can be implemented
by calculating Eqs.(18), (17) and (15) to obtain partial prod-
ucts and the sum of the partial products.

Algorithm 2 (〈x× y〉m):
Let x and y be two p-digit radix-2 SD numbers.

(1) Calculate the residue of i-digit shifted numbers in par-
allel for i = 0, 1, · · · , p− 1,

sxi = 〈2i × x〉m. (20)

(2) Multiply sxi by yi to obtain the partial product, ppi (i =
0, 1, · · · , p− 1), shown in Eq.(17).

ppi = yi × sxi

(3) Calculate the modulo m sum of these partial products
by performing Algorithm 1 repeatedly.

〈x× y〉m = 〈pp0 + pp1 + · · ·+ ppp−1〉m

2

A binary tree of the modulo m SD adders(MSDAs) can be
constructed as shown in Fig.4 and the multiplication time
is proportional to log2p.

3.4 Multiplicative inverse with SD number rep-
resentation

As shown in Eqs.(9) and (10), the residue multiplicative
reverses are used for the conversion calculations from an
RNS to a mixed-radix number system. In this paper, we
present an efficient method to calculate the multiplicative
inverses by using the radix-two SD number representation.
The following properties are useful for the calculations of
the inverses.
Property 1: Let m = 2p − 1 and k be a positive integer.
Then

〈2k〉m = 2|k|p . (21)

When k = n× p, specially,

〈2n×p〉m = 1. (22)

2

Property 2: Let mi and mj be two moduli in an RNS.

When |mi|mj = m
′
i,

〈 1

mi
〉mj = 〈 1

m
′
i

〉mj .

2

The above property is based on the following obvious fact:

〈(n×mj + m
′
i)〈 1

m
′
i

〉mj 〉mj = 1,

where n is an integer and n ≥ 0. When mi = 2pi − 1 and

mj = 2pj − 1, m
′
i = 2

|pi|pj − 1. Using the above properties,
we have

1 = 〈2n×pj − (2n×pj − 1)〉mj

= 〈−(2n×pj − 2)〉mj

= 〈−2(2n×pj−1 − 1)〉mj .

Thus, 1 can be expressed as an (n × pj)-digit SD number
representation, that is, 1 = 〈(−1,−1, · · · ,−1,−1, 0)SD〉mj .

If (2n×pj−1 − 1)/m
′
i is an integer, then

〈 1

m
′
i

〉mj = 〈 (−1,−1, · · · ,−1,−1, 0)SD

(1, 1, · · · , 1)SD
〉mj

= 〈(−1, 0, · · · , 0,−1, · · · , 0, · · · , 0,−1, 0)SD〉mj .

In the above equation, the numbers with an underline have
a (|pi|pj )-digit word length. Based on the above discussion

and properties, a multiplicative inverse number, 〈 1
mi
〉mj =

〈 1

m
′
i

〉mj , can be calculated efficiently by using the SD arith-

metic.
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Multiplicative Inversion : Let mi = 2pi − 1 and mj =
2pj − 1 be two moduli in an RNS.

(1) Calculate p′i = |pi|pj . Thus, m
′
i is expressed as a (p′i)-

digit SD number representation,

m
′
i = (1, 1, · · · , 1)SD.

(2) Express 1 as an (n×pj)-digit SD number representation,

〈1〉mj = (−1,−1, · · · ,−1, 0)SD,

and n× pj − 1 = k × p′i, where k is an integer. Thus,
1

m
′
i

is expressed as an (n × pj)-digit SD number with

k ’-1’.

(3) Divide the SD number into n pj-digit SD numbers and
perform Algorithm 1 repeatly for the modulo mj sum
of them.

2 Example 3 : Let mi = 2pi − 1 = 27 − 1 = 127
and mj = 2pj − 1 = 24 − 1 = 15.

〈 1

m
′
i

〉15 = 〈 (−1,−1, · · · , 1,−1, 0)SD

(1, 1, 1)SD
〉15

= 〈(0, 0,−1, 0, 0,−1, 0, 0,−1, 0, 0,−1,

0, 0,−1, 0)SD〉15.
Thus,

〈 1

127
〉15 = 〈(0, 0,−1, 0, 0,−1, 0, 0,−1, 0, 0,−1,

0, 0,−1, 0)SD〉15
= 〈(0, 0,−1, 0)SD + (0,−1, 0, 0)SD

+(−1, 0, 0,−1)SD + (0, 0,−1, 0)SD〉15
= (0, 0,−1, 0)SD

Therefore,

〈 1

127
〉15 = −2.

2

4. CONVERTER OF RNS TO MIXED-RADIX
NUMBER SYSTEM USING MODULO M

SD ARITHMETIC

4.1 Stucture of the proposed converter
The idea to implement the high speed conversion is to

apply the proposed residue SD arithmetic. Since the carry
propagation is limited to one position for the modulo m ad-
dition and the modulo m multiplier can be constructed as
an SD adder tree, the high speed arithmetic both in RNS
and converters can be achieved by using the residue SD
arithmetic circuits. The conversion with three-moduli from
MRNS to RNS can be performed by the the SD arithemtic
operations: Let mi = 2pi−1 and i = 1, 2, 3. Then (x3, x2, x1)
in RNS, can be calculated by

x1 = 〈y3m2m1 + y2m1 + y1〉m1

= y1

x2 = 〈y2m1 + y1〉m2

= 〈y22
p1 − y2 + y1〉m2

x3 = 〈y32
p1+p2 − y32

p2 − y32
p1 + y3 + y22

p1 − y2 + y1〉m3
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Figure 5: Converter using SD representations with
3 moduli.

The above calculations for the conversion from MRNS to
RNS are implemented by shifts and residue SD additions
and the residue numbers are represented in the SD num-
ber representation. Figure 5 shows a structure of the con-
verter of a three-moduli RNS to a mixed-radix number sys-
tem to implement the above calculations. The final output
yi is obtained by the circuit of Lm − to− lm as follows:
If all digits of the input data y′i are 1 (y′i = mi), then
all digits of y′i are set to 0; Otherwise the output is ob-
tained by performing 〈yi = y′i + mi〉mi . For example, when
mi = 31 and y′i = (−1, 0, 1, 1, 0)SD, yi = 〈(−1, 0, 1, 1, 0)SD+
(1, 1, 1, 1, 1)SD〉31 = (1, 0, 1, 0, 1); When y′i = (1, 0,−1,−1, 0)SD,
yi = 〈(1, 0,−1,−1, 0)SD + (1, 1, 1, 1, 1)SD〉31 = (0, 1, 0, 1, 0).
Thus, the functional block Lm − to− lm also converts an
SD number into a binary number.

4.2 On VLSI implementation
In this paper, VHDL is used to describe the residue arith-

metic circuits for the implementation of the presented algo-
rithms. We specify a binary representation for a radix-two
signed-digit ai = [ai(1)ai(0)], where ai(1) is the sign and
ai(0) is the absolute value of ai. Thus, a p-digit radix-two
SD number a is represented by a vector with 2p-bit length.
For example, (1, 0, 0,−1)SD = [01000011]. Using the binary
representation, modular SD arithmetic operations are de-
scribed and simulated. From the VHDL description codes,
the simulation and the logic circuit synthesis are performed
by using VHDL synthesis software tool.

We suppose that the VLSI implementation is based on
a gate array IC, because ASIC design on a gate array is a
popular VLSI implementation method. In Table 1, the cir-
cuit design resulting from modulo m SD arithmetic circuits
and that from the binary ones are listed for the performance
comparisons. In our experiments, the delay time is obtained
by simulation under the condition of 1µm CMOS technol-
ogy. The proposed converter using the SD arithmetic has a
3-moduli set and much faster than the binary one.
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Table 1: Performance of modulo 2p − 1 arithmetic
circuits.

Circuit Number of Gates Delay Time( ns)
p = 11 SD Binary SD Binary
Adder 363 155 5.33 18.29

Multiplier 1,815 1505 16.92 27.43

Converter∗ 4,356 3,612 57.61 109.08
* 3-moduli:(27 − 1, 211 − 1, 213 − 1)

5. CONCLUSIONS
High speed computations can be performed based on the

assumption that input and output data of the residue arith-
metic circuits are in the residue SD number form, because
some computing system applications, such as digital filter-
ing, require repeated calculations of sums of products before
the final results are obtained. For integration with conven-
tional binary systems, efficient conversion circuit has been
presented.
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