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Abstract. We introduce and develop the notion of regular cost func-
tions: a quantitative extension to the standard theory of regular lan-
guages.

This work is a continuation of the works on distance automata and
similar models. These models of automata have been successfully used
for solving the star-height problem, the finite power property, the finite
substitution problem, the relative inclusion star-height problem or the
boundedness problem for monadic-second order logic over words.

Our notion of regularity can be — as in the classical theory of regu-
lar languages — equivalently defined in terms of automata, of algebraic
recognisability, and by a variant of the monadic second-order logic. Those
equivalences are strict extensions of the corresponding classical results.
The decidability of the limitedness problem of distance automata, as well
as all its known variants can be deduced from our results.

1 Introduction

This paper introduces and studies a quantitative extension to the standard the-
ory of regular languages of words. It is the only quantitative extension known to
the author in which the milestone equivalence for regular languages:

accepted by automata = recognisable by monoids
= definable in monadic second-order logic = definable by regular expressions

can be faithfully extended. Hence, we introduce in this work automata (called
B- and S-automata), algebraic structures (called stabilisation monoids), logics
(called MSO=") and suitable regular expressions (called B- and S-regular ex-
pressions).

Related works. Though most of the objects mentioned above are new, some
are very close to objects known from the literature, To this respect, the present
work is the continuation of long branch of research.

A prominent question in this theory is the star-height problem. This story
begins in 1963 when Eggan formulates the star-height decision problem [10]:

Input: A regular language of words L and a non-negative integer k.
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Output: Yes, if there exists a regular expression” using at most k£ nesting of

Kleene stars which defines L. No, otherwise.

Eggan proved the strictness of the hierarchy induced by k, but the decidability
problem itself was quickly considered as central in language theory, and as the
most difficult problem in the area.

Though some partial results were obtained by Mc Naughton, Dejean and
Schiitzenberger [31, 9], it took twenty-five years before Hashiguchi came up with
a proof of decidability spreading over four papers [14, 13,15, 16]. This proof is
notoriously difficult, and no clean exposition of it has ever been presented.

Hashiguchi used in his proof the model of distance automata. A distance
automaton is a finite state non-deterministic automaton running over words
which can count the number of occurrences of some ‘special’ states. Such an
automaton associates to each word a natural number, which is the least number
of occurrences of special states among all the accepting runs (or nothing if there
is no accepting run over this input). The proof of Hashiguchi relies on a very
difficult reduction to the following limitedness problem:

Input: A distance automaton.
Output: Yes, if the automaton is limited, i.e., if the function it computes is
bounded over its domain. No, otherwise.

Hashiguchi established the decidability of this problem [13]. The notion of dis-
tance automata and its link with the tropical semiring (distance automata can
be seen as automata over the tropical semiring, i.e, the semiring (w+ 1, min, +))
has been the source of many investigations [14,17, 18,27, 30, 35, 36, 38—40].
Despite those researches, the star-height problem itself remained not so well
understood for seventeen more years. In 2005, Kirsten gave a much simpler and
self-contained proof [23]. The principle is to use a reduction to the limitedness
problem for a form of automata more general than distance automata, called
nested distance desert automata. To understand this extension, let us first look
again at distance automata: we can see a distance automaton as an automaton
that has a counter which is incremented each time a ‘special’ state is encountered.
The value attached to a word by such an automaton is the minimum over all
accepting runs of the maximal value assumed by the counter. Presented like
this, a nested distance desert automaton is nothing but a distance automaton
in which multiple counters and reset of the counters are allowed (with a certain
constraint of nesting of counters). Kirsten performed a reduction of the star-
height problem to the limitendeness of nested distance desert automata which is
much easier than the reduction of Hashiguchi. He also proves that the limitedness
problem of nested distance desert automata is decidable. For this, he generalises
the proof methods developed previously by Hashiguchi, Simon and Leung for
distance automata. This work closes the story of the star-height problem itself.

! Regular expressions are built on top of letters using the language operation of con-
catenation, union, and Kleene star. This problem is sometime referred to as the
restricted star-height problem, while the version allowing also complementation is
the generalised star-height problem, and has a very different status.



The star-height problem is the king among the problems solved using this
method. But there are many other (difficult) questions that can be reduced to
the limitedness of distance automata and variants. Some of the solutions to those
problems paved the way to the solution of the star-height problem.

The finite power property takes as input a regular language L and asks
whether there exists some positive integer n such that (L + &)™ = L*. Tt was
raised by Brzozowski in 1966, and it took twelve years before being indepen-
dently solved by Simon and Hashiguchi [35,12]. This problem was the original
motivation to the introduction of distance automata by Hashiguchi.

The finite substitution problem takes as input two regular languages L, K,
and asks whether it is possible to find a finite substitution o (i.e., a morphism
mapping each letter of the alphabet of L to a finite language over the alphabet
of K) such that o(L) = K. This problem was shown decidable independently by
Bala and Kirsten by a reduction to the limitedness of desert automata (a form
of automata weaker than nested distance desert automata, but incomparable
to distance automata), and a proof of decidability of this later problem [2,21].
Kirsten has also proved the decidability of a new problem, the relative inclusion
star-height problem, which simultaneously generalises the star-height problem
and the finite substitution problem [20].

The boundedness problem is a problem of model theory. It consists in deciding
if there exists a bound on the number of iterations that are necessary for the
fixpoint of a logical formula to be reached. The existence of a bound means that
the fixpoint can be eliminated by unfolding its definition sufficiently many times.
The boundedness problem is usually parameterised by the logic chosen and by
the class of models over which the formula is studied. The boundedness problem
for monadic second-order formulae over the class of finite words was solved by a
reduction to the limitedness problem of distance automata by Blumensath, Otto
and Weyer [4].

One can also cite applications of distance automata in speech recognition [32,
33], databases [11], and image compression [19]. In the context of verification,
Abdulla, Krcal and Yi have introduced R-automata, which correspond to nested
distance desert automata in which the nesting of counters is not required any-
more [1]. They prove the decidability of the limitedness problem for this model
of automata.

Finally, Loding and the author have also pursued this branch of researches
in the direction of extended models. In [7], the star-height problem over trees
has been solved, by a reduction to the limitedness problem of nested distance
desert automata over trees. The later problem was shown decidable in the more
general case of alternating automata. In [8] a similar attempt has been tried for
deciding the Mostowski hierarchy of non-deterministic automata over infinite
trees (the hierarchy induced by the alternation of fixpoints). The authors show
that it is possible to reduce this problem to the limitedness problem for a form
of automata that unifies nested distance desert automata and parity automata.
The later problem is an important open question.



Bojariczyk and the author have introduced the notion of B-automata in [5],
a model which resembles much (and is prior to) R-automata. The context was
to show the decidability of some fragments of the logic MSOLB over infinite
words, in which MSOLB is the extension of the monadic second order logic ex-
tended with the quantifier UX.¢ meaning “there exists a set X as big as I want
such that ¢ holds”. From the decidability results in this work, it is possible to
derive every other limitedness results. However, the constructions are extremely
complicated and of non-elementary complexity. Nevertheless, the new notion of
S-automata was introduced, a model dual to B-automata. Recall that the se-
mantics of distance automata and their variants can be expressed as a minimum
over all runs of the maximum of the value taken by counters. The semantics of
S-automata is dual: it is defined as the maximum over all runs of the minimum of
the value taken by the counters at the moment of their reset. Unfortunately, it is
quiet hard to compare in detail this work with all others. Indeed, since it was ori-
ented toward the study of a logic over infinite words, the central automata are in
fact wB and wS-automata: automata accepting languages of infinite words that
have an infinitary accepting condition constraining the asymptotic behaviour of
the counters along the run. This makes those automata very different: first, they
accept languages instead of functions, and second, they use accepting conditions
involving the asymptotic behaviours of counters, a characteristic which has no
equivalent in distance automata, and which is in some sense ‘orthogonal’. For this
reason, B-automata and S-automata in [5] are just intermediate objects that do
not have all the properties we would like. In particular B- and S-automata in [5]
are not equivalent. However, the principle of using two dual forms of automata
is an important concept in the present work.

The proof methods for showing the decidability of the limitedness problem
of distance automata and their variants, are also of much interest by themselves.
While the original proof of Hashiguchi is quiet complex, a major advance has
been achieved by Simon, using the notion of stabilisation [36]. The principle is
to abstract the behaviour of the distance automaton in a monoid, and further
describe the semantics of the counter using an operator of stabilisation, i.e.,
an operator which describes, given a element of the monoid, what would be the
effect of iterating it a ‘lot of times’. This key idea was further used and refined by
Simon himself, Leung, Kirsten, Abdulla, Krcal and Yi. This idea was not present
in [5], and this is one explanation for the bad complexity of the constructions.

Contributions. In this paper, we revisit all the models of automata presented
above, as well as the algebraic methods. The principle of our framework is to
present those automata in a way comparable to the standard theory of regular
languages and such that the standard results for regular languages as well as all
results of decidability of limitedness presented above appear as special cases .
The effect of this presentation is that automata are not the central object
anymore, but rather share equally the scene with stabilisation monoids (the
algebraic presentation) and MSO=" (the logic presentation). We can even say



that the central object here is the stabilisation monoid, since it is the only model
in which all proofs can be carried along in a self-contained way.

Let us describe our contributions in more details.

Cost functions. We extend the standard notion of language by the new notion of
cost function. For this, we consider mappings from a set E to w+1 (in practice E
is the set of finite words over some finite alphabet) and the equivalence relation ~
defined by f ~ g if:

for all X C F, f restricted to X is bounded iff g restricted to X is bounded.

Hence two functions are equivalent if it is not possible to distinguish them us-
ing arguments of existence of bounds. A cost function is an equivalence class
for ~. The notion of cost functions is what we use as a quantitative extension
to languages. Indeed, every language L can be identified with (the equivalence
class of) the function mapping words in L to the value 0, and words outside L
to w. All our theory is presented in terms of cost functions. This means that all
equivalences are considered modulo the relation ~.

Cost automata. Our first way to define regular cost functions is to use cost
automata, which comes in two flavours, B- and S-automata. Our B-automata
correspond in their simple form to R-automata [1] and in their simple and hi-
erarchical form to nested distance desert automata in [24,25]. Those are also
very close to B-automata in [5]. Following the ideas in [5], we introduce the dual
variant of S-automata. Our S-automata are stronger than the S-automata in [5].
A consequence of the results in the paper is that B-automata and S-automata
are equi-expressive in all their variants, an equivalence that we call the duality
theorem.

History-determinism. Though it is not possible to determinise B- and S-auto-
mata, we prove that a new notion, called history-determinism, can be enforced.
History-deterministic automata are non-deterministic automata that have some
special semantic property that makes them resemblant to deterministic au-
tomata. We prove that history-deterministic B- and S-automata have the same
expressive power as general B- and S-automata. This equivalence is required
in the forthcoming extension, together with Christof Loding, of this theory to
trees.

Stabilisation monoids. We introduce the new notion of stabilisation monoids.
A stabilisation monoid is a finite ordered monoid together with a stabilisation
operation. This stabilisation operation expresses what it means to iterate ‘a
lot of times’ some element. The operator of stabilisation was introduced by
Simon [35] and used also by Leung, Kirsten, Abdulla, Krcal and Yi. as a tool for
analysing the behaviour of distance automata and their variants. The novelty
here lies in the fact that in our case, stabilisation is now part of the definition of a
stabilisation monoid. We prove that it is possible to associate unique semantics
to all stabilisation monoids. Those semantics take the form of what we call
compatible mappings. This key result shows that the notion of stabilisation



monoid has a ‘meaning’ independent from the existence of cost automata (in the
same way monoids can be used for recognising language, independantly from
the fact that it comes from a finite state automata). Introducing the notion of
compatible mappings requires quiet some abstraction work, and the development
of a suitable mathematical framework of topological nature.

Recognisable cost functions. We use stabilisation monoids for defining the new
notion of recognisable cost functions. We show the closure of recognisable cost
functions under min, max, and new operations called inf-projection and sup-
projection (which are counterparts to projection in the theory of regular lan-
guages). We also prove that the relation & (in fact the correspoding preorder <)
is decidable over recognisable cost functions. This decidability result subsumes
all limitedness results known from the litterature. Finally, we prove that this
notion of recognisability for cost functions is equivalent to being accepted by the
cost automata introduced above.

Extension of monadic second-order logic. We define the new logic MSO=" which
is a strict extension to monadic second-order logic with quantitative capabilities.
It is for instance possible to define the diameter of a graph in MSO=". We show
that the cost functions over words definable in MSO=* coincide with the regular
cost functions presented above. This equivalence is essentially the consequence
of the closure properties of regular cost functions (as in the case of regular
languages), and no new ideas are required here. The interest lies in the logic
itself. Of course, the decision procedure for recognisable cost function entails
decidability results for MSOSY.

Continuations. This work has a natural continuation to finite trees, currently
in preparation with Christof Loding. The extension to trees relies on automata
methods, history-determinism, and games. Many results in this work to come
are already interesting over finite words. One can find among them, translations
of automata into their simple and hierarchical forms that have good complexity
and preserve the history-determinism, efficient decision procedures for automata
(all the decision procedures in this work are done over stabilisation monoids),
and the equivalence with alternating cost automata.

Structure of the paper. The remaining of the paper is organised as follows.

In Section 2 we present our models of automata in their various forms, and
etablish results of closure and of non-closure. We also introduce the notion of cost
function and of history-determinism. We finally state the main duality result,
the proof of which is a consequence of the subsequent sections.

In Section 3 we present the underlying algebraic structure: stabilisation monoids.
We then develop the mathematical framework of cost sequences that we use for
introducing compatible mappings. We finally establish the key result of existence
and uniqueness of compatible mappings.

In Section 4, we use stabilisation monoids for defining recognisable cost func-
tions. We show various closure results for recognisable cost functions, the de-



cidability of the relation < over them, and the equivalence with cost functions
accepted by cost automata.

Section 5 is also rather short. We introduce in it the new logics MSO=Y | give
some examples, and prove their equivalence with the above formalisms.

Some notations

As usual, we denote by w the set of non-negative integers and w + 1 the set
w U {w}. Those are ordered by 0 < 1 < -+ < w. The identity mapping over w
is id. We use the notation inf and sup over subsets of w + 1 with their natural
semantics. Since we assume that inf and sup are always computed in w + 1, we
have inf) = w and sup® = 0. We adapt the notion of characteristic function
to this setting: given a set E and some F' C E, we denote by xr the mapping
from E to w + 1 which to « € F associates 0, and to x ¢ F' associates w. We
wall xp the characteristic function of F'.

Given a set E, E“ is the set of sequences of w-length of elements in £. Such
sequences will be denoted by bold letters. We fix a finite alphabet A consisting of
letters. The set of words over A is A*. The empty word is €. The concatenation
of a word u and word v is uv. The length of word w is |u|. The number of
occurrences of a letter a in u is |ul,.

2 Cost automata

The topic of this section is to present the models of B and S-automata, and
devise their properties. The key properties (in particular, the equivalence of the
two forms of automata, Theorem 1) will be consequence of the two subsequent
sections.

2.1 Cost automata

We present here the notions of B and S-automata. Our model subsume the
models of distance automata of Haschiguchi, of desert automata, distance desert
automata and nested distance desert automata of Kirsten, of B and S-automata
of Bojanczyk and the author, and of R-automata of Abdulla, Krcal and Yi.
Those models and the relations between them are presented at the end of this
section.

A cost automaton (that can be either a B-automaton or an S-automaton) is
a tuple (@, A, In, Fin, I', A) in which @ is a finite set of states, A is the alphabet,
In and Fin are respectively the set of initial and final states, I' is a finite set of
counters, and A C Q x A x ({i,r,c}*)T’ x Q is a finite set of transitions. A cost
automaton is said deterministic if for all p € Q and a € A, there is at most one
transition of the form (p, a,c, q).

Letters in {i,r,c} are called atomic actions. The idea behind atomic actions
is that a counter (the value of which ranges over w) can either be incremented by



one (i), be reset to 0 (r), or be checked (¢). Given a sequence of atomic actions u,
it is read from left to right. At the begining, the counter has value 0, and at each
letter evolves according to the current atomic action (the value does not change
when the counter is checked). The set C(u)C w collects the values assumed by
the counter each time an atomic action ‘check’ is performed.

A word in ({i,r,c}*)I" is called an action, and tells for each counter in I’
what sequence of atomic actions should be applied to it. Given a sequence u of
such actions, C(u) is the union of the sets C(u,) for all ¢ € I', in which wu, is the
projection of w over its t’s component. In other words, the counters in I" evolve
concurrently, and the set C(u) collects every value assumed by a counter when
checked.

A partial run o of an automaton over a word a; ... a,, is defined as a sequence
q0sA1,C15q1s - -+ Gn—1, Gn, Cn, Gn such that (gi—1,a;,¢;,q;) € Aforalli=1...n.
The partial run is called simply a run or an accepting run if furthermore ¢ is
initial and ¢, is final. An initial run is a partial run of first state initial. We
set C(0) C w to be C(cica...c,). Hence, C(o) collects all values assumed by
counters when checked during the run. One makes no distinction concerning
when the value appeared, how many times it did appear, nor the counter it
originates from.

The difference between B-automata and S-automata comes from their dual
semantics, [-]p and [-]s respectively:

for all u € A", [A]s(u) = inf{supC(c) : o accepting run of A over u} ,
and, [A]s(u) =sup{inf C(c) : o accepting run of A over u} .

(Recall that inf() = w and sup@ = 0.) A B-automaton is a cost automaton
on which we always apply the semantics [-]p while an S-automaton is a cost
automaton on which we always apply the semantics [-]s. Hence, the function
accepted by a cost automaton A over alphabet A is the mapping [A] p if A is a
B-automaton, and [A]g if it is an S-automaton.

An alternative way of describing the semantics of cost automata is by using
the notion of n-run. An n-run of a B-automaton A for some n € w is a (accept-
ing) run o such that sup C'(0) < n. Equivalently, whenever a counter is checked
during the run o, it is required to have value at most n.2 An n-run of an S-
automaton A for some n € w is a run o such that inf C(c) > n. Equivalently,
whenever a counter is checked during the run o, it is required to have value at
least n. We then have for all word u and all n € w:

[A]s(u) = inf{n : there exists an n-run of A over u} ,
and [A]s(u) =sup{n : there exists an n-run of A over u} .
(There is a slight ambiguity here since the definition of an n-run depends also on

whether we consider the B-semantics or the S-semantics. In practice, this will
always be clear from the context.)

2 The original definition of the semantics used the atomic action ‘check’ for ‘outputing’
the current value. When using n-runs one sees the atomic action ‘check’ as ‘checking’
that the value is at most n. This explains the name ‘check’ rather than ‘output’.



This way of describing the functions accepted by cost automata has several
advantages. First of all, it is easier to use: proving that a run o is an n-run
requires half the work necessary for proving that sup C(o) = n (or inf C(c) = n).
Second, it is possible that inf C'(o) be w (if no counter is checked), hence, the
original definition of [-]s involves the computation of the infimum of subsets
of w + 1, while the use of n-runs involves only infimum of subsets of w. This
avoids to separate cases in proofs. Finally, at least in the case of B-automata,
one can see the ‘check’ as an action which requires a certain quantity of ressource
for being performed, namely, the value of the counter at this point. Hence, one
can see an n-run as a run which can be performed under ressource limit n. In this
perspective, the value [A] p(u) is nothing but the quantity of ressource necessary
for processing the input u.

Remark 1. Those definitions are tightly related to the semantics of non-determi-
nistic finite automata accepting languages. Indeed, imagine that A is a non-
deterministic finite automaton in the standard sense, accepting the language L,
then it can be seen as a cost automaton without counter.

Imagine that we see A as a B-automaton, and consider a word u outside L.
By definition, there exist no run over u. As a consequence [A]p(u) = inf ) = w.
Consider now a word u in L, then there exists at least one run ¢ over u, and since
no counter can be checked, all run o satisfy C(o) = 0. We obtain [A]g(u) =
inf{sup 0} = 0. For short, we have:

[[-A]]B = XL -

(Recall that xy, is the characteristic function which to each word u associates 0
if u € L, and w otherwise.)

Similarly, if we consider A as an S-automaton, then inf and sup have their
roles exchanged, and we get

[[-A]]S = X(A*\L) -
Ezxample 1. Consider the following B-automaton:

a:ic

b:e

It has only one counter, and each transition of the form (p, a, ¢, q) is depicted as
an arrow from p to ¢ labeled by ‘a : w’ for a a letter, and w an action. Initial
states are identified by ingoing edges that have no origin state, while final states
are similarly identified by outgoing edges.

When reading a word over {a,b}, this automaton start with the value 0 of
the counter, and each time a letter a is encountered, the counter is incremented
and immediatly checked. When a letter b is met, no action is performed. The



result is that, if we call o, the only run (the automaton is deterministic) over a
word u € {a, b}, we have:

C(o) =1{1,2,... ula} .

As a consequence [A]p(u) = supC(oy) = |u|e. This automaton counts the
number of occurrences of the letter a.

Ezample 2. Consider now the following deterministic one-counter S-automaton:

b:er

While reading a word u over {a, b}, this automaton first skips the first occur-
rences of the letter a, until it reaches the first occurrence of b. Then it increments
the counter as long as a-letters are met, until it reaches a letter b, and at this
moment the counter is checked and immediatly reset. In other words, if we call o
the sole run over u, C (o) collects the length of segments of a’s surrounded by b’s,
ie.

C(o)={n : u=vba"bw, for some vw € {a,b}*} .

Hence [A]s(u) is the minimal length of a segment of consecutive letter a’s sur-
rounded by b’s. Notice also the special case when the word u has less than two
occurrences of the letter b. In this situation, we have a run in which the counter
is never checked, entailing [A]s(u) = w.

Ezxample 3. Our last example is a one-counter B-automaton which is not deter-
ministic, and makes use of this non-determinism:

a,b:e a:ic a,b:e

_)Q_% b:e & b:e (9)_)

A run o of this automaton over a word u € {a,b}* can be described as follows.
It first skips a certain number of letters while staying in state p. At some point
it jumps to state ¢ while reading a letter b. It stays in state ¢ as long as the
input letter is a, incrementing and checking the counter at each step. It exits
state ¢ by jumping to state r while reading a letter b, and then skips the end
of the word. Notice there is no (accepting) run over words that have less than
two occurrences of b’s. This means in this case that [A]p(u) = w. Otherwise,
if w contains more than two occurrences of b’s, each run ¢ is characterised by
the two occurrences ¢ < j of b’s that makes it enter and leave respectively the
state ¢. Then we have:

Clo)={1,2,,...,j—i—1}.



Hence, A computes the minimal length of a segment of letters which is sur-
rounded by occurrences of b.

We can conclude that this automaton computes the same function as the one
of Example 2.

We will encounter along the paper special models of automata. Those models
happen to be equi-expressive with the general model, and are usually easier to
handle. We present now.

A B-automaton of counters I' is simple if the actions it uses belong to
{e,ic,r}!". The above examples 1 and 3 are of this form. An S-automaton of
counters I is simple if the actions that can be performed on counters belong to
{e,i,r,cr}!’. Example 2 is of this form.

All the examples of cost automata in this paper are in fact simple cost au-
tomata. One reason for that is that the general case can be — in a sense to be
defined — easily reduced to it. We show this in Section 2.4.

A cost automaton is hierarchical of counters I' if I' = {1,..., ||}, and for
all action a € ({i,c,r}*)!, if a(k) # € for some k = 1,...,|I'|, then a(k +
1),...,a(|I]) € {r,cr}. Once more, those automata, even in their simple form,

happen to be also equivalent to the general model. The idea behind this definition
is that there is a form of nesting of counters: as soon as something is done on a
counter, all counters which are higher have to be reset. We will make few use of
this notion in this paper.

Link with other formalisms As mentioned in the introduction, the for-
malisms introduced here is linked with previous works. Let us briefly present
those models in our formalism.

The distance automata of Hashiguchi are simple automata with one counters
and no reset [13]. Le., actions belong simply to {e,ic}. The actions label states
rather than transitions in our model.

The desert automata of Kirsten and Bala correspond to simple B-automata
with one counter and actions belonging to {r,ic} [2,3,21,24]. The idea behind
the name ‘desert’ is that the automaton has a tank of water of a certain capacity,
which is consumed as long as one stays in the desert (corresponding to the action
ic). However, as soon as an oasis (corresponding to the action r) is encountered,
the tank of water can be replenished. The value attached to a word by such an
automaton is the capacity of the tank required for processing the word.

The distance desert automata where introduced by Kirsten for solving the
star-height one problem[22]. Distance desert automata are hierarchical simple
B-automata with two counters, one acting as a distance counter, while the other
is used as a desert counter. Formally, the counters are {1,2}, and the actions
are {(g,ic), (g,7), (ic,r)} (the actions over two counters are presented as ordered
pairs). Those automata are tailored for solving the star-height one problem.

The nested distance desert automata of Kirsten are a generalisation of the
distance desert automata with an arbitrary number of counters. Those corre-
sponds to hierarchical simple B-automata [23].



In [1], hierarchical simple B-automata were introduced under the name R-
automata.

In [5, 6], a form of ‘B-automata’ was introduced. Those automata correspond
to B-automata of the present work, but such that the counters could use actions
in {e,4,cr}!, and that furthermore, every counter needs to be reset at least one
for making a run accepting. The dual form of automata, S-automata was also
introduced, with the same set of possible of actions, and the same constraint on
the occurrence of resets. Those automata are to some extent weird and uneasy to
handle. This can be explained by the fact that those objects were introduced for
studying wB and wS-automata, the later being automata running over infinite
words. A lot of bad phenomena linked to this definition of B and S-automata was
eliminated because they were used in the context of an infinite computation (for
instance, the constraint that counters be reset in a run was used when repeated
infinitely often for validating a form of Biichi condition). The very important
contribution of this work is the introduction of two dual forms of automata.
This idea is of course absolutely essential in the present work.

2.2 Elementary constructions

In this section we present some elementary results about cost automata. Those
constructions are for most of them straightforward adaptations of standard con-
structions for automata for languages.

Since the semantics of cost automata are defined in terms of infimum and
supremum, we get in a straightforward manner some closure properties involving
min and max computations.

Proposition 1. The function accepted by [simple] [hierarchical] B-automata are
closed under min. The function accepted by [simple] B-automata are closed un-
der max. The function accepted by [simple] [hierarchical] S-automata are closed
under max. The function accepted by [simple] S-automata are closed under min.

Proof. The reader will recognise the constructions for the intersection and union
of languages described by non-deterministic automata. Let us consider two cost
automata A = (Q, A, In, Fin, I, A) and A" = (Q', A, In’, Fin' , I, A").

Closure under min of [simple] [hierarchical] B-automata. The construction con-
sists in simply taking the disjoint union of the two automata. We assume with-
out loss of generality that Q and @Q’ are disjoint. We construct the automaton
Ay =(QUQ A InUIn/, Fin U Fin/, I’ UI", A, ) in which:

Ay ={(p,a,cITUI",q) : (p,a,c,q) € AUA"},

where ¢]I" U I coincide with ¢ on its domain, and maps every other counter
in "'UT" to e. It is clear that each run o of A (or A’) can directly be translated
into a run o4 of A, over the same word such that C(o) = C(04). Conversely,
every run o, of Ay can be translated in a run o either of A or of A’ over the
same word. Hence, we directly get for all word u € A*:

[A+]5(w) = min([A] 5(w), [A]5(w)) -



Furthermore, this construction preserves the simple and hierarchical nature of
the automaton.

Closure under max of [simple] [hierarchical] S-automata. One uses the exact
same construction as for the min of B-automata. This time we obtain for all
word u € A*:

[As+]s(u) = max([A]s(u), [A]s(u)) .

Closure under max of [simple] B-automata. This time we perform the prod-
uct of the automata. We assume now without loss of generality that the sets
of counters I and I are disjoint. We construct the automaton Ay = (Q x
QA In x In', Fin x Fin', I’ UI", Ay) in which:

A ={((p.p"),a,cc,(¢,q)) : (p,a,c,q) € A, (p',a,,q") e A},

where ¢¢’ maps each counter ¢ of I' to ¢(¢) and each counter ¢ of IV to ¢/(v). It is
clear that given a run o of A and a run ¢’ of A’ over the same word u, we can
construct by product a run oy of Ay over u such that C(ox) = C(0) U C(d’).
Conversely, each run oy« of Ay over a word u can be decomposed into a word
of A over v and a word of A’ over u such that C(ox) = C(0) U C(0’). Hence,
we directly get for all word u € A*:

[Ax]5(u) = max([A]ls(u), [AT5(u)) .

Furthermore, this construction preserves the simplicity of the automaton.
Closure under min of [simple] S-automata. One uses the exact same construction
as for the max of B-automata. This time we obtain for all word u € A*:

[Ax]s(u) = min([A]s(u), [ATs(u)) -
O

In the previous proposition, we have just adapted the constructions for union
and for intersection for non-deterministic finite automata accepting languages.
There is another operation which is very natural for non-deterministic automata:
the projection. Let us first describe what are the corresponding operations for
cost automata.

Given a mapping f from A* to w + 1 and a mapping h from A to B that
we extend into a morphism from A* to B* (B being another alphabet) the inf-
projection of f with respect to h is the mapping finf p from B* to w + 1 defined
for all v € B* by:

fing,p(v) = Inf{f(u) : h(u)=0v}.

Similarly, the sup-projection of f with respect to h is the mapping fsup,, from B*
to w + 1 defined for all v € B* by:

fsup,n(v) = sup{f(u) : h(u) = v} .

By simply adapting the standard construction for projection of non-deterministic
automata, we get:



Proposition 2. The mappings accepted by [simple] [hierarchical] B-automata
are closed under inf-projection. The mappings accepted by [simple] [hierarchical]
S-automata are closed under sup-projection.

Proof. Once more the construction precisely mimics the standard construction,
for projection this time. Consider an automaton A = (@, A, In, Fin, I, A) and a
mapping h from A to another alphabet B. We extend it into a moprhism from A*
to B* as above.

Closure under inf-projection of B-automata. Construct the automaton A, =
(Q,B, In, Fin, I', A) in which A, is defined by:

Ay =A{(p,h(a),c,q) : (p,a,c,q) € A} .

It is clear that each run o of A over a word u € A* can be turned into a run oy,
of Ap, over the word h(u) such that C(o) = C(0y). Conversely, for each run oy,
of A;, over a word v € B*, there exists a run ¢ of A over a word u € A* such
that h(u) = v and C(op) = C(0). Hence we have for all u € B*:

[An]B(u) = [AlBins n(w) -

Closure under sup-projection of S-automata. We use the same construction
as above, and obtain this time for all u € B*:

[Anls(u) = [Alsgup,n(w) -
0

Some properties of conversion between standard automata and cost automata
are also useful. We have already seen in Remark 1 that for every regular lan-
guage L, it was possible to construct a B-automaton and an S-automaton that
both accept the function x. We see here some form of converse.

Proposition 3. For all B-automaton (resp. S-automaton) accepting a func-
tion f, the set:

support(f) = {u : f(u) < w}
s reqular.

Proof. If f is described by a B-automaton, then a word belongs to the support
of f iff there exists a run of the automaton over it. Hence, it is sufficient to take
the same automaton and get rid of all the information concerning the counters
in order to obtain an automaton for its support.

If f is described by an S-automaton, then a word does not belong to the
support of f iff there is a run of the automaton over this word which never
performs a check action. Hence, if we take the same automaton and, (a) get
rid of all the transitions that perform a check of some counter, and then (b)
remove all information concerning the counters, we obtain an automaton for
the complement of the support. A complementation of the resulting automaton
completes the construction. a



Proposition 4. For all B-automaton (resp. S-automaton) accepting a func-
tion f, and all n € w, the language:

{u : flu) <n},
s reqular.

Proof. We do not perform the construction. The only idea behind this is that
it is possible to store a sufficient amount of information in an automaton for
counting ‘up to value n’. Since it is not allowed in cost automata to decrease the
value of counters, once a counter has taken a value beyond n, the only way we
can get back to a value at most n is by using a reset. Hence, it is sufficient to
use an abstract value nt that will represent any possible value beyond n. a

Proposition 5. Fvery function accepted by a deterministic S-automaton is also
accepted by a B-automaton. Every function accepted by a deterministic B-auto-
maton is also accepted by an S-automaton.

Proof. Let us informally describe the construction. Consider an S-automaton A,
the new B-automaton A’ we construct simulates precisely A, dropping all check
actions encountered, but a single one which the automaton guesses using its
non-determinism (in practice this require to double the size of the automaton
for remembering the bit of information: ‘the guessed check action has already
been encountered’).

Consider now a word u. If its value is w, this means that no check occur during
the run, and hence the automaton A’ has no run over this input. Otherwise, if
the value is n, n is the least value assumed by a counter when checked. This is
of course what the B-automaton A’ computes.

The construction from B-automata to S-automata is identical. O

2.3 Cost functions

In the previous section, we saw that the closure and equivalence properties where
quiet limited. We recover good properties by considering the functions modulo
a certain equivalence (=¢). The subject of this section is the description of this
equivalence.

A correction function is a non-decreasing mapping from w to w. From now,
the symbols «, o' . .. implicitly designate correction functions. Given x, y in w+1,
T <q y holds if z < @(y) in which @ is the extension of o with @(w) = w.
For every set E, <, is extended to (w + 1) in a natural way by f <. g if
f(z) Ka g(x) for all x € E, or equivalently f < @o g. Intuitively, f is dominated
by g after it has been ‘stretched’ by a. One also writes f ~, g if f <0 ¢
and g <, f. Finally, one writes f < g (resp. f = ¢g) if f <o g (vesp. f =4 g) for
some . A cost function (over a set E) is an equivalence class of ~ (i.e., a set of
mappings from E to w + 1).

Some elementary properties of <, are:

Fact 1 Ifa<a and f <4 ¢, then [ <o 9. If [ <a 9 <a h, then [ <qoa N



Ezample 4. Over w X w, maximum and sum are equivalent for the doubling
correction function (for short, (max) &2 (+)). Indeed, for all z,y € w,

max(z,y) <z +y < 2 X max(x,y) .

Our second example concerns mappings from sequence of words to w. Given
words uy, ..., u; € {a,b}*, we have

lug ... ugle ~o max(| K], max, |uila) where K ={ie{l,....k} : |uila > 1}

in which « is the squaring function and a(m) = m?2. Indeed, for one direction
we just have to remark:

max (| K|, max [wila) < lus ... ug|a,
and for the other direction we use:

[ug . ugle < Ziek|tila < (max(|K\,ir:nlan luila))? .

The relation < has other characterisations:

Proposition 6. For all f, g from E to w+1, the following items are equivalent:

- f < g;
—VnewdmewVreE. g(z) <n— flz)<m, and;
— for oll X C E, g|x is bounded implies f|x is bounded.

Proof. From 1 to 2. Let us assume f < g, i.e., f <o g for some a. Let n
be an non-negative integer, and m = «(n). We have for all x, that g(xz) < n
implies f(z) < (a0 g)(xz) < a(n) = m, thus establishing the second statement.

From 2 to 3. Let X C E be such that g|x be bounded. Let n be a bound of g
over X. Item 2 states the existence of m such that Vz € E.g(x) <n — f(z) < m.
In particular, for all z € E, we have g(x) < n by choice of n, and hence f(z) < m.
Hence f|x is bounded by m.

From 3 to 1. Let n € w, consider the set X,, = {& : g(z) < n}. The
mapping ¢ is bounded over X,, (by n), and hence by Item 3, f is also bouned.
We set a(n) = sup f(X,). Let now z € X. If g(x) < w, we have that x € X, by
definition of the X’s. Hence f(x) < sup f(Xy(,)) = a(g(x)). Otherwise g(z) = w,
and we have f(z) < @(g(z)) = w. Hence f <4 g. O

The last characterisation shows that the relation ~ is an equivalence relation
that preserves the existence of bounds. Indeed, all this theory can be seen as an
automata theoretic method for proving the existence/non-existence of bounds.

Cost functions over some set E ordered by < form a lattice. Let us show
how this lattice refines the lattice of subsets of E ordered by inclusion. The
following elementary fact shows that we can identify a subset of E' with the cost
function of its characteristic function (remind that given a subset X C FE, one
denotes by yx its characteristic mapping defined by xx(x) =0 if z € X, and w
otherwise):



Fact 2 Forall X, Y CFE, xx <xy iff Y C X.

To this respect, the lattice of cost functions is a refinement of the lattice of subsets
of E equipped with the superset ordering. Let us show that this refinement is
strict. Indeed, there is only one language L such that x does not have w in its
range, namely L = E, however, we will show in Proposition 7 that, as soon as F
is infinite, there are uncountably many cost functions which have this property
of not using the value w.

Proposition 7. If E is infinite, then there exist at least continuum many dif-
ferent cost functions from E to w.

Proof. Without loss of generality, let us assume that E = w\ {0}. Let pg, p1, - ..
be the sequence of prime numbers. Every n € E is decomposed in a unique
way as py'ps? ... in which all w;’s are null but finitely many (with an obvious
meaning of the infinite product). For all I C w, one defines the function f;
from w \ {0} to w for all n € w\ {0} by:
fi(n) =max{n; : i€I, n=p*py*...}.

Consider now two different sets I,J C w. This means—up to a possible ex-
change of the roles of I and J, that there exists ¢ € I\ J. Consider now the
set X = {p¥ : k € w}. Then, by construction, fr(p¥) = k and hence f; is
not bounded over X. However, f J(pf) = 0 and hence f; is bounded over X. It
follows by Proposition 6 that f; and f; are not equivalent for ~. We can finally
conclude that—since there exist continuum many subsets of w— there is at least
continuum many cost functions over F. a

Of course, we will be applying this notion of cost functions to the B and S-
automata defined above. Since our automata are defined in terms of infimum
and supremum, it is convenient to use the following fact for establishing <.-
relationship:

Fact 3 For all E,F C w, and all correction function «, then;

inf B <, inf F iff Yne F.dme E. m<a(n),
supE <, sup F iff Yme E.Ine F. m<a(n),
and sup F <, inf F iff YmeE.¥YneF.m<an).

2.4 Reduction to simple automata

In this section, we prove the following proposition:

Proposition 8. The functions accepted by B-automata are equivalent (mod-
ulo =) to functions accepted by simple B-automata. The functions accepted by S-
automata are equivalent (modulo =) to functions accepted by simple S-automata.



The essential idea is that it is useless to use non-simple automata. In practice, all
automata constructions in the paper (the important duality theorem included,
see below) do preserve the simpleness of automata. Hence, there is no reason to
consider non-simple automata. Since this construction is of few importance, we
just give a rough description of it.

For clarity, we will work in this proof with automata that have only a single
counter. Let us prove that this is not a restriction. Indeed, consider for instance
a B-automaton with k-counter accepting a function f. It can be seen as com-
puting the inf-projection of a deterministic B-automaton with k-counters (that
would read the alphabet of transitions, exactly as a standard non-deterministic
automaton can be seen as accepting the projection of the language accepted by a
deterministic automaton). The latter can be seen as accepting the maximum of
the functions computed by & deterministic B-automata, each of them using only
one counter. Assume now that each such deterministic B-automaton is equivalent
(modulo =) to a non-deterministic simple B-automaton with one counter. Then
using Proposition 1, one can compute the maximum of their accepted functions
by a simple B-automaton, and then by inf-projection, using Proposition 2, it is
possible to obtain a simple B-automaton accepting a function equivalent to f.
The same argument works for S-automata (just replace maximum by minimum,
and infimum by supremum).

We will use simple* automata as an intermediate object. Remind that a
simple B-automaton is an automaton which uses only actions of simple form,
namely (in the context of one counter), Sp = {¢,ic,r} for B-automata and
Ss = {¢,1,cr,r} for S-automata. A simple® B-automaton is an automaton which
uses actions in S8%. A simple® S-automaton is an automaton which uses actions
in S%. The proof goes by first showing that every cost automaton is equivalent to
a simple* cost automaton (Lemma 4), and then that ever simple* cost automaton
can be transformed into a simple cost automaton (Lemma 5).

Given a sequence u € {i, ¢, r}*, we will denote by Cost g (u) the value sup C(u),
and by Costs(u) the value sup C(u).

Lemma 4. Fvery B-automaton (resp. S-automaton) with one counter can be
transformed into an equivalent simple* B-automaton (resp. simple* S-automaton)
with one counter and e-transitions which uses only actions in {e,i,¢c,7}.

Proof. Case of B-automata: Consider the following simple one counter B-auto-
maton Cp (p is initial, and both states are final):

c:.¢&

One can see it as a transducer reading a pair of words, one over {i,c,7}* (the
input), the other over S% (the output). One can convince oneself that for ev-
ery pair (u,v) accepted by this transducer, Costg(u) < Costg(v). Conversely



for every input u, there exists v such that Costp(u) = Costg(v) and (u,v) is
accepted. Overall [Cp]p = Costp.

Consider now a B-automaton with one counter A over the alphabet A. We
can see it as a (non-deterministic finite state) transducer from A* to {i,c,r}*.
Using the standard construction, we can cascade A and Cp and obtain a non-
deterministic finite state transducer from A* to S3;. If we inspect more closely this
construction, one can remark that this transducer can be made syntactically a
simple* one counter B-automaton. Using the equality [Cg]s = Cost g, one easily
shows that it accepts the function [A] g.

Case of S-automata: We use the exact same technique. This time, we consider
the following one counter simple* S-automaton Cg:

101
Q c:.cr
7 .
H(;)\_/@Dz,c:s
r:e
rir

Once more, this automaton is such that [Cs]s = Costs. We can conclude using
the same cascade product technique as for B-automata. a

We need now to transform simple* automata into simple ones. This is achieved
by the following lemma.

Lemma 5. Every one counter simple* B-automaton (resp. S-automaton) can be
turned into an equivalent simple one counter B-automaton (resp. S-automaton).

Proof. Case of B-automata: Fix a simple* one counter B-automaton A. The idea
of the construction is to be able to contract transitions: we would like to replace
each transition of the form (p,a,u,q) of A (where u € S3), with a ‘simple’
transition of the form (p, a,u’, q) where v’ € Sp. This reduction is obtained by
describing a product ‘-’ over Sg. Given w,v € S, their product u - v is defined
using the following table:

This product satisfies that there exists a such that for all u,v € Sp and all
wo, ... w € {i,¢,r*}:

Costg(wouvws . .. wp_juvwy) o Costp(wo(u - v)wy ... we—1(u - vV)wg) .

The proof is by case distinction depending on u,v. The consequence is that
if we take a transition of the form (p,a,uvw,q) (for some w € S%) in A and
replace it with the transition (p,a, (v - v)w, q), we obtain a new automaton A’
such that the runs of A can be identified with the runs of A’. Furthermore, this
translation of runs transform each run into a run of ~,-equivalent cost. Hence A’



accepts a function ms-equivalent to the function accepted by A. By iterating this
simplification process, we can turn our original automaton into an equivalent
simple one.

Case of S-automata: Fix a simple* one counter S-automaton A. We use the
same technique. This time the product w - v for u,v € Sg is defined by:

ufvle i cr v
ele 1 cr r
i |1 1 cror
crlerer L r
r|r cr L cr

This product satisfies that there exists a such that for all w, ... wy € {i, ¢, 7},
Costg(wouvws . .. wp_juvwy) o Costg(wo(u - v)wy ... wr—1(u-v)wg) ,

in which Costg is supposed to be 0 for all word containing the symbol L (this
is what happens when doing a reset immediately followed by a check). The
transformation of the S-automaton A into an equivalent simple S-automaton A’
is done exactly as in the case of B-automata, with the slight difference that newly
introduced transitions that would use the symbol L are simply erased. a

This concludes the proof of Proposition 8.

2.5 History-determinism

In general B and S-automata cannot be determinised (even modulo =~z). We
consider here automata which possess a weaker property: history-determinism
(note that this notion is meaningful even for other kinds of non-deterministic
automata). Informally, a non-deterministic automaton is history-deterministic
if it possible to choose deterministically the run while accepting an equivalent
function. The subtlety comes from the fact that cost automata do not have a suf-
ficient memory for ‘implementing’ this deterministic choice. History-determinism
can be seen as a semantic notion of determinism as opposed to the standard no-
tion that we can refer to as state-determinism?®. This notion is required for the
extension of the theory to trees.

Formally, let us fix ourselves a cost automaton (either B or S) with unique
initial state A = (Q, A, {qo}, Fin, I, A). A translation strategy* for A is a map-
ping ¢ from A* x A to A which tells deterministically how to construct a partial
run of A over a word. One defines the initial run of A over the word u driven
by ¢ inductively as follows: if u = ¢, the partial run is gg. If u is of the form va,
the run is the partial run of A over v driven by § prolonged with the transi-
tion 0(v, a) (if this procedure does not provide a valid partial run over u, then

3 In state-determinism, given the current state and a letter, there is only one possible
transition, while in history-determinism, given the prefix of word seen so far (the
history), and a letter, it is possible to uniquely choose one transition.

4 The name comes from the game theoretic part which is not developed here.



there is no partial run driven by ¢ over this entry). By construction, this partial
run starts in an initial state. It may, or may not, end with a final state. If it is
the case, it is called the run driven by ¢ over the entry.

A cost automaton is history deterministic if for all n € w there exists a
translation strategy d, such that for all word wu, the run driven by §,, over u, if
it exists, is an n-run, and;

— If automaton is a B-automaton then: for all n-run of A over some word u,
there is a run of A driven by d4(y,) over u,

— If the automaton is an S-automaton: for all a(n)-run of A over some word u,
there is a run of A driven by §,, over u,

In other words, for all run, there is a driven run which is as good (up to correc-
tion «).

Another way to say the same thing is as follows. Let 4,, for all n € w be as
above. If the automaton is a B-automaton, define for all word u,

[A]%(u) = inf{n : there exists a (n-)run of A driven by 8, over u} .

Hence, this is the same infimum definition as in the definition of [-] g, but this
time the infimum does not range over all runs, but solely over runs driven by 4.
By definition, we have [A]p < [A]%. The automaton is history deterministic iff
a form of converse holds, namely [A]% <o [A]-

Similarly, if the automaton is an S-automaton, one defines for all word wu,

[A]%(u) = sup{n : there exists a (n-)run of A driven by 6, over u} .

Once more, we have by definition [A]% < [A]s. The automaton is history de-
terministic iff a form of converse holds, namely [A]s <o [A]%-

Ezample 5. The automaton of Example 3 is not history-deterministic. The rea-
son for that is that, when in state p and while reading the letter b, the automaton
has to make a choice: either stay in p, or go to q. For the automaton, it is good
to go to ¢ when the segment of a’s which follows is ‘short’. Hence, it is needed
to know what appears later in the word for making correctly this decision. This
is typical of a behaviour which is not history-deterministic.

Formally, let us assume for the sake of contradiction that the automaton
of Example 3 is history-deterministic. Let a be the corresponding correction
function, and §,, be the suitable translation strategy for all n € w. Let us consider
the behaviour of the automaton over the word bb. There is a run over this
word of value 0, namely the one which goes successively through states p,q
and 7. Hence (by history-determinism), there is a run driven by () over b.
This run has to be the same one (which is the only one), and hence witnesses
that d,0)(€,0) = (p,b,€,q). If we consider now the word u = ba®(©O+1pp, this
word admits also a 0-run, namely the one staying «(0) 4+ 2 times in state p, then
going to ¢ and r. Hence (by history-determinism) there must be a run driven
by d4(0y over u. But we have seen that d,(0)(g,b) = (p, b, €, q), i.e., the run must



start with the transition (p, b, €, q). This is a contradiction since no a(0)-run of
the automaton do begin with this transition over the word wu.

However, the same function can be accepted by the following history-deter-
ministic automaton:

a:e ) a:ic a,b:e
ir
DEUEENGS
H
a:e

(remark that the sole source of non-determinism in this automaton occurs in
state ¢ when reading letter a). The automaton works as follows. State p waits
for the next occurrence of the letter b, and then the run proceeds to state g.
In state ¢, one counts the number of consecutive occurrences of letter a, but
the automaton may also, at any moment, decide to withdraw the counting of
the current segment of a’s, and go back to state p. If the automaton succeeds
in reading a complete segment of a’s, then it can go while reading b to a the
accepting state 7. When the state r reached, whatever happens, the automaton
stays in 7, performing no actions on counters.

Let us show why this automaton is history-deterministic. We set « to be the
identity. For all n € w, we describe the translation strategy &,,. The principle of
the strategy is to stay as long as possible in state ¢, and to go back to state p
only in the case staying one step more in state p would make the run violate the
condition of being an n-run. We will not express in detail the value of d,,. It is set
to always go through the only possible transition when there is no choice, and
when in state ¢ and reading the letter a, the strategy is to take the transition
(¢,a,ic,q) if the current value of the counter is less than n, and to take the
transition (g, a, e, p) otherwise.

By construction, every partial run driven by 4,, is an n-partial run. Further-
more, if there is an n-run of the automaton, then the run driven by §,, exists:
The automaton is history-deterministic.

In practice, one is not just interested in proving that an automaton is history-
deterministic, but also on the fact that it accepts a certain function (what we
did not really do in the previous example). Hence, we do not directly use the
above definition, but rather the following fact.

Fact 6 Let A be a B-automaton (resp., S-automaton) over the alphabet A,
and f be a mapping from A* to w+ 1, then:

— A is history-deterministic and accepts a function ~-equivalent to f; iff
— [Als < f < [Al} (resp., [A]S < f < [Als) in which &, is a translation
strategy for all n € w.

In this work, history-determinism plays a minor role. We will just see that
every cost function accepted by a cost automaton can be accepted by an history-
deterministic one (see Theorem 1 in the next section). This does not by itself jus-
tify the introduction of this notion. The reason for having history-deterministic



automata is that those automata behave particularly well in the context of games
and trees. The extension of the theory of regular cost functions to trees is the
subject of a forthcoming paper with Christof Léding. In this paper, history-
deterministic automata and games play a central role, and some key steps rely
on the use of Theorem 1.

2.6 Duality and regularity

The result of duality states that the two dual forms of automata, namely B-
and S-automata, are equivalent. It is central in the theory.

Theorem 1 (duality). A cost function over words is accepted by an [history-
deterministic] [simple] [hierarchical] B-automaton iff it is accepted by an [history-
deterministic] [simple] [hierarchical] S-automaton. Those equivalences are effec-
tive and of elementary complexity. Such cost functions are called regular.

The proof of this theorem is difficult. It requires to translate the cost function
accepted by the first automaton in the algebraic world, i.e., into a recognisable
cost function (Section 4), and then to translate the recognisable cost function
into the suitable form of automata (also Section 4). The results allowing to
perform this are developed in the subsequent sections. The first step in the
translation is possible thanks to Lemma 57. The second steps uses Lemma 58 if
one aims at producing a B-automaton, or Lemma 61 if one is interested into an
S-automaton.

Remark 2. According to Remark 1, translating a no-counter B-automaton into
a no-counter S-automaton (and vice-versa) is easy to achieve by using any com-
plementation construction for standard non-deterministic automata. Hence The-
orem 1 can be seen as a replacement for both the results of complementation
and determinisation in the classical theory of regular languages.

In [5], nothing similar to Theorem 1 can be found. However, with some
amount of efforts, it is possible to derive the equivalence between [hierarchical] B-
automata and [hierarchical] S-automata, (in slightly different simple form) from
the result of complementation. However, using the proofs in [5] entails a long
theoretical detour, and the constructions in [5] give a non-elementary blowup
in the number of states. The methods are also radically different. Furthermore,
the notion of history-determinism has no equivalent in [5], and cannot even be
achieved with the form of automata used.

Hence, at this point of the exposition, we know that regular cost functions
can be described by different forms of automata, that such functions are closed
under minimum, maximum, inf-projection and sup-projection. Furthermore, we
will also see in Section 4.4 that there exists an equivalent algebraic presentation
to regular cost functions, and that the relation < is decidable over them (The-
orem 3). In the next section we introduce the necessary algebraic notions for
obtaining these results.



3 The algebraic model: stabilisation monoids

The purpose of this section is to describe a purely algebraic model which is
equivalent to the cost automata of the previous section. This framework is more
technical. It is equivalent to cost automata only as far as one considers the
functions modulo the equivalence ~.

The key idea — which is directly inspired from the work of Simon and others
— is to develop an algebraic notion (the stabilisation monoid) in which a special
operator (called the stabilisation, f) allows to express what happens when one
iterates ‘a lot of times’ some element. In particular, it says whether one should
count or not the number of iterations of this element. The terminology ‘a lot
of times’ is very vague, and for this reason such a formalism cannot describe
precisely functions. However, it is perfectly suitable for describing cost functions.

The remaining of the section is organised as follows. We first introduce the
notion of stabilisation monoids in Section 3.1. We then present in Section 3.2
some useful notions in the study of stabilisation monoids. In Section 3.3 we
introduce the notion of cost sequences, i.e., we describe the algebraic counter-
part to the equivalence = used for cost functions, and develop the corresponding
mathematical framework. Those notions are combined in Section 3.4 in which we
introduce compatible mappings, the object capturing the semantics of stabilisa-
tion monoids. Section 3.5 is dedicated to the proof of the key Theorem 2 which
states that to each stabilisation monoid corresponds a compatible mapping, and
furthermore that it is unique.

3.1 Stabilisation monoids

A semigroup S = (S,-) is a set S equipped with an associative operation *’. A
monoid is a semigroup such that the product has a neutral element 1, i.e., such
that 1-z =x-1 =z for all x € S. Given a semigroup S = (S, -}, one extends the
product to products of arbitrary length by defining « from S* to S by w(a) = a
and 7(ua) = w(u) - a. If the semigroup is a monoid of neutral element 1, one
further set w(e) = 1.

An idempotent in S is an element e € S such that e - e = e. One denotes by
E(S) the set of idempotents in S. An ordered semigroup (S, -, <) is a semigroup
(S, ) together with an order < over S such that the product - is compatible
with <;ie., a <da and b <V implies a-b < a' -V. An ordered monoid is an
ordered semigroup, the underlying semigroup of which is a monoid.

We are now ready to introduce the new notion of stabilisation semigroups
and stabilisation monoids.

Definition 1. A stabilisation semigroup (S, -, <,#) is a finite ordered semigroup
(S, -, <) together with an operator §: E(S) — E(S) (called the stabilisation) such
that:

— foralle < f in E(S), * < f*;

— foralla,b € S witha-b € E(S) andb-a € E(S), (a-b)f =a-(b-a)*-b?

® This equation states that 4 is a consistent mapping in the sense of [23,25].



— foralle € E(S), ef <e;
— for all e € E(8S), (ef)* = ef.

It is called a stabilisation monoid if furthermore (S,-) is a monoid and 1* =1
in which 1 is the neutral element of “’.

The intuition is that ef represents what is the value of €” when n becomes ‘very
large’. Some consequences of the definitions, namely

for all e € E(S), ef=c.ef =el . e=ef . ef = (),

make perfect sense in this respect: repeating ‘a lot of es’ is equivalent to see
one e followed by ‘a lot of es’, etc...

However, this view is incompatible with the classical view on monoids, in
which by induction, if e-e = e, then €™ = e for all n > 1. The idea in stabilisation
monoids is that the product is something that cannot be iterated ‘a lot of times’.
This implies that thinking that for all n > 1, e™ is the same as e becomes
something ‘incorrect’. The value of e” is e if n is ‘small’, and it is ef if n is
‘big’. Most of the remaining of the section is devoted to the formalisation of this
intuition. This requires the development of a suitable mathematical framework.
This approach is then validated by Theorem 2 which associates unique semantics
to stabilisation monoids.

However, even if the material necessary for working with stabilisation monoids
has not been provided, it is already possible to give some examples of stabili-
sation monoids that are constructed from an informal idea of their intended
meaning.

Ezample 6. In this example we start from an informal idea of what we would
like to compute, and construct a stabilisation monoid from it. At this point in
the exposition of the theory, the explanations have to remain informal. How-
ever, this examples should illustrate how one can already reason at this level of
understanding.

Imagine you want, among words over a and b, to separate the ones that pos-
sess ‘a lot of occurrences of a’s’ from the ones that have only ‘a few occurrences
of a’s’, i.e., imagine you want to describe a stabilisation monoid which would
‘count’ the number of occurrences of a’s.

For doing this, one should separate three ‘kinds’ of words:

— the kind of words with no occurrence of a; let b be the corresponding element
in the stabilisation monoid,

— the kind of words with at least one occurrence of a, but only ‘a few’ such
occurrences; let a be the corresponding element in the stabilisation monoid,

— the kind of words with ‘a lot of occurrences of a’s’; let 0 be the corresponding
element in the stabilisation monoid.

As one can check the word b is of kind b, while the word a is of kind a. The
words that we intend to separate — the one with a lot of a’s — are the one of
kind 0. Once this three elements known, let us complete the definition of the
stabilisation monoid.



Of course, iterating twice, or a lot of time, words that contains no occurrences
of a yield words with no occurrence of the letter a. We capture this with the
equalities b = b - b = bF.

Now words that have at least one a, but only a few number of occurrences
of a’s, should not be affected by appending b letters to their left or to their right.
Le., we set a = b-a = a-b. Even more, appending a word with ‘few a’s’ to another
word with ‘few a’s’ does also give a word with ‘few a’s’. L.e., we set a - a = a.

However, if we iterate ‘a lot of times’ a word with at least one occurrence
of a, it yields a word with ‘a lot of a’s’. Hence we set af = 0. We also easily
get the equations b-0=0-b=a-0=0-a=0-0 = 0% = 0 by inspecting all
situations. We reach the following description of the stabilisation monoid:

‘baO ‘]i
blb a O b
ala a 0 0
0/0 0 O 0

The left part describes the product operation -, while the rightmost column gives
the value of stabilisation £ (in general, this column may be partially defined since
stabilisation is defined only for idempotents).

To complete the definition, we need to define the ordering over {1, a,0}. The
least we can do is setting 0 < a and « < z for all x € {1, a,0}. This is mandatory,
since by definition of a stabilisation monoid at < a, and we have a! = 0. The
reader can check that all the properties that we expect from a stabilisation
monoid are now satisfied.

The intuition behind the ordering is that depending on what we mean by
‘a lot of a’s’, the same word can be of kind a or of kind 0. For instance the
word a'% is of kind a if we consider that 100 is ‘a few’, while it is of kind 0
if we consider that 100 is ‘a lot’. For this reason, there is a form of continuum
that allows to go from a to 0. The order < captures this relationship between
elements.

Another way to present the same stabilisation monoid is by its Cayley graph:

0,a,b

QQO
@b%“ 0

As in a standard Cayley graph, there is an edge labeled by y going from every
vertex x to x-y. Furthermore, there is a double arrow linking every idempotent x
to its stabilised version x*.

Ezxample 7. Imagine this time that one wants to compute the size of the longest
sequence of consecutive a’s, once more over the alphabet {a,b}. Then we would
separate four ‘kinds’ of words:



— the kind consisting only of the empty word; let it be 1,

— the kind of words, containing only occurrences of a, at least one occurrence
of it, but only ‘a few’ of them; let the corresponding element be a,

— the kind of words containing at least one b, but no long sequence of consec-
utive a’s; let the corresponding element be b,

— the kind of words that contain a long sequence of consecutive a’s; let the
corresponding element be 0.

It is clear that the words that have a long sequence of consecutive a’s are the
ones of kind 0. It is clear also that the word a is of kind a and the word b is of
kind b.

The table of product and stabilisation is then naturally the following:

|1 a b 0 |4
1/1 a b 0 1
ala a b 0 0
blb b b 0 b
0|0 0 0 O 0

We complete the definition of this stabilisation monoid by defining the order-
ing. For this, we let 2 < z hold for any = € {1,a,b,0}, and we further set 0 < a
and 0 < b. Indeed 0 = af < a is mandatorary since 0 = a® < a must be satisfied,
and 0 < b is mandatory since 0 = a-b < a-b=0bmust be satisfied. Once more
the ordering corresponds to the intuition that there exist words that can be of
kind a (e.g., the word a'®®) or b (e.g., the word ba'??), and that have kind 0 if
we change what we intend by ‘a lot of’.

Remark 3. The notion of stabilisation monoids extends the standard definition of
monoids. This is more than a formal concept: a lot of standard results concerning
monoids have counterparts in the world of stabilisation monoids. For making this
relationship more precise, let us describe the canonical way to translate a monoid
into a stabilisation monoid.

Let M = (M, -) be a monoid. The corresponding stabilisation monoid is:

Mﬁ = <M7 i) ZdE(M)>

In other words, the monoid is extended with a trivial ordering (the equality), and
the stabilisation is simply the identity over idempotents. The reader can easily
check that this object indeed respects the definition of a stabilisation monoid.

If we refer to the intuition we gave above, one extends the monoid by a
identity stabilisation. This means that for all idempotents, one does not make
the distinction between iterating it ‘a few times’, and ‘a lot of times’. Said
differently, one never has to count the number of occurrences of this idempotents.
This is consistent with the principle that a standard monoid has no quantitative
capabilities.

We have seen through the above examples how easy it is to work with stabil-
isation monoids at an informal level. An important part of the remaining of the



section is dedicated to give formal definitions to this informal reasoning. In the
above explanations, we worked with the imprecise terminology ‘a few’ and ‘a lot
of’. Of course, the value (what we refered to as ‘the kind’ in the examples) of a
word depends on what is the frontier we fix for separating ‘a few’ from ‘a lot’. We
introduce below the notion of cost sequences that allow to work simultaneously
with all possible ‘frontiers’.

3.2 Structural properties of stabilisation monoids

We will make use of Green’s relations. This is a very important ingredient in
different proofs. Given two elements a,b € M, a< b if a = zby for some z,y €
M. If a <7 band b <7 b, then aJb. We write a <5 b to denote a <7 b
and b £ 7 a. The relation J is one of Green’s relation among others. Thanks to
Lemma 7, we will never have to refer to the other relations of Green nor to the
relationship between them. The interest we have in the relation < is that it
provides an induction parameter for the proofs.

A regular element in a monoid is an element a such that a - s-a = a for
some s € M. A J-class is regular if it contains a regular element. The following
is standard.

Proposition 9. The following items are equivalent for a J-class J:

— J is regular,
— J contains an idempotent,
— there exists a,b in J such thata-b e J.

In particular either all elements in a J-class are regular (and we name the J-
class regular), or none is regular (and we name the J-class irregular).

Ezample 8. The above examples are particularly simple in terms of structure of
J-classes. In Example 6, each J-class is trivial (namely restricted to a single
element) and regular. The classes are ordered as follows:

O0<ga<gb.

The situation is similar in Example 7. Each [J-class is also trivial and regular.
The classes are ordered as follows:

O<gsb<ga<gsy1.

It happens in these examples that <; ‘refines’ the order <. This is a pure
accident, and the interplay between the two orderings can become quiet complex
in practice. The only thing that we can say is that for all idempotent e, we
have both ef < 7 e and el < e. Since the above examples consisted only of
idempotents, we get the fake impression that a similar relationship can happen
in general.



Lemma 7 below is a very important tool in the proofs. It allows to use sta-
bilisation not only on idempotents, but more generally on all regular element. It
is due to Kirsten [23, 25], who established it in the more general context of con-
sistent mappings (stabilisations are a special instance of consistent mappings; a
consistent mapping needs not satisfy in general the equation (eﬁ)ji = eu). This is
a generalisation of similar results due to Simon and Leung for particular map-
pings [26, 36, 37,27, 28, 38,29]. We state here a version adapted to stabilisation
monoids.

Lemma 7 (Kirsten [23,25]). One can consistently extend § to all regular el-
ements in S in such a way that for all regular a in S,

d=@), d<a, d<sa,
and for all regular a,b in S such that aJbJa - b,
at b=a-b"=d" b = (a-b)F .

Proof. Let a be a regular element. It is J-equivalent to an idempotent e. Let
x,y be such that 2 -e-y = a. One defines af to be z - ef - y. Kirsten (in [23,
25]) proves that this definition does not depend of the choice of e, z and y. He
also establishes all the facts above but the one concerning the order <. However,
since, e < e by definition of a #-monoid, one has a! = z-ef -y <z-e-y=a. 0O

Corollary 1. Given two J-equivalent reqular elements a,b, we have a¥ Jb*.

Proof. Since a is regular, a = a - s - a for some s. Since a <7 b, a =x-b-y for
some z,y € M. We have naturally, a-s-y <7 a. Reciprocally, a =a-s-y-b-x,
and hence a <7 a-s-y. Overall aJa’ = a - s -y, and similarly aJa” =y - s - a.
We now compute using the above lemma and a’ Ja” Jb:

d*=(a-s-a-s-a)f=(-b-ad")=d b d
This means a! <7 b¥, and since a and b play the same role aJb. O

Let us remark that for a regular element a, the value of a! provided by
Lemma 7 should not be thought as ‘the value of ™ when n becomes big’. The
correct way to see it is: ‘a’ is the value of ajas . .. a, when n becomes big, under
the assumption that a1 Jas...Ja, and a1 ---a, = a’. So in particular, since a
is J-equivalent to an idempotent e is can be written as a = x - e - y, and one
obtains that: ‘a? is the value of ze™y when n becomes big’.

Given a regular J-class J in a stabilisation monoid we say that J is stable if
a* € J for some a € J (equivalently for all a € J by Corollary 1). Otherwise it
is said unstable.

Lemma 8. For all reqular element a, if a belongs to a regular J-class, a* = a;
otherwise a* <7 a.



Proof. Let us assume first that e is an idempotent such that eJef. ThenS,
since ef = e-ef = ef - e we get eHeb. It follows that the H-class of e is a
group, and as a consequence, contains exactly one idempotent. We have e = ef.

Consider now a regular such that a*7a. Remind from the proof of Lemma 7,
that a can be written as z - e - y in which e is an idempotent J-equivalent to a,
and that af = z - ¢t - y. We have then, aJat <7 et <7 eJa. Hence eJet, and
by the above remark, e = ef. We conclude that o =z -ef -y=z-e-y=a. O

3.3 Cost sequences

The subject of this section is to introduce cost sequences, and the relations ~,,
and =<, that are used in order to work with them. This mathematical framework
formalise the terminology ‘a few’ and ‘a lot’.

Principle of cost sequences. The semantic of a stabilisation monoid has been
informally stated so far using terms such as ‘there is a few number of’, or ‘there
is a lot of occurrences of’... To make such statements meaningful, one needs to
give a threshold value allowing to separate what should be considered as ‘a few’
from what should be considered as ‘a lot’. This is done using cost sequences.

A cost sequence over an ordered set E is a sequence a € E“. The idea is
that given a non-negative integer n, a(n) represents the value which corresponds
to the choice of the threshold n. The intention being that E is a stabilisation
monoid, we intend some monotonicity with respect to the order. Namely we
require cost sequences to be a-non-decreasing, i.e., quasi-non-decreasing, the
error to non-decreasingness being controlled by a correction function «.

In the explanations, we were using statements such as ‘a few’'+‘a few’=‘a
few’. Of course, such an equality cannot hold for any value of the threshold.
That is why we do not use the relation ‘=" nor ‘<’ to compare cost sequences,
but rather the relations ~, and <, defined below, in which a measures the
‘imprecision’ allowed in the equations. The subject of this section is to introduce
the suitable notion for working with cost sequences, i.e., to define and describe
how to use the relations <, and ~,.

As in the automata part, o, o’,. . . range over non-decreasing mappings from w
to w such that a(n) > n for all n € w. Those mappings are called correction
functions. From now, m and n implicitely range over w. Recall that we take the
convention of using bold symbols for w-sequences over some set, i.e., for cost
sequences.

We give here first a definition to <, and ~, restricted to non-decreasing
sequences. This is a safe approximation which conveys a lot of intuition. Let (E, <
) be an ordered set.

Given two non-decreasing sequences a and b, and a correction function a, set
a =<, b tohold if a < boa. In other words, b ‘dominates’ a when its coordinates
are ‘shrinked’ by «. One defines also a ~,, b to hold if both a <, b and b <, a.

5 We use here elementary Green’s relation, though we did not introduce them in detail.
See for instance [34] for more details.



For the sake of the description, assume that two sequences a and b have
respective limits a and b in E. Then for all o, a <, b implies a < b. To this
extent, <, refines the ordering of limits. The parameter « allows to further
compare the respective speed at which the limits (when applicable) are reached.

It is very good to keep this incomplete definition in mind. The reader is
welcome to go once through the section and check that almost all the statements
do hold very naturally with this definition. Consider for instance, Fact 10 below
which is obvious.

The real definitions of <, and ~. Though it would be possible to work
with the above definitions, we believe that it is mathematically better to directly
work with sequences that are not necessarily non-decreasing. One reason for that
is that some very natural operations do fail to produce non-decreasing sequences.
The complete definition can be stated as follows.

Definition 2. Given an ordered set (E,<), a correction function «, and two
sequences a,b € E¥, define a <4 b to hold when:

YmSn. a(m) <n—a(m)<bn).

A sequence a is said c-non-decreasing if a <, a. We set ~, to be <, N =4.

To have an intuitive meaning of what it is to be a-non-decreasing, consider the
following drawing representing some sequence:

[

n a(n)

The sequence takes only two values: low and high. In this case, the notion of
a-non-decreasingness state that for every position n for which the value of the
sequence is high, then every position greater or equal to a(n) has to have the
value high. In other words, this definition does not constrain what should be the
value of the sequence in the interval (n, a(n)). Globally, the functions looks like
non-decreasing, however, some temporary imprecision can appear.

Let us immediatly show that this definition is consistent with the explana-
tions we gave before.

Lemma 9. If a and b are non-decreasing, then for all o, a <, b iff a < bo .
If a is non-decreasing, then it is a-non-decreasing for all c.

Proof. First statement. Let a and b be non-decreasing.

a<bou«
iff ¥Ym. a(m) < b(a(m))
ifft ¥Ym.¥n > a(m). a(m) < b(n) (since b and « are non-decreasing)
iff a=<,b. (definition of <)



Second statement. Let a be non-decreasing and « be a correction function. This
implies that for all n € w, a(n) > n, and thus a < a o a. According to the first
statement, we obtain that a <, a, i.e., that a is a-non-decreasing. a

Our second result shows that a-non-decreasing sequences can be thought as
(in fact transformed into) non-decreasing sequences.

Proposition 10. Every a-non-decreasing sequence is ~qyoq-€quivalent to a non-
decreasing sequence.

Proof. Let a be an a-non-decreasing sequence. Define a’(n) inductively as fol-
lows. The base case is @’(0) = a(0). Then, assuming a’(n — 1) is defined, set:

a'(n) = {a(n) if a(n) >a'(n—1),

a’(n—1) otherwise.

Of course, a’ defined in this way is non-decreasing. Let us prove that a ~y.q @'.

For this we first claim that @ and a’ often ‘coincide’. Namely, we claim that
for all m € w, there exists k € [m, a(m)] such that a(k) = a’(k). For proving
this, let I < a(m) be the index of the latest use before or at a(m) of the first
case in the definition of @’ (or 0 if the first case is never used before or at a(m)).
We have by definition of I, a(l) = a’(l). Hence, if | > m, the claim is established
for k& = I. Otherwise, since the value of a’ keeps unmodified as long as the
second case of the definition is used, we have a’(a(m)) = a(l). Now, since « is
non-decreasing we have a(l) < a(m), and using the ~,-monotonicity of a, we
obtain a’(a(m)) = a(l) < a(a(m)). This means that the definition of a’(a(m))
used the first case in the construction, and by consequence a'(a(m)) = a(a(m)).
This establishes the claim for k = a(m).

Let now m,n € w be such that a(a(m)) < n. By the above claim, there
exists k € [a(m),a(a(m))] such that a(k) = a'(k). Hence, using the ~,-non-
decreasingness of a, and the non-decreasingness of a’ we get:

a(m) <a(k)=ad (k) <d(n).
This shows that a <00 @’.

Conversely, let m,n € w be such that a(a(m)) < n. By the above claim, there
exists k € [m, «(m)] such that a(k) = a’(k). Furthermore, by non-decreasingness
of a, a(k) < n. Hence, using the non-decreasingness of a’ and the ~,-non-
decreasingness of a, we get:

a'(m) <d(k)=a(k) <a(n).

This shows that a’ <00 @. |

Let us now gain more knowledge about those relations <, and ~. The following
fact follows from the definitions.

Fact 10 Ifa <o’ and a =, b, then a 24 b. If a X, b =y ¢, then a S4r0q C.



The mapping « is used as a parameter of ‘precision’ for ~ and <. The above
fact states that using one transitivity step costs some ‘precision’.

Remark 4. It can give some intuition to view a as a form of ‘distance’. This
idea works with the relation ~. If you interpret a ~, b as ‘a is at distance at
most a of ', and b ~, ¢ as ‘b is at distance at most « of ¢’, then you deduce
using Fact 10 that a ~,0a ¢, i.€., ‘a is at distance at most « o « of ¢’. This can
be seen as a form of triangular inequality.

One usually also requires a distance to satisfy the equality d(z,z) = 0. How-
ever, there is no equivalent to a zero in our framework. Indeed for all «, one
can find a sequence a which is not a-non-decreasing, i.e., such that a 4, a. An
equivalent to zero can however be recovered, for instance by considering only
non-decreasing sequences. Then we would have a ~;4 a for all non-decreasing
sequence a. This means that id would behave as a zero for a distance. How-
ever, taking this solution would mean to add normalisation steps — thanks to
Proposition 10 — each time we perform an operation which does not yield a non-
decreasing sequence. We prefer here to simply not consider such a zero since it
does not play any role in the framework.

a-monotonicity. We introduce now the important tool of a-monotonic map-
pings.

Definition 3. Given two ordered sets (E,<) and (F, <), a mapping f from E
to F“ is said a-monotonic if

Va,be E. a<b— f(a) <4 f(b) .

We say that a mapping from E to F, in which E and F' are ordered sets,
is monotonic if for all x,y € E, x < y implies f(z) < f(y). The notion of a-
monotonicity naturally extends this notion of monotonicity as shown by the
following fact.

Fact 11 Let f be a monotonic mapping from E to F, then f defined as:
f: E—F”
a — f(a) = the sequence constant equal to f(a) ,

is a-monotonic for all c.

Let f be a mapping from F to F“. It can be turned into a mapping f from E“
to F“ defined by:

for all @ € E* and all m € w, fla)(m) = f(a(m))(m) .
This definition behaves well with respect to composition.

—_~—

Lemma 12. Forall f: E— F“ andg: F — G¥, (Gof)=go f.



Proof. For all a € E¥ and n € w we have:

= (go f)(a)(n) . 0
The following proposition discloses some key properties of a-monotonicity:

Proposition 11. Let f : E — F“ be a-monotonic and a,b € E¥, then:
a=,b implies f(a) =4 f(b) .

Proof. Let u <, v, and let m,n € w be such that a(m) < n. By definition
f(u)(m) = f(u(m))(m). From u <4 v, one gets u(m) < v(n). Then by using a-
monotonicity, one gets f(u(m)) =4 f(v(n)). This implies by definition of <, that
f(u(m))(m) < f(v(n))(n). Which means by definition of f, fw)(m) < f(v)(n).
Overall we get f(u) <o f(v). O

Corollary 2. If f : E — F“ and g : F — G¥ are a-monotonic, then go f
18 a-monotonic.

Proof. Assume both f, g are a-monotonic, and consider a < b, then by a-
monotonicity g(a) = g(b). By the first statement, one deduces that f(g(a)) =4
f(g(b)). Hence f o g is a-monotonic. O

Relationship between <, and =,. As mentioned above, <, and <, are
tightly connected. This section, we formalise this relationship.

Recall that given two functions f,g from some set E to w + 1, we have
defined f < ¢ to hold when f < @o g (in which @ extends o by @(w) = w).
Recall also that for F' an ordered set and a, b non-decreasing sequences in F*,
a = bholds iff @ < boa. Keeping those formal facts in mind, imagine for the sake
of the explanations that a, b and « are in fact increasing bijections from the reals
to the reals, and let a=! and b~! be their inverses (for the composition). Then
we would easily have a <, biff a < boa iff b' < aoa 'iff b~! <, a~'. Even
if this has no meaning in the present context, this chain of equivalences conveys
the important idea that < and < are two facets of the same phenomenon.

Before disclosing the complete relationship between <, and <, let us do it
in a particularly simple case. Given an ordered set (E, <) and a < b in E, denote
by alib for k € w the sequence in E“ defined by:

(alb)(n) = { S

b otherwise.

Lemma 13. For all k,l € w and a < b in an ordered set F,

(alkb) <o (alib) iff  l<ak.



Proof. Remark that a|ib and a|;b are non-decreasing. Hence, by Lemma 9 and
from the fact that (a|xb)(n) = b iff n > k, we have a|xb <4 a|ib iff Vn. (n > k) —
(a(n) > 1) (x). Assume *, then in particular for n = k, we have a(k) > [, i.e.,
I < k. Conversely assume [ <, k, i.e., a(k) > [, and consider some n > k, then
since « is non-decreasing, a(n) > a(k) > I. Hence * holds. O

Given an ordered set (F, <), an ideal is a subset I C F such that for all a € I
and b < a, b € I. Its complement in E is I. Let us denote by |(F) the set of
ideals of E.

One goes back and forth between <, and =, using Proposition 12:

Proposition 12. For all a,b € E¥ and all correction function a, the following
items are equivalent:

—a=,b,
— for allideal I C E, sup{n+1 : b(n) € I} K, inf{n : a(n) ¢ I}.

Proof. Remark first that for all a,b € E, a < biff a € I «— b € I for all
ideal I C F. Hence, item 1 and 2 are equivalent by:

a=,b
iff Vn.Vm. a(n) <m — a(n) < b(m) (definition of <)
iff Vn.Vm. a(n) <m — (VI € [(E). a(n) € I — b(m) € I) (above remark)
ifft VI € [(E)VnYm.an) <m — (a(n) € IVb(m)¢&I)
ift VI € [(E)VmVn. (b(m)e€ IAa(n)gI)— m<a(n) (contraposition)
iff VIe|(E). sup{n+1 : b(n) €I} <qinf{n : a(n) €1} . (Fact 3)

O

Corollary 3. Let E be an ordered set, a be an a-non-decreasing sequence over E,
and I be an ideal of E, then:

sup{n+1 : a(n) eI} =, inf{n : a(n) &I} .

Proof. 1t is clear that sup{n +1 : a(n) € I} > inf{n : a(n) ¢ I}. Indeed,
if the supremum of {n : a(n) € I} is w, then the claim holds. Otherwise it
is Nyand N+1 € {n : a(n) € I}. For the converse, since a <, a, we have
sup{n+1 : a(n) € I} <, inf{n : a(n) ¢ I} by Proposition 12. O

Constant sequences, products, words, and various notations. We have
seen so far all the important notions concerning the relations <, and ~,. What
we need now is to provide convenient notations. In general, what we need is to
be able to lift notations from elements to sequences.

The easiest such lifting is the following. For every element a € FE, we will
identify a with the constant sequence a defined by a(n) = a for all n. In the



same way, if f is a monotonic mapping from F to F, then f is implicitly lifted
into a mapping from F to F“. Thus, an equation of the form:

a=f(b),

in which @ € F, b € F and f is a monotonic mapping from F' to E, can be
seen either as an equation in F, or an equation in E“. Of course, those two
views are rigorously equivalent. Remark also that if « is a correction function
then this above equation is equivalent to a ~, f(b) (since = and ~, coincide
over constant sequences). Similarly, a < f(b) is equivalent to a <, f(b) (since <
and =, coincide over constant sequences).

The second kind of notations we need is for products. Though we could in-
troduce those notations for any product, we only do it for words, i.e., products
of finite non-fixed length over a single set. Given an ordered set (E, <), we order
(implicitly) the words over E* by a1 ...a;, < b1...by if m = n and a; < b;
for all 4 = 1...m. Furthermore, for all ay,...,a, € E“, we implicitly iden-
tify ay ...a, with the sequence which to m associates a1(m)...a,(m), i.e., a
sequence of words. The following lemma shows that such an identification is
reasonable in our context.

Fact 14 For all a4,...,a,,by,...,b, € E¥,

a...a, ab1...b, iff foralli=1...n, a; <, b; .

3.4 Compatible mappings

We are now ready for introducing the key concept of compatible mappings. A
mapping compatible with a given stabilisation monoid is an object which pro-
vides a quantitative semantic to the stabilisation monoid. It attaches to each
word a sequence over the stabilisation monoid. The key result concerning com-
patible mappings is their existence and uniqueness, which is described in Theo-
rem 2, and proved in the following section.

The principle of a compatible mapping is to be a replacement to the gen-
eralised product 7 in a monoid (or a semigroup). Given a sequence of ele-
ments u € M* in a monoid (M,-), m(u) can be seen as the ‘value’ of u. In
a similar way, a compatible mapping attaches to each u € M* its ‘value’. How-
ever, since we deal with a quantitative notion, this value is a more complex
object. A compatible mapping p attaches to each word u a sequence in M*“. The
intuition is that all the reasoning were performed so far using a terminology such
as ‘a few’ or ‘a lot’. The value p(u)(n) for a given n is an element M which is the
value of u if we choose to consider values less than n as ‘small’, and values above
as ‘big’. We start by giving an example of a compatible mapping, illustrating
how it captures the informal descriptions done so far.

Ezample 9 (continuation of Example 6). In Example 6 we have constructed a
stabilisation monoid over the elements M = {b, a,0}. Let p be the mapping from



M* to M“ defined for all v € M* and n € w by:

b ifuebd*,
pu)(n) =<a if1<|ul, <n, and |ulp =0,

0 otherwise, i.e., if Julg > 0 or |u|, > max(n,1) .

Over the words over {a,b}, p(u)(n) faithfully defines the ‘kind’ that we had
described in our informal description of the stabilisation monoid, in which ‘a
few’ is interpreted as ‘less than n’, and ‘a lot’ as ‘at least n’:

— ‘b’ is the the kind of words with no occurrence of a;

— ‘a’ is the kind of words with at least one occurrence of a, but only ‘a few’
such occurrences;

— ‘0’ is the kind of words with ‘a lot of occurrences of a’s’.

Remark that the definition of p goes beyond this simple description, since it is
defined over words in which the letter 0 occurs. Such a letter can be seen here
as any word over a,b which has ‘a lot’ of occurrences of a’s.

This definition seems to capture the intention we had when defining this
stabilisation monoid. The question is:

‘How is this mapping p in relation with the stabilisation monoid?’

We will see that the answer is that p is a mapping compatible with M, and as a
consequence it is the ‘only one’ which describes the semantics of the stabilisation
monoid.

Let us now give the definition of a compatible mapping.

Definition 4. Given a stabilisation monoid M = (M,-, <), a mapping p
from M™ to M* is compatible with M if for some a we have:

Monotonicity. p is a-monotonic,

(Remind that the order over M is implicitly extended componentwise to M*)
Letter. for alla € M, p(a) ~, a,

(Remind that a is implicitly identified with the constant sequence equal to a)
Neutral. p(varepsilon) ~q 1,
Product. for all a,b € M, p(ab) ~4 (a-b),

m-times

Stabilisation. for alle € E(M), m >0, p(€...€) ~q €*|me

(Remind that for all a < b in M, (a|m,b) € S¥ maps [0,m) to a and [m,w)

tob)
Substitution. foralluy,...,u, € M*,n >0, p(ug ... up) ~a plp(u1) ... pluy)).

Remark 5. This remark is at the same time a form of example. Imagine the
stabilisation monoid is constructed from a monoid M = (M, -) as explained in
Remark 3. Consider now the application p defined for all u € M* and n € w by:



(Recall that 7 : M* — M is the extension of the product to any word.) We show
below that this p is compatible with My, for any .

Indeed, since < is trivial, a sequence is a-non-decreasing iff it is constant.
Furthermore, <, and ~, correspond to equality over constant sequences. Hence
a-monotonicity amounts to say that for all u, p(u) is constant. This is true. The
other items, by inlining the definition of p, boil down to the following;:

Letter: for all a € M, m(a) = a and 7(e) =1

Product: for all a,b € M, w(ab) =a-b

Stabilisation: for all e € E(M) and m > 0, 7(e™) = e (since e = e)
Substitution: for all uy,...,up € M*, w(uy ... up) =7w(w(ur) ... 7w(uy)).

These facts are ovious from the definition of 7 and the associativity of -.
More generally, the substitution rule in a compatible mapping can be seen as a
generalised form of associativity.

Ezxample 10. Consider the stabilisation monoid M of Example 6, and the map-
ping p defined in Example 9. Let us show that this mapping p is compatible
with M:

Monotonicity. We prove id-monotonicity. Let u < v. If v € b* then p(u) < b =
p(v) (since p(v) = b is maximal), i.e., p(u) =<;q p(v). If u contains the letter 0
then p(u) = 0 < p(v). Otherwise, since u < v, u and v contain at least one
occurrence of a, and no occurrence of 0. Hence p(u) = (0|j,,a) and p(v) =
(0], ). But since u < v, [ulq > [v]a. We get that p(u) =<ia p(v).

Letter. We have p(b) = b, p(0) = 0 and p(a) = 0|ya. This implies p(a) ~4 a
for a(n) = max(1,n).

Product. The only non trivial case is p(aa) = (0|2a) ~4 (0]1a) = @ - a which
holds for a(n) = max(2,n).

Stabilisation. Every element is an idempotent. Let m > 1. For all x € M,
p(z™) = 2*|,,z by definition.

Substitution. Let uy,...,u, € M* and v = uy...u,. If for all i, u; € b*,
then p(u) = b= p(p(u) ... p(uy,)). If the letter 0 occurs in some u;, then p(u) =
0 = p(p(u1)...p(uy,)). Otherwise u contains no 0, and at least one occurrence
of a. Let K be the set of indices i such that w; contains an occurrence of a. By
applying the definition of p and p we claim that

ﬁ(p(ul) T p(“n)) = O‘max(\KLmaxigK [uila)@ s

indeed if m < |u;|, for some i, then p(u;)(m) = 0, and as a consequence
plp(ur)...p(uy))(m) = 0. And otherwise, if m < |K|, (p(u1)...p(un))(m)
contains no occurrences of 0, but |K|-many occurrences of a, and hence once

more p(p(uy) ... p(uy))(m) = 0. Finally, if m > max(| K|, max;ecx |ui]q), then (p(u1) . ..

contains no occurrences of 0 and at most m occurrences of a. We obtain g(p(uy) ...
a. Using Example 4 one has max(|K|, max;cf [ti]a) ~a |ulo (for a(m) = m?),
and consequently using Proposition 12, p(u) ~q p(p(u1) ... p(un)).

Lemma 15. Let p be a mapping compatible with some stabilisation monoid M,

there exists a such that for all u,v € M*, p(uv) ~q p(u)p(v).



Proof. Let a be the correction function witnessing the compatibility of p with
respect to M. Remark that following the notations of a-monotonic mappings, *
is a mapping from (M x M)“ to M“. By definition a*b is the sequence of n’th
element a(n) - b(n): i.e., the componentwise product of sequences.

The product rule states that for all a,b € M, p(ab) ~ a - b. Using Proposi-
tion 11, we can lift this to (x): for all a-non-decreasing a,b € M*, p(ab) ~, a’d.
Once those preliminary comments done, the reasoning is obvious. We have:

p(uv) ~q plp(u)p(v)) , (substitution)

and,

plp(u)p(v)) ~a p(u)p(v) (property x)
We combine those two lines using Fact 10, and obtain p(uv) ~goq p(u)"p(v) O

Remark 6. Below, for simplifying proofs, we do not mention explicitly the cor-
rection functions, and just leave them in the statements. Hence, the proof of
the above lemma would simply be written (we just mention ‘product and mono-
tonicity’ in replacement of property x):

p(uv) ~ p(p(u)p(v)) (substitution)
~ p(u)p(v) . (product and monotonicity)

What is important to notice is that this sequence of equivalences is ‘short’ (here
of length 2). Indeed, all the symbols ‘~’ are shorthands for ~,, for a correction
function « that depends only on the stabilisation monoid and the compatible
mapping, but not on u and v. Hence, by using Fact 10, one can by transitivity
obtain that p(uv) ~o p(u)"p(v) for an o’ that depends only on the stabilisation
monoid and the compatible mapping. This way of presenting proofs is only valid
if the sequence of equivalences is bounded in terms of the stabilisation monoid
and the compatible mapping.

Let us provide an example of an incorrect proof. Let us (fakely) prove that
there exists o such that for all word u € M*, p(u) ~, m(u). Let us write u
as aj ...ag, and:

p(u) = play...ar) ~ai"plaz ... ay) (Lemma 15 and letter)
~ ai~as"p(as . ..ax) (Lemma 15 and letter)
~art. o =7(u) .

This proof is incorrect because the number of transitivity steps used is un-
bounded, since it is linear in the length of w. For this reason, it would be invalid
to do as if the symbol ~ was transitive. What we have proved in fact is that for
all word u, there exists « such that p(u) ~4 7(u). Up to a slight transformation
in the statement, we have obtained Lemma 16 just below.



Lemma 16. Let p be compatible with M, then for all positive integer m, there
exists o such that p(u) ~q 7(w) for all u € M* with |u| < k.

Corollary 4. For all p compatible with M, and all u € M*, lim(p(u)) = w(u) .

Proof. Tt is sufficient to remark that if @ ~ b for some sequence a € M* and
element b € M, then lim a = b. According to the previous corollary, p(u) ~ m(u)
for all word u € M*. Hence we get lim p(u) = m(u). O

Corollary 5. For all word u € M* and alln € w, p(u)(n) < w(u) .

All those definitions are not really meaningful until we prove Theorem 2.

Theorem 2. For every stabilisation monoid M, there exists a mapping p com-
patible with it.

Furthermore it is unique up to ~. More precisely, for any stabilisation monoid
M, of which M is a sub-stabilisation monoid, and every two mappings p,p’
compatible with M and M’ respectively, there exists a such that p(u) ~q p'(u)
for all word u over M.

This key result states that for all stabilisation monoid, there exists a unique
mapping compatible with it. In the context of standard monoids, this states
the obvious fact that the binary product can be uniquely extended into the
generalised product 7. It is reminiscent of the existence of unique extensions
of finite Wilke algebras into w-semigroups in the theory of regular languages of
infinite words [41]. The approach is rigorously the same: provide a finite algebraic
object and extend it to an infinite semantics. But the similarity stops here, and
the proof methods are radically different.

The proof of Theorem 2 is the subject of the next section, namely, it ag-
gregates Lemmas 17, and 18. For technical reasons, the proof is performed is
performed for stabilisation semigroup. Let us show first how the notion of com-
patible mapping can be translated to the framework of stabilisation semigroups.

The stabilisation semigroup case As we already mentioned, we will have
sometimes to use stabilisation semigroups during the proofs. There exists also a
notion of compatible mappings or stabilisation semigroup. We present it here,
and then establish a proposition showing how the two notions can be converted
one into the other (Proposition 13).

Definition 5. Given a stabilisation semigroup S = (S,-,<,#), a mapping p
from ST to S“ is compatible with S if for some o we have:

Monotonicity. p is a-monotonic,
Letter. for alla € S, p(a) ~4 a,
Product. for all a,b €, p(ab) ~4 (a-b),
m-times
Stabilisation. for alle € E(S), m >0, p(€...€) ~q €*|me
Substitution. foralluy,...,u, € ST, n >0, p(uy...u,) ~q p(p(ur)...pluy)).



This definition differs only in three places from the one for stabilisation monoids,
corresponding to the removal of the possibility to use the empty word. First, the
application p is only defined over non-empty words. Second, the neutral rule has
disappeared. Third, in the substitution rule, the words w1, ..., u, are required
now to be non-empty, and n to be positive.

However, those two notions are very close. Indeed, if p is an application
compatible with a stabilisation monoid M, its reduction to non-empty words
is obviously compatible with M seen this time as a stabilisation semigroup.
Conversely, there is an easy way to transform a mapping compatible with a
stabilisation semigroup into a mapping compatible with a stabilisation monoid.
This is the subject of the following proposition.

Proposition 13. Given a stabilisation monoid M over the set M, and an ap-
plication p from M™T to M*“ which is compatible with M considered as a stabil-
isation semigroup, then the application p extended with p(e) = 1 is compatible
with the stabilisation monoid M.

Proof. We just need to establish the neutral rule and the substitution rule which
is stronger in the case of stabilisation monoids. The neutral rule is by definition.
Let us concentrate on the substitution rule.

Let us first prove p(1...1) ~ 1. This comes from the definition if the length
of 1...1 is null. Otherwise using the stabilisation rule and the equality 1¥ = 1
in stabilisation monoids:

—~
p(1...1) ~1¥,,1=1.

Let us prove now p(al...1) ~a. If al...1 has length 1, this is the letter rule.
Otherwise, we compute:

plal...1) ~ p(p(a)p(l...1)) (substitution)
~ p(al) (letter rule, above case, and Proposition 11)
= p(al) ~ a. (product rule and neutrality of 1)

Let us prove now that p(a1l...las...a,l...1) ~ p(ay...ay) (i.e., we show
that the value of a word a; ... a, is unchanged when one inserts arbitrary many
occurrences of 1). Let us compute:

plail... lag...apl...1) ~ p(p(arl...1)...p(apl...1)) (substitution rule)

~play...ap) (above case and Proposition 11)

=plar...an) .



Let us finally establish the substitution rule. Let wq,...,u, be words in M*.
Let i1 < --- < i be the indices such that (7 # ¢. We compute:

p(’LLl e Un) = p(uil e uik)
~ p(p(uiy) - .. plug,)) (substitution)

~p(l.. Ip(uiy)l. .. 1p(ug,)1...1)
(above case with Proposition 11)

~p(p(ur)...p(uy)) . (p(e) ~ 1 and Proposition 11)

a

3.5 Existence and uniqueness of compatible mappings

The goal of this section is to prove Theorem 2: Every stabilisation monoid ad-
mits a mapping compatible with it. Furthermore, it is unique (up to ~). We
make this proof for stabilisation semigroups. The conversion can be done using
Proposition 13 Since we are dealing with stabilisation semigroups, till the end
of the section, words will always be assumed to be non-empty, unless specified
otherwise.

Hence, we simultaneously prove the following two lemmas.

Lemma 17. For all stabilisation semigroup, there exists a mapping compatible
with it.

Given two stabilisation semigroup S = (S,-, <) and T = (T,/, </, #"), T is a
sub-stabilisation monoid of S if T'C S, and -, < and § coincide over T with -/, <’
and ' respectively.

Lemma 18. For all stabilisation semigroup S, all sub-stabilisation semigroup T
of S, and all mappings §& and p compatible with S and T respectively, & and p
are ~-equivalent over T, where T is the set of elements of T.

Our first step consists in constructing a mapping § which is a ‘candidate’ to
be the compatible mapping restricted to so called ‘smooth words’ (see definition
below). The proof then proceeds into extending this construction to all words
along an induction on the J-classes of the stabilisation monoid. During each
induction step, there are two sub-steps: first treat the case of ‘trivial words’ (see
definition below), and then the general case.

Definition over smooth words: the mapping 3. Our first step consists in
defining a mapping ( that satisfies all the properties of a compatible mapping
over smooth words. A word v = a;...a, in ST is said J-smooth for some J-
class J if aq, ..., a, and m(u) belong to J. Equivalently, each non-empty factor v
of w is such that 7w(v) € J. A word is said simply smooth if it is J-smooth for
some J-class J.



Given a J-smooth word u € ST, define 8(u) to be:

m(u) if J is irregular
B =™ .
7(u)* ||y (u) otherwise.

You can remark that if u is of the form e...e for some idempotent e, then this
definition coincide with the stabilisation rule. Remark also that if J is irregular,
then u has to be of length 1, and the definition of § coincides this time with the
letter rule.

Lemma 19. For all k > 0, there exists a such that for all smooth word u of
length at most k, f(u) ~q m(u).

Proof. This comes directly from the definition and from 7(u)* < 7(u), with «
such that for all n € w, a(n) = max(n, k). O

Lemma 20. There exists « such that (3 is a-monotonic.

Proof. Let k be |J|? for J the J-class of maximal size in M. We prove that if u
and v are smooth and u < v, then B(u) <, S(v) for a suitable «.

If |u| <k, by Lemma 19, we have S(u) ~q m(u) < 7(v) ~qo B8(v) (for the «
of Lemma 19).

Else if |u| > k, by standard combinatoric techniques, one can decompose u
as u'eu” and v as v’ fv” with v’ <v', e < f, and " < v” where e and f are non-
empty, and both 7(e) and «(f) are idempotents. Hence, he have w(u') < w(v’),
n(e) < w(f), n(u"”) < w(v") and w(e)* < w(f)* (property of a stabilisation
monoid) from which we directly get m(u)? < 7(v)* (compatibility of the product
with respect to the order). Using 7(u) < m(v) and 7(u)? < 7(v)*, we get B(u) <ia
B(v).

Combining the two cases together, we get S(u) <aoa S(V). O

Lemma 21. There exists a such that for all S-words u,v, such that uv is

smooth, B(uv) ~q B(u) - B(v) .

Proof. If u or v is empty, then the result is obvious.

Otherwise, since 7(u), 7(v) and w(uv) are J-equivalent by hypothesis. As a
consequence, by Proposition 9, this J-class is regular. By a case analysis, using
Lemma 7, one gets:

Bw) - B(v) = m(uv)* |max(ful,jo) T (w0)

~ 7 (u0) ) o) 7 (u0) (Lemma 13)
= B(uv)
in which we use the equivalence = + y /2y max(z,y). O

Let us now turn to the uniqueness of this construction.

Lemma 22. There exists o such that for all smooth wordu € ST, B(u) ~q &(u).



Proof. Let u=a; ...ay, be J-smooth. If n =1, this comes from the letter rule.

Otherwise according to Proposition 9, J is regular. Using standard semi-
group techniques (see e.g. [34]), one can write each a; as b; - ¢; and choose an
idempotent e € J such that ¢;-b;41 =eforalli=1,...,n—1. And we compute:

§(u) =&((b1-c1) ... (bn - cn))
~&(brey .. bpey))
~E&(bi(cr - ba) ... (cn—1-bn)cn)
~ b€ ) e
~ ()17 (w)
~ (w)F o (u)

= B(u)

in which we use only the compatibility rules for &. a

Structure of the induction. We present here the general structure of the
proof of Lemmas 17 and 18.

The induction parameter is a non-negative integer K.
The induction hypothesis states that for all stabilisation semigroup T of
size K, there exists a mapping pr and a correction function ar such that:

— the mapping pr is ap-compatible with T.

Furthermore, whenever T is a sub-stabilisation semigroup of a stabilisation semi-
group S and for all mapping £ compatible with S, there exists « such that:

— for all smooth u € S and all v € T such that u < v, B(u) <4 pr(v),
— for all smooth u € ST and all v € T such that v < u, pr(v) <, B(u),
— forall u € T, &(u) ~q pr(u).

The first part proves the compatibility of the mapping. The two following items
are necessary for the induction to go through. The last item establishes the
uniqueness of pr. It is clear that for T'= S, the first item establishes Lemma 17,
and the fourth Lemma 18. Hence, what remains to be done is the induction
itself.

The base case is when K = 0. In this case the nowhere defined mapping py is
compatible with T, and the three other items trivially hold. Hence, let us consider
now a stabilisation semigroup T = (T, -, <, ) such that the induction hypothesis
hold for every K < |T'|. We aim at constructing a mapping pr compatible with T,
and establish the induction property for it.

Let J be a J-class of T which is maximal for <;. We set T" be T'\ J. Using
the maximality of .J, the set T” satisfy S -T' .S C T’. We then resort to the
following lemma:

Lemma 23. Let T C T be such that T -T'-T C T, then T restricted to T 1is
a sub-stabilisation semigroup of T.



Proof. By hypothesis, T" induces an ordered sub-semigroup of S. Furthermore,

according to Lemma 7, for all idempotent e € E(S)NT, ef = ¢ - e - e. Hence,
#

et eT. a

Hence let us denote T' the stabilisation semigroup S restricted to 7. It
follows from the induction hypothesis applied to 7" that there exists a mapping
pr and a correction function ags which satisfy all the statements of the induction
hypothesis.

The remaining of the section is devoted to constructing a mapping pr satis-
fying the requirements of the induction hypothesis. The parameters T, J,T", pr
and a7 are fixed from now as explained above. This construction is divided
into two subparts. We first show that we can extend pps to so called J, k-trivial
words (see below), yielding the mapping 7. We then combine this first exten-
sion with g for constructing the final mapping pr. We finally prove that this
mapping pr fulfils the induction hypothesis.

Extension to trivial words: the mapping 7ng. Let us consider a positive
integer k. We first consider the case of J, k-trivial words: an S-word u is J, k-
trivial if for all factor v of w of length at least k, w(v) ¢ J. From the definition,
every J, k-trivial word w can be (uniquely) decomposed into ujus...upu’ in
which each u; has length k and «’ has length less than k (possibly null). Using
the k-triviality of w, for all ¢, w(u;) € S’. Hence it makes sense to define:

m(u') ifn=0
nr,akw) = < pr(m(uy) .. w(ug)) - m(u’) ifu #e
pr(m(uy) ... mw(ug)) otherwise.

Since T" and J are fixed from now, we abbreviate nr ;. by just 1. We also
abbreviate ppr by simply p’. One can remark that the J, 1-trivial S-words are
exactly the T"-words, and 7, (u) is nothing but pr:(u).

We now aim at establishing some properties of 7. Essentially we prove that
the 7, mappings faithfully extend p’ (Lemma 25) and are consistent one with
each other (Corollary 6). We also establish that each 7 satisfy all of the prop-
erties of a compatible mapping but stabilisation (properties restricted to J, k-
trivial words): monotonicity (Lemma 24), letter and product (a consequence of
Lemma 26) and finally substitution (Lemma 29).

Lemma 24. The mapping ny is a-monotonic for some a.

Proof. Let u < v be two J, k-trivial words, and let uy ... u,u’ and vy ...v,v" be
their decomposition as for the definition of ng. For all « = 1...n, since u; < v;,
we get m(u;) < w(v;). In the same way 7(u’) < w(v"). Hence using the definition

of n and the a-monotonicity of p’, we directly obtain ny(u) <4 7% (v). O

Lemma 25. For all k, there exists a such that for all S"-word u, ni(u) ~q p'(w).



Proof. Let u be an S’-word (in particular it is J, k-trivial). u can be decomposed
into w1 . ..u,v in which the u;’s have length k and v’ has length less than k. Let
us compute:

me(u) = p'(m(u1) .. 7(un)) - m(

( ) - m(v)
~ P (P (ur) - p'(un)) - p' (0
p( '
p(

)
f(ua - ) p)
uy - unv) P (w),

2

/

in which we successively use the definition of 7, Lemma 16 (inside p’ which is
a-monotonic), the substitution rule for p’, and Lemma 15. a

Lemma 26. There exists a such that for all J, k-trivial word uv,

M (uv) ~a Mi(u) -1k (v)

Proof. (A) We first claim that for all J, k-trivial word ua, ng(ua) ~q nr(u) - a
If wa is not a multiple of k, we have ni(ua) = ni(u) - a by simply unfolding the
definition of 7. Else, u = uj...u,v in which each u; has length k£ and v has
length k — 1. We compute using the substitution rule of p’:

() - @ = p(x(wn) . 7(wn)) - 7(0) @
~p(m(ur) ... 7(uy)m(va))
= i (ua) .
This completes the proof of (A).
(B) We prove now that ni(au) ~q a-ni(u) for all J, k-trivial word au (for
a suitable «). Let us assume first that v has a length multiple of 3k (B1). In
this case, we decompose au as aiu1a2U2 . .. A3,U3,A3n+1 0 Which every u; has

length k—1 (of course a; = a). We then use the following sequence of equivalences
(essentially making successive uses of the substitution rule for p’ and Lemma 16):

ne(au) = p'(m(auy) ... m(aspusn)) - A3pi1
~ p'(m(arurasusasus) . .. m(agn—2Usn—203n—1U3n—103,U3n)) * A3n+1
~ p'(m(aruraz)m(usazus) . .. w(asn—2usn—2a3n—1)T(Usn—1a30Usn)) - A3n+1

~ 7T(111U16L2) : Pl( (U2CL3U3) .- ~7T(a3n—2u3n—2a3n—1)) : 7r(Ugn—1(l?musn(l?m-s-l)

~ m(aruraz) - p'(m(uzazuzasuaas) ... w(Usn—a. .. azn-1)) - T(Usn—103,U3nA30+1)
~ap - p(m(urag) ... m(uznazns1))
=a-nk(u)

This proves (B1). In order to establish (B) for any word au, one uses (6k — 2)
applications of (A) in order to translate the problem to a word of length multiple
of 3k (this requires up to 3k — 1 shortenig steps, and as many lengthening steps);
and we use (B1).

We now prove the statement of the lemma. Let uv be a J, k-trivial word. If
u has a length multiple of k, we have 7 (uv) ~ ni(u) - i (v) by simply using the



definition of 75 and the substitution rule over p’. The general case is obtained by
using up to 2(k — 1)-many applications of (B) in order to reduce the computation
to the previous case (i.e., up to (k — 1) shortening steps in order to reduce u to a
length multiple of k, followed by up to (k — 1) lengthening step for coming back
to the original word uv). We get the expected ny (uv) ~ ng(u) - ng(v). O

Lemma 27. For all k, and uy ... u, a J, k-trivial word such that each u; has a
length multiple of k,

Ne(Ur - un) ~ar 0 (M (ur) - e (un)) -

2

Proof. Since each u; has a length multiple of k, it can be decomposed as v} ... v]
in which each v] has a length k. We compute:

e (ur - un) = ne(vy 0T ok )

=p'(r(o}) ... (k) L w(on)
~ar f(P (w(v1) (o)) -l (o) - ()
= ﬁ/(ﬁk(ul) s nk(un))

in which we successively use the decomposition of each u; into v{ ’s, the definition
of ny, the substitution rule for p’ and the definition of 7, again. O

Lemma 28. For all m, there exists o such that for all J, k-trivial word u =
Up ... Uy 0 which 1 < |u;| <m foralli=1...n,

Mk () ~a ni(m(ur) . 7 (un)) -

Proof. We first establish it the particular case of m = 2 (x). We rephrase it as
follows. Let us assume that u is of the form wvoaibiv1 ...a,b,v, (the v;’s are
possibly empty), we claim that ng(u) ~ nr(vo(ar - b1)vy ... (an - bp)vy).

(A) Let us assume first that n < k. In this case, it is sufficient to make use
up to (2n — 1) times of Lemma 26 for establishing the claim.

(B) Let us assume now that |v;| > k for alli =1...n—1 and n is a multiple
of k. We prove that nx(u) ~ ng(vo(ay -b1)v1 ... (an - by )vy,). In this case, one can
decompose u as uq ... u, in such a way that each u; has a length multiple of k,
and that exactly k-many factors a;b; occur in each u;. Let u} be the word w;
in which each occurrence of a factor a;b; is replaced by (a; - b;). Remark that
each u} has a length multiple of k£ by construction. Furthermore, using case (A),
Nk (wi) ~ ni(u)). We compute:

e (w) = ng(ug ... up)
~ (s (ua) - ()
~ ' (e (u) - e ()
~m(uyoul) = ne(vo(ar - b1) - .. (an - bp)vy)

in which we successively use Lemma 27, the equivalence of ny(u;) and ny(ul),
and Lemma 27 again.



(C) If we assume |v;| > k but this time not necessarily n being a multiple
of k, then the property (*) holds by applying (A), (B), and Lemma 26.

(D) We now prove (x) in the general case. For this, we prove by induction
onl=0...k+1 that ng(uw;) ~ nr(u) where u; = vowy Jv1 . . . Wy Uy, in which w;
is the word a;b; if (i mod k + 1) > I, otherwise (a; - b;). It is clear that uy = u
(base case). It is clear also that transforming u; into u;y; fulfills the hypothesis
of (C), and hence n(u) ~ ng(u;) ~ mg(ui+1). This completes the induction.
Finally, one can remark that ugy1 = vo(aq - b1)v1 ... (an - by)v,, and hence we
obtained 1 (u) ~ ng(vo(ar -b1)vy ... (an - by)vy). This completes the proof of the
claim (x).

Let us turn now to the statement of the lemma. Let ©u = uq...u, be J k
trivial in which 1 < |u;| < m for all ¢ = 1...n. The result is obtained by m
successive use of the claim (x). O

Corollary 6. For all k, there exists « such that g (u) ~q ni(u) for all ' < k
and all J, k' -trivial word u.

Proof. Let o be obtained from the above lemma for m = k. Let u be a J, k'-
trivial word. It is decomposed into u; ... u,v in which each wu; has length k and v
has length less than &’

e () = p'(w(wn) ... 7w(uy)) - w(0)

~ne(m(ur) ... w(un)) - me(m(v))
~ (U ..o ug) - ne(v)
~ nk(u) )

in which we use the definition of 7/, Lemma 25, Lemma 28, and Lemma 26. O

One can finally establish the key lemma concerning 7.

Lemma 29. There exists « such that for all J, k-trivial word wy ... up,

(U - ) ~o k(e (ur) - omx(un)) -

Proof. We first establish the statement for products of big factors, i.e., u =
Uy ... uy is a J, k-trivial word such that |u;| > k for all i = 1...n. In this
situation, each u; can be decomposed in u} ... u" in which k < |u!| < 2k for any
i,7. By Lemma 28 and its corollary (twice each one), and using the a-monotony

of n; and the substitution rule for p’, we compute:

k() ~ np(r(ul) ... W(u’fl) Com(uky o (uk))
~p (m(ul) o) (k) (k)

~ (0 () () o () ()

~ ' (e (ur) -« e (un))
~ T (e () - - Mk (un))



Let us turn ourselves no to general case u = uy . .. u,. Without loss off generality
(i.e., up to 2(k — 1) uses of Lemma 26), we assume that n is a multiple of k;
n = mk, and we set v; = u_1)p41 ... uy for all [ =1...m. We obtain:

Mk (u) = nk(’vl Um)
e (i (v ) Mk (Vi)
~ e (e (k(ua) -k (un)) - 7 (ke (Un—kg1) - 7k (Un)))
k(e (u1) - 1k (un)) -
This concludes the proof. a

We now establish the second and third item of the induction hypothesis
restricted to trivial words.

Lemma 30. For all k there exists o such that for all smooth S-word u and J, k-
trivial word v,

- Ifu § v, ﬂ(u) ja TM(”)? and;
= Ifv<u, ng(v) 20 Blu).

Proof. Assume u < v. Let us decompose u as ug ...u,u’ and v as vy ...v,v" in
which |u1] = |v1] =« = |un| = |vn| = k, and |u/| = |v'| < k.

<o (n(v1)...m(vy)) - pi(v')
= nk(v)

in which one successively use the definition of 3, the induction hypothesis for p’,
and the definition of 7. The second item is proved in exactly the same way. O

And we terminate with the uniqueness of the definition.

Lemma 31. For all k and all mapping £ compatible with S, there exists a such
that for all J, k trivial word u,

M (w) ~a §(u) -

Proof. Let u be decomposed as uy . .. u,v as in the definition of 7. We compute:

E(u) ~E(E(um) . &(un)) - £(v)
~E(m(uy) .. m(ug)) - (o)
~p (m(ur) . w(up)) - w(v)
= Mk (u)

in which we use the compatibility of £, Lemma 16, and the induction hypothesis.
O



Extension to all T-words: the mapping pr. We turn now to the definition
of pr iteself. Two cases have to be distinguished. If J is not regular, then every S
word is J, 2-trivial, and by consequence one can set p to be 1y. The resulting
mapping p satisfies the induction hypothesis according to the previous lemmas.

Otherwise, the class J is regular. In this case one uses the fact that each
word u € T can be uniquely decomposed into u = ujus...u, in which each
u; is either J-smooth and maximal, or consists of a single letter in 7”. One

defines pr over u as:
pr(u) = 72(B(u1) . .. B(un)) -

Since T is fixed, we simply denote pr by p. Let us first stress the fact that this
definition is meaningful. Indeed, since the w;’s are maximal, w;u;11 is not J-
smooth, and as a consequence, for all m, (8(u;) - B(ui+1))(m) belongs to ', i.e.,
Blur)(m)...B(up)(m) is J, 2-trivial. The remaining of the section is devoted to
establishing that p is compatible with S.

Lemma 32. Let u be a T-word such that w(u) € T', for all m, p(u)(m) € T".

Proof. A direct consequence of the maximality of smooth words in the decom-
poosition. 0

Lemma 33. There exists a such that for all T-word u = uy ... u, with w(u;) €
T foralli=1...n, then:

p(u) ~a ' (p(ur)p(uz) .. p(un))

Proof. Let us first remark that since the w;’s are not J-smooth, no u; can be
a factor of a J-smooth factor of u. As a consequence one can write each u; as

u; = viuy .. .uf"vf in which the v;’s and v}’s are possibly empty, and

k k kn
ut,ul, . ult (Vi) ud, L us?, (vhus), o (U _qvn),ud,
is the sequence of maximal J-smooth factors of u (in particular, v; = v}, = ¢
and for every i = 1...,n — 1, vjv;41 is nonempty).
We use below the convention that 8(¢) = ¢ (we can check that one never
tries to apply p, 72 and 73 to the empty word). Let us compute:

p(u) = i(Buy) ... Buf)Bvive) ... BV _1va)B(ul) ... Bluk))
~ s (B(ut) . ﬂ(u’fl)ﬂ(vivg) B yvn)B(uy) . Blugr))
~ 3(B(uy) . .. Bluf )(vi)ﬂ( 2) - B 1) B(vn)B(uy) ... B(u))
~ i3 (n3(B(u3) . .. Buf")B(W)))n (ﬂ( 2) - B(h)) - s (Bvn)B(u) ... B(ulr)))
~ 2 (2(B(u1) . .. By )BW))m2(B(v2) .. B(Wh)) .. m2(B(vn)Bluy) . .. Blugr))
= f2(p(u1)p(uz) . .. p(un))

~ P (p(ur)p(uz) - . p(un))

in which we successively use the definition of p, Corollary 6, Lemma 21 (naturally
extended to & words), Lemma 29, Corollary 6 again together with Lemma 24,
the definition of p, and finally Lemma 25. O



Corollary 7. There exists a such that for all T-word u = uy . . . uy with m(u;u;41) €
T foralli=1...n—1, then:

p(u) ~a o(p(ur)p(uz) .. p(un)) -
Lemma 34. For all T-word u and all n, p(u)(n) < w(u).

Proof. The property holds for 7o by definition and induction hypothesis (use
Corollary 5). In combination with G(v) < 7(v) (directly from the definition) for
all J-smooth words (directly from the definition), we get the expected result. O

Lemma 35. There exists a such that for all J-smooth word uw = uy ... u,

Bluy ... tp) ~q p(B(ur) ... 0(uy))

Proof. If J is irregular, then u has length 1, and the statement is obvious.

If J is regular and stable, then 5(u;) = 7(u;) for all 4. Furthermore 7(uq) ... 7w(uy,)
is also J-smooth. Hence S(u) = m(u) = w(m(uy) ... 7w(un)) = p(B(ur) ... Bluy)).

The interesting case is when J is unstable. Let ©w = uy . .. u,, and let U be the
set of words (7(uy) +m(up)?) ... (7(un) +7(un)?)). (Remark that B(uy) ... B(uy,)
is an i¢d-nondecreasing sequence over (U, <)).

Let v € U. We claim first that 7(u)* < p(v). Indeed, let us factorize v
into vy . .. vy, according to the definition of p. One has 7(u)* = m(7(v1)* ... w(vi)?)
by Lemma 7. Since J* is stable, using the above case, 7(m(vy)%...7(vg)F) ~
no(m(v1)¥ ... 7(vg)¥). Finaly, we have 7(v;)# < 7(v;) for all 4, and using Lemma, 24
we get no(m(v1)f ... w(vp)?) <X ma(m(vr) ... 7(vg)) = p(v). Summing up, m(u)t <
p(v).

Let now v € U. If v # w(uy)...7(uy,), then at least one letter in v is of
the form 7 (u;)*. It follows by Lemma 7 that 7(v) = m(u)?. Using Lemma 34,
we get p(v) < 7w(v). Together with the above claim, we obtain p(v) ~ m(v).
If v =7(uy)...7(up), then v is J-smooth and as a consequence, p(v) ~ B(v).
Overall we get that for all v € U,

plv) ~ {ﬂ(”) ifv=mlu)...wlun)

m(u)?  otherwise.

And the latter mapping is id-monotonic (from (U, <) to S¢).
Using Proposition 11, one gets:

Bw) ifv=m(ur)...7(up)

m(u)?  otherwise.

p(B(u1) ... Bun)) ~ {

=T u)ﬁ|max(n,maxqj:1“_n ‘utl)ﬂ-(u)

(in which we use Example 4 together with Proposition 12). This concludes the
proof. a



Lemma 36. There exists a such that for all u = uy ... u, be a T-word in which
each u; is either J-smooth, or restricted to a single letter.

pur ... up) ~a p(Bu1) ... Blun))

Proof. Let us decompose u into v; ... vy as in the definition of p. By assumption
on the u;’s, each u; is a factor of one of the v;’s. Hence, one can write v;
as Up(j—1)41 - - - Up(y) in which 0 = h(0) < h(1)--- < h(k) = n. Let us compute:

p(u) = 72(B(v1) ... B(vn))
~ 72(p(B(uo) - .. Blu (1))'-~ﬁ(ﬁ(uh(kfl)+1)~-~ﬂ(uh(k)))))
P'(p(B(uo) - .- Blunqy) - - - p(B(un(r—1)11) - - - Blunry))))

ﬂ(ﬁ(m)mﬂ( n))

in which we successively use the definition of p, Lemma 35 together with the
monotonicity of 72, Lemma 25, and Lemma 33. O

Lemma 37. There exists a such that for all smooth S-word u and all T-word v,

— Ifu <v, B(u) 24 p(v), and;
— Ifv <w, p(v) Zu B(u).

Proof. We remark first that if 7(u) is irregular, v has length 1, and both state-
ments are obvious. Let us consider the case when 7(u) regular.
First item. Let v = vy ... v be the decomposition of v as in the definition of p,
and u = uq ...uy be the corresponding decomposition of u. We assume u < v.
We first prove that 7(u)? < p(v). In this case, for alli = 1...k, m(u;)? < B(v;)
according to Lemma 20. Let us compute:

71'(u)ﬁ = ﬁ(ﬂ(ul)ﬁ .. .ﬂ(uk)u)
= i2(B(v1) ... Blvk))
=p(v),

in which we use Lemma 30.

In the general case, let « be taken from Lemma 30. Let a(m) < n. We
prove that B(u)(m) < p(v)(n). Two cases can happen. If B(u)(m) = n(u)f,
then B(u)(m) = 7(u)* < p(v)(n) by the case above. Otherwise, |u| < m. This
implies |u;|] < m for all ¢ = 1,...,k (which itself implies B(v;)(n) = w(v;) >
(m(u;))), and k < m. Let us compute.

by Lemma 30.

Second item. Let v = vy ... v, be the decomposition of v as in the definition
of p, and u = uy ... uy be the corresponding decomposition of u. We assume v <
u. We first remark that p(v) < 7(v) < 7(u).



Let a be taken from Lemma 30. Let a(a(m))? < n. We aim at p(v)(m) <
B(u)(n). Two cases can happen. Either |u| < n, and in this case S(u)(n) = m(u).
In this case the inequality follows from the above remark. Otherwise, either n >
a(a(m)) or |u;| > a(m) for some i =1,... k. If n > a(a(m)), then

p(o)(m) < m(r(vn) . w(w)) ()
< B(u) ... w(ug) (@(a(m)))
= (u)’

p(v)(m) < pa(m(vr) ... w(via)w(vi) ¥ (m(vis1) - ) (e(m)

(1) ... w(vi_1)m(v)f (m(vig1) . ..))

Lemma 38. There exists a such that p is a-monotonic.

Proof. Let u < v be two T-words. We decompose simultaneously u as u ... u,
and v = vy ...v, in which u; and v; are maximal such that either m(u;) €
or w(v;) € D. By Lemma 37, p(u;) = p(v;). Furthermore (p(uq)...p(u,))(m)
is J, 2-trivial for all m (and the same goes for v). Hence we easily compute:

plu) = puy ... up)
~ 1y (p(ur) - .. p(un))
= (p(v1) ... p(vn))
~ p(v)

in which we use Corollary 7, the monotonicity of 72, and Corollary 7 again. O

Lemma 39. There exists a such that for all S-word u =y ... uy,

p(0) ~o H(p(1) - plun))
Proof. Let 0 = h(0) < h(1)--- < h(k) = n be such that for all 7, is maximal such
that m(upi—1)41---Uu,) € D, or h(i —1) 4+ 1 = h(i). One knows by Lemma 35
that for all 4, p(upii-1)+1 - tu;) = PP(Unii-1)+1) - - - P(Uu;))-

p(u) = p(ur ... up)
~ 2 (p(Un(0)41 - - - Un(1)) - - P(UR(k—1)+1 - - - Un(k)))
~ 12(p(p(un(0)+1) - - - p(un(r))) - - - PlP(Unk—1)+1) - - - P(UR(k))))
~ plp(ur) ... p(un))

in which we successively use Corollary 7, the above equivalence together witht
he monotonicity of 7y, and Corollary 7 again. ad



What remains to be proved is the uniqueness of the compatible mapping.
This is the subject le Lemma 40.

Lemma 40. Let £ be a mapping compatible with S, there exists a sucht that for
all T-word u, p(u) ~q &(u).

Proof. Let u be a T-word decomposed as ug ... u, as in the definition of p.

E(u) = £(&(ur) ... &(un))
~E&(Bur) ... Blun))
~ i (B(u1) ... Bun))
= p(u)

in which we use the compatibility of ¢ together with Lemma 22, Lemma 32 and
Lemma 31.
|

4 Recognisable cost functions

In this section, we put in action the notions developed in the previous section,
and use them for an algebraic description of cost functions: recognisable cost
functions.

The section is organised as follows. In Section 4.1 we define recognisable cost
functions. We present some elementary closure properties for them in Section 4.2.
In Section 4.3 we introduce the very useful tool of §-expressions, and present some
results on sub-stabilisation monoids. In Section 4.4, we show how we can prove
decidability results using those arguments. We prove in Section 4.5 that recognis-
able cost functions are closed under inf-projection and sup-projection. We then
show how one can transform a cost automaton into an equivalent recognisable
cost function in Section 4.6. We establish the converse translation in Section 4.7.

4.1 Recognisability

We now define the notion of recognisability for cost-functions.

Given a stabilisation monoid M = (M,-, <,1), a length-preserving mor-
phism A from A* to M*, and an ideal I C M, the triple M, h, I recognises
the mapping f : A* — w + 1 if there exists « such that for all u € A*,

f(u) ma sup{n+1 : p(h(u))(n) € I}

in which p is a mapping compatible with M. A cost function from A* to w + 1
is recognisable if some (equivalently all) function in the class is recognised by
some M, h, I. Remark that by Corollary 3, this definition would have been the
same if we used:

F(w) ~o mf{n : p(h(u))(n) € T} .



Ezample 11. For A = {a,b}, the function | - |, which counts the number of
occurrences of a in a word is recognisable. For this, consider the monoid of
Example 10, the morphism defined by h(a) = a, h(b) = b, and the ideal I = {L}.
Then we have |u], = inf{n : p(h(u))(n) & I} for all u € A*. This means that
| - | is recognisable.

Remark 7. Pursuing Remark 5, imagine you construct the stabilisation monoid
M; out of a monoid M = (M,-). This monoid can serve for recognising the
language L = h='(A) C A* in which A C M, and h is a morphism from A*
to M (A being some alphabet).

We can construct the length preserving morphism A’ from A* to M* which
to each letter a € A associates h(a) € M. The morphism h and h’ are related
by the relation h(u) = 7w(h'(u)) for all u € A*. We have also seen in Remark 5
that the mapping p which to every v € M* and n € w associates p(v)(n) = 7(v)
is compatible with M. Finally, since the order in My is reduced to the equality,
every subset of M is an ideal; in particular A is an ideal. Hence it makes sense
to consider the cost function recognised by My, b/, A:

sup{n : p(h'(u))(n) € A} =sup{n : w(h(u)) € A} = XA*\L -

In other words, if a language is recognised by a monoid, the same monoid
translated into a stabilisation monoid recognises the characteristic function of
the language.

4.2 Elementary closure properties.

We show here some straightforward operations on recognisable cost functions:
first under composition with a morphism, then under min and max.

Composition with morphism The closure of recognisable cost functions un-
der composition with a morphism is the counterpart to the preservation of recog-
nisable language under inverse morphism in standard language theory. The con-
struction is the same:

Lemma 41. Let f be a recognisable cost function over A*, let B be an alphabet,
and p be a morphism from B* to A*, then the cost function f op over B* is
recognisable.

Proof. Assume f is recognised by M, h, I, then construct A’ from B to M defined
by h'(a) = w(h(p(a))). It is easy to see that M, h/, I recognises f o p. O

Closure under min and max. The composition under min and max of recog-
nisable cost functions is the counterpart to the closure under intersection and
union in standard language theory. As a consequence it is based on the product
of algebraic structures.

Let My = (My,-1,<1,#1) and My = (M, -2, <o, ti2) be stabilisation monoids,
then the product M; x My is the tuple (M; x My, -, <, ) such that for all a;,b; €



M and ag, by € Ma, (a1,a2)-(b1,b2) = (a1-b1,az-b2), (a1,a2) < (b1,b2) if a1 < by
and as < by, and for all idempotents e; € M and ey € Mo, (e1,e2)f = ( gl,egﬂ.

We have:

Lemma 42. If M; and My are stabilisation monoids, then M1 x My is a sta-
bilisation monoid.

Furthermore, if p1 is a mapping compatible with My and py is mapping com-
patible with My then p defined for all words u € (My x Ms)* and n € w by:

p(u)(n) = (p1(u1)(n), pa(uz)(n)) ,

in which u; for i = 1,2 is obtained from w by projecting each letter to its ith
component, is compatible with My x Mo.

Proof. Everything follows from the definitions. ad

From this we can derive that any two recognisable cost functions can be recog-
nised by the same monoid.

Corollary 8. If f1 and fy are recognisable cost functions over the alphabet A*,
there exists a stabilisation monoid M of elements M, a length preserving mor-
phism from A* to M* and two ideals Iy and Iy such that f, is recognised
by M, h, I, and fy by M, h, I5.

Proof. Assume f7 is recognised by My, hy,J; and fo by Ms, ho, Jo, then using
Lemma 42, we easily obtain that f; is recognised by M X My, h, J; x M5 and f
is recognised by M XMy, h, M; x Jo, in which h(a) = (h1(a), ha(a)) for alla € A,
M is the set of elements of M; and Ms is the set of elements of Ms. O

Corollary 9. Recognisable cost functions are closed under min and max.

Proof. Let f; and fy be cost functions over the alphabet A* recognised by
M, h, I; and M, h, I, respectively (thanks to Corollary 8). By definition of recog-
nisability, we directly have that min(f, f2) is recognised by M, h, I; N I, and
max(f1, fa) is recognised by M, h, I; U I5. a

4.3 On f-expressions and sub-stabilisation monoids

g-expressions are a very useful tool in the analysis of stabilisation monoids. Those
expressions were introduced by Hashiguchi [17].

A f-expression over A is an expression constructed over the set A using formal
operators of concatenation and stabilisation. I.e., all a € A is a f-expression
over A; if ¢, are f-expressions over A, then so is ¢; and if ¢ is a f-expression
over A, then so is ¢f. The set of f-expression over A is exp(A). A f-expression is
strict if it contains at least one f operator. Non-strict f-expressions are identified
with words over A. The size of a f-expression is the number of operators it
contains.

For an integer k, we define unfold(¢) € A* inductively by unfoldy(a) = a,
unfoldy, (¢v)) = unfoldy,(¢)unfoldy (1)), and unfoldy(¢#) = (unfoldy(¢))*+1.



We now introduce typed f-expressions, i.e., f-expressions which can be eval-
uated in a stabilisation monoid. Let M = (M, -, <, #) be a stabilisation monoid,
and A C M. One defines type(¢) as the partial mapping from exp(A) to M
defined by:

- type(a) = a,
— type(¢) = type(¢) - type(¥),
— type(¢f) = (type(o))! if type(s) is an idempotent, otherwise it is undefined.

A f-expression ¢ is typed if type(o) is defined.

Lemma 43. For all stabilisation monoid M = (M, -, <,#), all mapping p com-
patible with M, and all typed §-expression ¢ over M, there exists a such that for
all k € w,

p(unfoldy (¢)) ~q type(@)|rm(unfoldy(4)) .

Proof. The proof is by an elementary induction on the #-expression relying on
the properties of compatible mappings. a

Lemma 44. For all stabilisation monoid M = (M,-, < t) and all mapping p
compatible with M, there exists a correction function o such that for all word u €
M*, there exists two strict typed §-expressions ¢, € exp(letters(u)) such that:

type(e)|ju (1) Za p(u) Za type(d)[jum(u) -

Given a stabilisation monoid M = (M, -, < #), a sub-stabilisation monoid is
a sub-stabilisation semigroup which contains the neutral element. Given some
subset A of a stabilisation monoid, we denote by (A)* the least sub-stabilisation
monoid which contains A. It is easy to see that:

Fact 45 (A)! = {type(¢) : ¢ € exp(A), ¢ is typed} .

Our last lemma shows that we can make every computation intern to sub-
stabilisation monoids.

Lemma 46. For all stabilisation monoid M = (M, -, <,f) there exists a com-
patible mapping p such that for all word u € A* for some A C M,

plu) € ((A)F)~ .

Proof. For all word uw € M*, denote by letters(u) the set of letters appearing
in u. For all sub-stabilisation monoid H C M, let py be a mapping compatible
with M restricted to H (this is possible according to Theorem 2).

We construct the mapping p as follows. For all u € M*,

,O(U) = p(letters(u)}”(u)'

By construction, for all u € A* for some A C M we have p(u) € ((letters(u))¥)* C

((A)3)=.



Let now £ be some mapping compatible with M (there exists some according
to Theorem 2). By Lemma 18, for all sub-stabilisation monoid H, there is a
correction function ay such that &(u) ~,, pm(u) for all w € H*. Since there
are only finitely many stabilisation monoids, we can take « to be the supremum
of the ay’s correction functions and obtain that £(u) ~q p(u) for all uw € M*.
Hence, p is equivalent to a compatible mapping. This means that it is compatible
itself. ad

4.4 Decidability

In this section, we establish that the relation < is decidable over recognizable
cost functions, using a very simple saturation argument.

Theorem 3. The relation < is decidable over recognisable cost functions.

Proof. Let fi and fy be mappings recognisable by M, h, I; and M, h, Is respec-
tively (this is possible according to Corollary 8). Let p be a mapping compatible
with M. Let A = h(A), i.e., the elements in the stabilisation monoid that are
images of letters. We claim that

fi 2 fo iff (I \ L) N(A)¥ =0

Assuming the claim is true, we directly derive from it a decision procedure for
the relation <: compute (A)* by a natural saturation argument, and check the
emptyness of (I \ I>) N (A). Let us prove the claim.

First direction. Assume (I; \ I) N (A)* = (). Using Lemma 46, one assumes
that p maps A* to ((A)¥)“. Consider now a word u € A*. Since p(h(u)) € (A)¥,
and (I \ I) N {A)* = 0, for all n € w we have:

p(h(u))(n) € I, — p(h(u))(n) € L .

As a consequence,

fi(u) =, sup{n : p(h(u)) € I} (def recognisability)
<sup{n : p(h(u)) € I} (above remark)
~o falu) . (def recognisability)

Hence f1 < fo.

Other direction. Assume that (I; \ I2) N (A)* # (). By Fact 45, there exists a
f-expression ¢ over A such that type(¢) € I; \ Io. One can turn ¢ into a -
expression ¢ over A by replacing each letter a € A in ¢ by some o/ € A
such that h(a’) = a (this is possible by definition of A). We quiet naturally
have for all k € w, h(unfoldy(v)) = unfold,(¢). We can estimate the value of
f1(unfoldy (v)) for k € w, and get:

fi(unfoldy (v)) =~ sup{n : p(unfoldr(¢))(n) € I} (def recognisability)
~sup{n : (type(¢)|pm(unfoldy(#)))(n) € Iy} (by Lemma 43)
>k. (since type(¢) € I)



Similarly, we can estimate the value of fi(unfoldg(¢)) for k € w, and get:

fa(unfoldg (v)) = inf{n : p(unfoldi(s))(n) & I} (def recognisability)
~ inf{n : (type(¢)|pm(unfoldy(#)))(n) & Io} (by Lemma 43)
=0. (since type(¢) & I2)

Hence, fy is bounded over {unfoldi(¢) : k € w}, while f; is not bounded over
the same set. According to Proposition 6, this is a contradiction to f1 < fo . O

This decidability result extends previous results. For instance, the bound-
edness problem (deciding the existence of n € w such that f(u) < n for all
words u) corresponds to f < 0. The standard limitedness problem (the bound-
edness over the support of the function) corresponds to f < Xsupport(f) (remind
that support(f) ={u : f(u) < w} and is regular according to Proposition 3).

4.5 Closure under inf-projection and sup-projection

In this section, we devise two forms of powerset construction for stabilisation
monoid: the stabilisation monoid of ideals and the stabilisation monoid of coide-
als. Those two constructions allow to prove the closure of recognisable cost func-
tions under inf-projection and sup-projection respectively.

The stabilisation monoid of ideals and inf-projection. Consider a sta-
bilisation monoid M = (M, -, <,#). We aim at constructing a new stabilisation
monoid [ (M), each element of which is an ideal of M. The validity of the con-
struction is established by Lemma 47. We then construct the corresponding
compatible mapping, the correction of which is the subject of Lemma 49. We
finally conclude with Proposition 14 which shows that this construction can be
used for computing the inf-projection of a recognisable cost function.

Remind that an ideal of M is a subset I C M such that for all x < y,
if y € I then x € I, and that we denote by |(M) the set of ideals of M. Given
a set A C M, one denotes by A] the least ideal which contains it, i.e., the
set {y : y <z € A}. Given ideals A, B € [(M), their product is defined in the
usual way by:

A-B={a-b:a€cA beB}|,

Let E € |(M) be an idempotent, one defines E* by:
E'={a-¢"b: a,e,bcE, e=c-e}|.

Our first result state the correction of this construction.

Lemma 47. |[(M) = (|[(M),C,-, 1) is a stabilisation monoid.

Proof. The fact that ([(M),C,-) is an ordered monoid is standard and with
no difficulty, the neutral element being {1}|. The fact that for all idempotent
ideals E C F, E* C F* is also obvious from the definition (call this Claim 0).



Let E € | (M) be an idempotent.
Claim 1: E¥ C E. Indeed, let a € Ef, ie.,a < x-ef -y for z,e,y € E with e
idempotent. Since F is idempotent, z-e-y € E. Hencea < z-et -y <z-e-y € F
which implies that a € E since F is an ideal.
Claim 2: E¥*-E C E¥. Leta € Ef and ¢’ € E. By definition, a < b-et - ¢ for some
b,e,c € E with e idempotent. Since F is an idempotent, (c¢-a’) € E. Hence,
a-a <b-ef-(c-a)e E".
Claim 3: Et C Et . Ef. Let a € E". This means that a < b-ef - ¢ for some
a,e,b € E.Let x =b-ef-eand y = e- e - ¢, then both z € Ef and y € E*.
Henceaﬁx-yEEﬁ-Eﬁ.
Claim 4: E* - E* = E* . E = E*. Indeed, Ef - Ef C E* . E C E* (by claim 1,
compatibility of product, and claim 2), and E* C E* - E* (by claim 3).
Claim 5: (E*)* = E*. We know that E* C F (by claim 1), and hence (E*)* C E*
(by claim 0). Conversely, let a € E*. This means a < b-ef - ¢ for some a,e,b € E
with e idempotent. We know that a-ef = a-ef -e € Ef, ef = e.ef - ef € Ef,
and ef - ¢ = e- e - e € E*. Furthermore, €* is an idempotent and ef = (e)F.
Hence a < b-ef-c= (a-e?) - (ef)! - (ef - c) € (EF)A
Let us now consider A, B € | (M) such that A- B and B - A are idempotents.
Claim 6: (A-B)* C A-(B-A)*- B. Let x € (A- B)%. This means that x <
(a-b)-(a’-b")%-(a”-b") for some a,a’,a” € A, b,b',b" € B with a’-b" idempotent.
Consider the element e = b'-a’-b"-a’. We have e-e = (V/-a’-V'-a’)-(V-a’-V'-a') =€
since a’ - b’ is an idempotent. It follows that
z<(a-b)-(d V) (a" V") (choice of a,b,a’,b',a”,b")
—a-b-(a -V -d- V) a b (idempotency of a’ - ')
—a-b-d - -d-V-d)V-dV-a" -V (consistency)
€A-B-A-(B-A-B-A!-B-A-B-A-B (def of - and )
—A-(B-Af.B. (idempotency of B - A, and claim 4)
Claim 7: (A- B)* C A-(B- A)* - B. By exchanging the roles of A and B in
claim 6, we have (B - A)* C B - (A- B)* - A. Hence by claim 4, we obtain
A-(B-A¥. BCA-B-(A-B)} - A-B=(A-B).
Claim 8: {1}] = ({1}])%. Thanks to claim 1, it is sufficient to prove 1 € ({1}])F.
But this is obvious since 1 = 1-1%.1 € ({1}]).

At this point, the fact that |(M) is a stabilisation monoid is a consequence
of the fact that (| (M), C,-) is an ordered monoid, and claims 0 to 8. O

We need now to construct the corresponding compatible mapping. For this,
let us introduce some notations. For X C M*, denote by [X], € ([(M))* the
sequence which to n € w associates:

[(X]i(n) ={a(n) : ac X}].

For a word U = A;... A, € ([(M))* and a word u = a;...a, € M*, one
abbreviates a; € Ai,...,an, € A, by simply writing v € U. Similarly, we
write Ay ...A C By...Bj to denote that k =1, A1 C By,...,A; C By.



Let p be a mapping compatible with M. We construct the mapping p’
from ([(M))* to | (M) defined for all U € (|(M))* by:

p'(U) =[{pu) : wel}], .
For making the proof to a little bit simpler, we use the following fact:

Fact 48 Let X, Y C MY, if for all a € X there exists b € Y such that a <, b,
then [X]l ja [Y]l

Proof. Let n,m € w such that a(n) < m. Let a € [X]|(n). This means that a =
a(n) for some @ € X. Thus there exists b € Y such that a <, b. We thus have
a(n) < b(m), and then a < b(m) € [Y](m). We obtain, [X], <, [Y],. O

We are now ready for proving:
Lemma 49. The mapping p' is compatible with | (M).

Proof. We denote by « the correction function witnessing the compatibility of p.
As above, we do not precisely state the computation of correction functions.
Monotonicity Let U C V be words in ([(M))*. We can straightforwardly apply
Fact 48 to {p(u) : w e U} and {p(v) : v € V}, and get p'(U) =iq p'(V).
Letter, and product Let A € [(M). The sequence equal to A can also be
written as [a : a € A];. Hence, one can directly apply Fact 48 to it, and
get p'(A) ~o A. The equation p'(g) ~, {1}| is obtained in the same way.
Product As for item ‘letter’.

Substitution Let Uy,..., Uy € [(M)*. We will begin by giving an equivalent
description to p'(p'(Uy) ... p (Ug)). For all n € w we have:

p(p'(Uh) ... p'(U))(n) = {plar...ar)(n) : Vi, a; € p'(Ui)(n)}
={play...ar)(n) : Vi, a; < p(u;)(n), u; € U;}|
={plai...ar)(n) : Vi, a; < p(u;), u; € U;}| .

Hence §'(p/(U1) ... p'(Ux)) = {pla1 ... ax) : Vi, a; < p(u;), u; € U},

Let now a1 < p(uq),...,ar < p(ug) for some uy € Uy,...up € Ug. We have:
plar...an) = plp(ur)...pluy)) (def and monotonicity)
~p(ug ... up) (substitution)

Hence by Fact 48 we get p'(p(Uy) ... p(Ux)) = p(Uy ... Uy).
Conversely, let v € U;y...Ug, it can be decomposed into u = uy...u,
with uy € Uy,...,ur € Ug. We have:

p(u) = plus .. . ug)
~ p(p(uy)...p(ug)) (substitution)
=play...a,) witha; =p(u;) fori=1...k

From which, by Fact 48, we get p(Uy ... Ug) = 9/ (p(U1) - .. p(Ug)).



Stabilisation Let E € [(M) be an idempotent. Remark first that:

E*.E=[{alsb : a€ E* b F}], .

Let u € E*. Since F is an idempotent, it is a sub-stabilisation monoid of M,
and use Lemma 44. We get that there exists a typed strict §-expression ¢ over F
such that p(u) < type(e)|xm(unfoldy(¢)). Since type(¢) € E* and mr(unfold(¢))inF,
we can use the preliminary remark and Fact 48 to obtain p/'(E¥) < E*|,E.

Conversely, remark that every element ¢ € E is such that ¢ < a-e-b for
some a,e,b € FE with e idempotent. Thus:

EYE =[{(a-e* b)|p(a-e-b) : a,bec E, e-e=¢e}], .

Hence, fix a,e,b € E with e idempotent. Consider the word u = (a - e)e*~2(e - b)
in E* (if k = 1, then use the one-letter word a - e - @). We have:

p(u) = p((a- ) 2(c b))

~ p(p(ae)p(e)*2p(ea)) (letter, product and monotonicity)
~ p(aekb) (substitution)
~a-p(eF)-b (product, substitution and letter)
~a-(eze) b (stabilisation)

=(a-e" - b)|pla-e-b).
Hence by Fact 48, E*|,.E < p/(EF). O
Proposition 14. Recognisable cost-functions are closed under inf-projection.

Proof. Let A be an alphabet, M = (M, -, <, #) be a stabilisation monoid, h be
a length-preserving morphism from A* to M*, and I be an ideal of M. Let p
be a mapping compatible with M. By Proposition 10, one assumes without
loss of generality that p(u) is non-decreasing for all u € M*. Let f be defined
by f(u) = sup{n € w : p(h(u)) € I}, i.e., a representative of the cost function
recognised by M, h, I. Remark that, according to the choice of p(h(u)) non-
decreasing, we have n < f(u) iff p(h(u)) € I (prop *). Let B be an alphabet
and p be a length preserving morphism from A to B. One aims at showing
that finf,p is recognisable.

For this, let us consider the monoid |(M), the mapping A’ from B to | (M)
defined for all b € B by:

W (b) = {h(a) : pla) = b} =h(p~ (b)),
and the ideal I’ C [ (M) defined by:

I'={Ae|(M): ACTI}.



Let f'(v) be sup{n € w : p/(R' (v

))(n) € I'}, i.e., f’ is a representative of the
cost function recognised by | (M), h’/

n
I' Let v = b1 .bi € B*, we have:

f'(w)y=sup{n€w : p'(K(v)(n) eI} (def of f7)
=sup{n €w : p'(W(v))(n) C I} (def of I')
=sup{ne€w : p/(h(p~ (b))l ... h(p~" (bx))1)(n) ST} (def of )
=sup{n € w : Vu. p(u) =v — p(h(u))(n) € I} (def of p')
=sup{n €w : Yu.pu) =v—n< f(u)} (prop x)
—inf{f(u) © p(u) = v}
= fint,p
Hence, [ (M), h', I’ recognizes the inf-projection of f. O

The stabilisation monoid of coideals and sup-projection. Let M =
(M, -, <, 1) be a stabilisation monoid. We perform a construction very similar to
the one for inf-projection. This time we construct a stabilisation monoid (M),
each element of which is a coideal of M. Since the model of stabilisation monoids
is not invariant under reversing the order (because of the rule ef < e), it is not
possible to reuse the above proof. The validity of the construction is established
by Lemma 50. We then construct the corresponding compatible mapping, the
correction of which is the subject of Lemma 52. We finally conclude with Propo-
sition 15 which shows that this construction can be used for computing the
sup-projection of a recognisable cost function.

Recall that a coideal of M is a subset I C M such that for all z >y, if x €
then y € I. Given a set A C M, one denotes by AT the least coideal which
contains it, i.e., the set {y : y >z € A}. We denote by (M) the set of coideals
of M. Given coideals A, B € T(M), their product is defined in the usual way by:

A-B={a-b:a€cA be B},
Given an idempotent coideal E, one defines E* to be:
E* = (E)1 = {type(¢) : ¢ € eap(E), ¢ is typed}T .
Let us prove now the correction of this construction.
Lemma 50. 1(M) = (1(M), D, -, 1) is a stabilisation monoid.

Proof. The fact that (7(M),D,-) is an ordered monoid is standard and with
no difficulty, the neutral element being {1}1. The fact that for all idempotent
coideals E D F, Ef D F! is also obvious from the definition (call this Claim 0).

Let E be an idempotent coideal. We clearly have Ef D E. It is also clear
from the definition that Ef - Ef C Ef - E C E!. For the converse, let a € Et.
This means a > type(¢) for some typed ¢ € exp(FE). If ¢ is of the form 1)/,
then a < type(v) - type(y’) € E* - E¥. If ¢ is of the form v*, then it could
be rewritten as ¥ - ¢, and the above case be applied. Finaly, if ¢ is simply a’,



we use the fact that F is an idempotent, and get that there are b,¢ € E such
that a <a’ <b-c € E*- E*. Hence E* - E* = E¥ . E = E*.

It remains the consistency. Let A, B be coideals such that A- B and B - A
are idempotent. Let ¢ € exp(A - B). We prove by induction on ¢ that there
exists a € A, b € B, and ¢ € exp(B - A) such that type(¢) > type(awd).
If $ = ¢ € A- B, then by idempotency of A- B, there exists a,a’ € A and b,b’ € B
such that ¢ < a - -a’ - b. The induction hypothesis is satisfied for ¥ = b’ - a’.
If p = ¢'¢”, one applies the induction hypothesis, and get a’,a” € A, V', V" € B,
and ¢, ¢" € exp(B - A) such that type(¢’) < a’ - eval(¥)’) - b, and type(¢”) <
a’ - type(y”) - V. Let us set a = o/, b ="', and ¢p = ¢’ - (b’ - a’) - ¢”. This
witnesses the validity of the induction hypothesis for ¢. If finally ¢ = (¢')¥, one
applies the induction hypothesis, and get o’ € A, b’ € B, and ¢/ € exp(B - A)
such that eval(¢’) < d’ - eval(y)’) - b'. Our problem is that a - eval(¢’)- may
not be an idempotent. However, let us set K = |M]|!, it is classical that both
eval((a-'-b)%) and eval((¢'-b-a)¥) are idempotents. Furthermore, since eval(¢')
is an idempotent, eval(¢’) < eval((a -’ - b)¥X). Using consistency, we get:

eval() = eval((6'))
< eval((a -y - b)K)
= - cval(((¥/- (0 @) ) (W (0 @) )b

cexp(B-A)

From this statement, we directly get that (A - B)* C A- (B - A)?- B. For the
converse, we swap the roles of A and B, and get A- (B-A)f- BC A-B-(A-
B).B-A=(A-B). O

We need now to construct the corresponding compatible mapping. For this,
let us introduce some notations. For X C M, denote by [X]; € (1(M))* the
sequence which to n € w associates:

X]1(n) = {a(n) : a€X}].

For a word U = A;... A, € (1(M))* and a word v = ay...a, € M*, one
abbreviates a1y € Aj,...,a, € A, by simply writing v € U. Similarly, we
write Ay ... A C By... B to denote that k =1, A; C By,...,A; C By.

Let p be a mapping compatible with M. We construct the mapping p’
from (T(M))* to (1(M))% defined for all U € 1(M)* by:

50/ (U) = [{p(w) : ueUY) .

For making the proof to a little bit simpler, we use the following fact (recall that
the ordering in T(M) is ‘<’=‘D’, i.e., is reversed):

Fact 51 Let X, Y C MY, if for all b €Y there exists a € X such that a <, b,
then [ X1y <o [Y]1-



Proof. Let n,m € w such that a(n) < m. Let b € [Y];(m). This means that b =
b(n) for some b € Y. Thus there exists @ € X such that a <, b. We thus have
a(n) < b(m), and then [X];(n) 2 a < b(m). Hence [X];(n) 2 [Y]1(m). To sum
up, we have [X]; <o [Y]1. O

We are now ready for proving:

Lemma 52. The mapping p' is compatible with T(M).

Proof. We denote by « the correction function witnessing the compatibility of p.
As above, we do not precisely state the computation of correction function.
Monotonicity Let U D V be words in (T(M))*. We can straightforwardly apply
Fact 48 to {p(u) : we U} and {p(v) : v €V}, and get p'(U) =iq p'(V).
Letter, and product Let A € 7(M). The sequence equal to A can also be
written as [a : a € A];. Hence, one can directly apply Fact 48 twice, together
with the letter rule in M, and get p'(A4) ~4 A. The equation p'(g) ~o {1}7 is
obtained in the same way.

Product As for the item ‘letter’.

Substitution Let Uy, ..., Uy be words in (T(M))*. Let us first give an equivalent
formula for p'(p’(U1) ... p/(Uy)). For all n € w we have:

p'(p'(UL)...p'(Uk))(n) = {p(ar...ar)(n) : Vi, a; € p'(Ui)(n)}1
={play...ar)(n) : Vi, a; > p(u;)(n), u; € U;}T
={play...ar)(n) : Vi, a; > p(u;), u; € U;}7T .

Qg
ag

Hence [)l(p/(Ul) . ..pl(Uk-)) = [{[)(al . ..ak) : Vi, a; > p(ui), U; € Ui}]T'

Let now a; > p(uy),..., ax > p(ug) for some uy € Uy,. .. ux € Uy. We have:
plar...an) = plp(ur) ... pluy)) (def and monotonicity)
~p(ug ... up) (substitution)

Hence by Fact 51 we get §/(p(Uy)...p(Ux)) = p(Uy ... Ug).
Conversely, let v € U;y...Ug, it can be decomposed into u = uj...u,
with uy € Uq,...,ur € Ur. We have:

p() = plur ... ug)
~ plp(ur)...plug)) (substitution)
=play...a,) witha; =p(u;) fori=1...k

From which, by Fact 51, we get p(Uy ... Ug) = p'(p(Uy) ... p(Ug)).

Stabilisation Let £ € (M) be an idempotent. If we consider F*U{1}, it induces
a stabilisation sub-monoid of M. Hence, there exists a compatible mapping py
over E* U {1}. O

Proposition 15. Recognisable cost-functions are closed under sup-projection.

to complete.



Proof. Let A be an alphabet, M = (M, -, <,#) be a stabilisation monoid, h be
a length-preserving morphism from A* to M*, and I be a coideal of M. Let p
be a mapping compatible with M. By Proposition 10, one assumes without
loss of generality that p(u) is non-decreasing for all u € M*. Let f be defined
by f(u) = sup{n € w : p(h(u)) € I}, i.e., a representative of the cost function
recognised by M, h, I. Remark that, according to the choice of p(h(u)) non-
decreasing, we have n < f(u) iff p(h(u)) € I (prop *). Let B be an alphabet
and p be a length preserving morphism from A to B. One aims at showing
that feup,p is recognisable.

For this, let us consider the monoid 7(M), the mapping h’ from B to (M)
defined for all b € B by:

R (b) = {h(a) : p(a) =b}1 =h(p~ ()1,
and the ideal I’ C 1(M) defined by:
I'={Ae (M) : ANnI#0}.

Let f'(v) be sup{n € w : p/(K(v))(n) € I'}, i.e., f' is a representative of the

cost function recognized by (M), ', I’. Let v = by ... b, € B*, we have:
f'(v)=sup{n€ew : p'(K(v)(n) eI} (def of f7)

=sup{n€w : p'(M(v))(n)NI#0D} (def of I')
—sup{n € w ¢ A B))T - A BN () T A0} (def of 1)
=sup{n € w : Fu. p(u) =v A p(h(u))(n) € I'} (def of p')
=sup{n €w : Ju.plu) =vAn< f(u)} (prop *)
=sup{f(uw) : p(u) =v}
= fsup.p

Hence, 1(M), R/, I’ recognizes the sup-projection of f. O

4.6 From automata to stabilisation monoids

The purpose of this section is to prove that we can transform a cost automa-
ton (either B or S) accepting some cost function, into a stabilisation monoid
recognising this cost function. We first treat the case of simple B-automata
(i.e., over the actions ¢, ic and r), and in a second step the case of general B-
and S-automata.

Simple B-automata. In this section we prove that the functions accepted by
simple B-automata are recognisable (Lemma 56). For this, we start by showing
that over the set of actions Actsp; = {€, ic,r} , the function fsp; which to u €
Act?p, associates:

fspi1(u) =sup C(u)

is recognisable (Lemma 55).



The elements of the monoid are M,p; = {1, ic,r,0}, in which informaly, 1 is
the neutral element, ic correspond to a small sequence of increments and resets,
r corresponds to a sequence without big segments of increments without resets,
and containing at least one reset, and 0 correspond to sequences that perform
a long sequence of increments without resets. The definition of Mp; and the
stabilisation monoid is defined by the following table:

‘1icr0‘|j
1{1 icr 0 |1
iclicic r 0 |0 0<ic<1<r
rilr r r 0 |r
00 0 00 |0

Remark 8. You can remark that we did not use the order defined by the identity
augmented by 0 < ic. The two choices of order are possible, and both choices
yield a valid stabilisation monoid. The advantage of having a ‘larger’ order is that
the stabilisation monoid has less ideals. For this reason, the ideals and coideals
construction — as we perform below — give smaller stabilisation monoids. In the
particular case of the order 0 < ic < 1 < r, the stabilisation monoid of ideals
(resp. coideals) coincide with the original stabilisation monoid (i.e., it has 4
elements, as opposed to 24 elements if we would have made the other choice of
order). Despite this, we do not try to optimise the complexity in this work.

Lemma 53. M, g; is a stabilisation monoid.
Proof. By case analysis. a
The corresponding compatible mapping is defined for w € {1,ic,r,0}* by:

1 ifuel®

ic ifue (1*ic)<"1*

r o ifwe ((1*ie)<"1*r) T (1*ic)<"1*
0 otherwise.

psp1(u)(n) =

Lemma 54. The mapping psp; is compatible with Mp; .

Proof. By case analysis. Another argument is simply that this is the result of the
construction in the proof of Theorem 2 (which is particularly simple here since
every J-class is reduced to a single idempotent, i.e., regular and trivial). a

Let now hsp; be the (length preserving) morphism from Act*y, to M5, which
maps € to 1, ic to ic, and r to r. Let also I;5; be {0}.

Lemma 55. The function fsg; is recognised by Mg, hspr, Isps -

Proof. From the definition of psp;, we have fsp;(u) > n iff psp;(hsps(u)) = 0.
O



Consider now a simple B-automaton A=(Q, A, In, Fin, I, A). Let R C A*
be the language of runs, i.e., consisting of words in A* such that the target
state of a transition coincides with the source state of the next transition, such
that the source state of the first transition is initial, and such that the target
of the last transition is final. This set R is regular, and hence the mapping xr
is recognisable (Remark 7). Let p be the morphism from A* to A* which to a
transition (p, a,u, q) associates the letter a. For all counter ¢ € I', let p, be the
morphism from A* to Act* which to (p,a,u,q) associates u, (i.e., the actions
over counter ¢ done by the transition).

Let u € A* be a word. The value of the automaton over this word is the
infimum over all runs of the maximum of the values computed by each counter.
We can summarise this in the equation:

(AL (0) = int {max(xr(o), max s (. (0)) : 0 € A%, plo) =uf (1)

We just used the elementary trick that sequences of transitions which do not
form a valid run are given a value of w, i.e., do not impact in the evaluation of
the infimum.

This formula is nothing but an inf-projection of the maximum of |[I'| 4+ 1
recognisable cost functions (thanks to Remark 7 and Lemmas 55 and 41). Since
recognisable cost functions are closed under maximum and inf-projection, we
directly get:

Lemma 56. Cost functions accepted by simple B-automata are recognisable.

Generic proof for cost automata. The proof of Lemma 56 can be used for
all forms of automata, providing that we have stabilisation monoids for treating
each counters. Indeed, the equation 1 can be used for B-automaton in general
form, as well as for S-automaton just by replacing max by min, and inf by sup.
Hence, using Lemma 56, the cost function fp is recognisable.
For an S-counter, one uses the following simple B-automaton (one could also
use Proposition 5):

1,C, T 1 E iic 1,C,1 1 €

This simple B-automaton accepts the function fg. It works by guessing the
‘check’ in the input that contributes for the least value in C(u): it waits in state p,
until reaching a reset and entering state ¢. In state ¢ it counts the number of
increments before the first check, and at this point enters state r, waiting for the
end of the word. The best run for this automaton (the one yielding the smallest
value) is the one such that the checked value (when going from state ¢ to state r)
is as small as possible: i.e., the one that decides the value of fs(u).



Hence, using Lemma 56, the cost function fg is recognisable.
From the above facts, we obtain:

Lemma 57. The cost functions computed by B and S-automata are effectively
recognisable.

4.7 From stabilisation monoids to automata

In this section, we show the converse to the results of the previous section. We
show that for every recognisable cost function, one can effectively construct a
(history-deterministic, hierarchical and simple) B-automaton and an (history-
deterministic, hierarchical and simple) S-automaton that accepts it. The two
constructions follow the same principles, but differ slightly. We present them
successively.

From stabilisation monoids to history-deterministic B-automata We
use the following notation for ideals: for a € M, I, is the (already defined) set
{be M : b<a}. We will also use the dual notation Iz which represents the
ideal {b € M : a £ b}. (this notation should not be confused with I which
denotes the co-ideal complement of an ideal I).

The goal of this section is to establish the following lemma.

Lemma 58. FEvery recognisable cost function is accepted by an history-determi-
nistic simple hierarchical B-automaton.

From now, we fix ourselves an alphabet A, a stabilisation monoid M = (M, -, <
,1), a length-preserving morphism h from A* to M*, and an ideal I C M. We
also fix a mapping p compatible with M. We aim at constructing a B-automaton
for the cost function recognised by M, h, I.

We use for this a enriched form of simple B-automata that relates with more
precision the semantic with the stabilisation monoid: a simple B-automaton is
with output in M if it is equipped (in replacement of the set of accepting states)
with a mapping F from its set of states to M. Intuitively, when reaching the
state p after some n-run over some word wu, one ‘expects’ the word u to satisfy
p(h(uw))(n) = F(p). In this framework, a run is no more required to end in a
final state (since there are no final states): a run is simply a partial run, the first
state of which is initial.

We prove below the existence of a simple B-automaton over the alphabet M
with output in M, and of a correction function « such that:

Correctness For all word u € M*, all n € w, and all n-run over v ending in
state q,

(LInF(q) Za p(u)
or equivalently, Ym. m > a(n) — p(u)(m) > F(q) .



Completeness For all n € w, there exists a translation strategy 4, such that
for all word u, there exists an n-run o driven by §,, over u, and

p(u) Za (F(@)nT) ,
or equivalently, Ym. a(m) <n — p(u)(m) < F(q) ,

in which g is the last state assumed by o.

In this statement, we give two (by definition equivalent) versions of the com-
pleteness and the correctness. The left version is the one we establish below: it
is much more natural to use in the context of compatible mappings. We use in
it the fake elements | and T that represent new elements, below and above re-
spectively every other elements in M (in practice, those elements never interfere
with M, i.e., 1L and T will never appear in a product or a stabilisation). The
right version is the good one for concluding as we explain just below.

For the sake of explanation, let us assume for some moment that a is the
identity correction function. In this case, the correctness would simply say that
for all n € w, every n-run which ends in some state ¢ is such that F'(q) < p(u)(n),
and the completeness that there exists a specific n-run (the one driven by §) that
ends in a state ¢ such that p(u)(n) < F(g). This implies:

p(u)(n) €I « for all n-run o over u ending in ¢, F(q) ¢ I .

From which we deduce that the B-automaton in which the final states are set
to be F~1(I), and that has as transition each (p, a, v, q) such that (p, h(a),v,q)
is a transition of A, accepts the function u +— inf{n : p(h(u))(n) & I}, ie., a
function recognised by M, h, I.

We use the exact same argument for concluding, assuming the correctness
and completeness, the proof of Lemma 58:

Proof. (of Lemma 58) One constructs an automaton Angp,; by taking the au-
tomaton A, removing the output mapping F', setting as final each state ¢ such
that F'(q) ¢ I, and putting a transition (p, a, v, q) for a € A whenever (p, h(a), v, q)
is a transition of A. Let f be the cost function which to u € A* associates
f(u) =inf{n : p(h(u))(n) € I}. Let u € A* be a word.

Let us consider an n-run o of Apn p,r over u. This run ends in a final state g,
i.e., a state such that F(q) € I. Using correctness, p(h(u))(a(n)) > F(q) € I,
and hence p(h(u))(a(n)) ¢ I. Hence, using Fact 3, f(u) <o [Am,n1]5(w).

Conversely, let n be such that p(u)(n) € I. Using the completeness property,
there exists a partial a(n)-run driven by d,(,) over u which ends in a state ¢
such that F(q) > p(u)(n). Since I is an ideal and p(u)(n) ¢ I, we deduce
that F(q) € I, i.e., the state g is final. Hence, the partial run driven by d(,) is
a run. We get [Annr]%(u) <a f(u).

This completes the proof of Lemma 58 according to Fact 6. a

Let us turn ourselves to the definition of the automaton A itself, and to the
proof of correctness (Lemma 59) and of completeness (Lemma 60). Let M be
the stabilisation monoid (M, -, <, #).



The construction is by induction on a subset S C M which is J-closed, i.e.,
such that M -S- M C S. The induction hypothesis is that there is an automaton
over the alphabet S that has the properties of completeness and correctness.

If S = (), then the alphabet is empty, and the empty automaton directly
satisfies the statements.

Else, let J C S be some J-class different which is maximal for <. Let S’
be S\ J (by maximality of J, S is also J-closed). We assume by induction
hypothesis the existence of a simple B-automaton A’ with output in S’ which
satisfies the induction hypothesis for letters in S’.

The construction of the new simple hierarchical B-automaton .4 depends
upon the nature of the class J. The interesting case is when J is an unstable 7-
class (we briefly mention afterward the other cases). Hence we assume now that J
is an unstable J-class. One constructs the new automaton A = (Q, M, I, I’} A)
with @ = Q' x JU{1}, I' = I'" + {i} in which ¢ is a fresh counter, I = I’ x {1}
and A is defined as:

A= {((p,a),b, (ic),, (p,a-b)) : a-h(b) € J} (a)
U{((p.a), b,y (¢, 1)) : a-h(b) € J, (p.a®-h(b),v,q) € A’} (b)
U{((p,a),b,vr.,(g,1)) + a-h(d) & J, (p,a-h(b),v,q) € A} (c)

where ~r, represents the extension of v to I' that to ¢ associates r. Finally,
for all state (p,a), one sets F((p,a)) = F'(p) - a. One can remark that this
construction naturally produces a hierarchical automaton (up to renaming of
counters). Indeed, each time some action is performed on a counter of A’, the
new counter ¢ is reset. Hence if A’ is hierarchical, so is A.

The intuition behind this construction is that the automaton maintains (1)
the state of the automaton A" and (2) the value of 7(v) where v is a suffix of the
word read so far such that v is J-smooth. Each times the suffix increases in size,
the counter is incremented and checked (a). After some time, the counter reaches
a too high value; in this case the automaton cannot use the ‘too expensive’
transition (a), and ‘is forced’ into reseting using transition (b): the result is that
the value 7(v) is degraded into 7(v)*: the suffix v is now ‘considered as long’. Of
course, the automaton could take the transition (b) earlier, but this would not
help him. The transition (c) is used when the suffix v is prolonged in such a way
that 7(v) does not belong to J anymore. When using transition (b) or (c), the
value produced does not belong to J anymore, and the A’ part maintains this
information.

In the case of a stable J-class or an irregular one, the situation is simpler;
there is no need for a new counter, and we use the following simplified set of
transitions:

A={((p.a),b,e,(p,a- (b)) : a-be J} (a)
U{((p,a);b,7. (¢, 1)) = a-h(b) & J, (p,a-h(b),y,q) € A} (c)

where € is the mapping constant equal to & over I. We will not establish the
correctness nor the completeness in this simpler case.



Lemma 59. There exists o such that for all n-run of A ending in state q over
a word u, (L[,F(q)) Za p(u).

Proof. Let o be the n-run over the word u ending in a state gq. Our first step
consists in decomposing o. Each transition in o is of one of the forms (a), (b)
or (¢). Let us factorise o into 0107 ...dkok+1 in such a way that all transitions
each o; is a (possibly empty) subrun consisting of transitions of the form (a),
while each d; is a transition of the form (b) or (¢). Let uja; ...agugy1 be the
corresponding factorisation of w. By inspecting the transitions and the set of
initial states, one remarks that the states assumed at the begining of each subrun
o; is of the form (p;,1) for some p; € @'. One remarks also that the state
assumed at the end of o; has to be of the form (p;, 7(u;)) (since transitions of
the form (a) enforces that the first component of the state remains unchanged,
and the second component evolves by a right product with the current letter).
In particular ¢ = (pr41, 7(uk+1))-

Let b; be m(u;)* if i < k and 6; is of the form (b), and be 7(u;) in all other
cases. Let b; be b;|,m(u;). We can remark that transitions of the form (a) always
increment the counter ¢. As a consequence, since ¢ is an n-run, no u; has a length
greater than n. We deduce from that:

by = (m(w;) o (i) < (7(ue)* s m(us)) = Blus) ~ plus) .

To each transition of the form (b) or (c¢), corresponds in its a definition a
transition from A’. Let 07,...,d}, be the transition corresponding to d1,...,d
respectively. According to the remark above, each 6} is of the form (p;—1,b; -
ai, i, Pi). Since o is an n-run and each action on the counter of I'" are kept
in o/ = 67...0,, it follows that ¢’ is a n-run of A’ over the word v’ = (b; -
ay) ... (bg - ai). Hence, by induction hypothesis, we know that L|,F'(pg+1) So
p((bl . al) ‘e (bk . ak)).

Putting all this together we can derive the following chain of inequalities:
J*‘nF‘(q) = J~|’rLF‘/<pn—i-l) . bn+1
j J-|n(p((bl : (11) e (bn : an)) : bn+1)
< p((w ()t - ar) . () - an) - 7 (W) ap (b1 - 1) .. (B - a2)) - B

=p((s1-a1)...(8n-an))) " Snt1
~ p(8101 ... SpnSnt1)

= p(B(ur)as ... B(un)anB(unt1))
~ p(u)

O

Let us fix n. We need now to define the translation strategy ¢, for n that
witnesses the history determinism of the construction. The oracle has to resolve
non-determinism conflicts. In this construction, two forms of non-determinism
can occur. The first one is the one inherited by the induction hypothesis, and
we use for resolving it the translation strategy ¢’ inherited from the induction



hypothesis. The second form of non-determinism occurs when in a configuration
(p, a) and while reading a letter b such that a-h(b) € D; in such a situation, one
has to choose between transition (a) and transition (b). For this, the translation
strategy maintains in its memory (there is no memory constraints here) the
value of the counter ¢, and when in front of an (a)/(b) choice, it always choose
transition (a) unless the value of the counter ¢ is n and in this case, it chooses
transition (b). We will not provide any more formal description of this translation
strategy.

Lemma 60. For all n and all word w, there exists a Tun driven by 6, over u
exist, it is an n-run, and

p(u) Za (F(QnT)
in which ¢ is the last state assumed by this run.

Proof. Tt is clear that the run exists (there is always a transition available, and
the translation strategy always chooses a valid transition). It is clear also that
the resulting run is an n-run since as soon the value of the counter ¢ reaches
value n, it is reset during the following transition.

Let o be the d,-driven n-run over uw. Let 0 = 0161 ...0,0,0k4+1 as well as
U = U107 ... QRUKE1, P1s--->Pkt1, and o' = 87 ...0%, b1,...,bx be as in the
proof of Lemma 59. By construction of d,, o’ is the run of A’ driven by 4/ on
the word «' = (b1 - a1)...(bg - ar). Hence by induction hypothesis p(u’) <4
(F' (Pr+1)[n T).

Set b; to be (b;|,m(u;)) (here the definition differs from the one in the proof of
Lemma 59). The important point is that in an O-driven n-run, the transition (b)
is never used unless counter ¢ reaches the value n. As a consequence, if b; =
7(u;), then |u;| = n. This implies for a suitable o :

p(ui) ~a Bui) = (7 (wi) o, 7 (1) o (bilnT) = bs -

Recall that the last state assumed by o is ¢ = (px+1,7(ugt1)), and as a conse-
quence that F(q) = F'(pg+1) - bk+1 by construction of F' and definition of by .
Let us compute:

(
< p(s1a1...akSK+1)

((s1-a1)...(sg-ax)) - Sg+1

((b1-a1)...(b1-a1)) - brs1lnp(m(urar) ... w(ugar))m(ups1)
< F'(pry1) - brraln T

(F(@]nT) -



From stabilisation monoids to history-deterministic S-automata The
goal of this section is to establish the following lemma.

Lemma 61. Every recognisable cost function is accepted by an history-deterministic
hierarchical S-automaton.

The principle of the construction is identical. Everything is to some extent
reversed. This time the S-automaton with output in M we construct has the
following properties (the equations are reversed):

Correctness For all word u and all n-run over it ending in state g,

pu) o (F(Q)|.T) , or equivalently, n <o Ir(q)[p(w)] -

Completeness For all n, there exists a translation strategy ¢ such that for all
word u, there exists a n-run driven by § over u, and

(LInF(q)) Za p(u) , or equivalently Im[p(u)] <an .

in which ¢ is the last state assumed by the n-run.

Another change is that when constructing the automaton Ay, the set of accepting
states is now F~1(I) instead of F~1(I)

The automaton is also constructed by an induction on the size of the sta-
bilisation monoid. Everything is identical, but the transitions which are slightly
different (in the unstable case):

A={((p,a),b,i,,(p,a-b)) : a-h(b) € D} (a)
U{((p,a),b,ver., (q,1)) : a-h(b) € D, (p,a* - h(b),v,q) € A’} (b)
U{((p,a),b,vr.,(g,1)) : a-h(d) & D, (p,a-h(d),v,q) € A’} (c)

where 7, represents the mapping which to every counter in I associates € and to ¢
associates i, while yer, represents the extension of v to I' that to ¢ associates cr
(atomic check followed by a reset), and ~r, represents the extension of v to I’
that to ¢ associates r.

The intuition behind this construction is that the automaton maintains (1)
the state of the automaton A’ and (2) the value of 7w(h(v)) where v is a suffix of
the word read so far such that h(v) is D-smooth. Each times the suffix increases
in size, the counter is incremented (a). If the length of v is sufficiently long, the
counter ¢ has a high value, and the automaton takes transition (b) and improves
the value of w(h(v)) into w(h(v))? (this was a degradation in the B-case, this is
good here since everything is ‘reversed’). If the automaton reads a new letter b
such that 7w (vb) € D, then it uses the transition (c¢). Of course the automaton
could always choose transition (a) and never transition (b), but this would not
be a good choice. When using transition (b) or (c), the value produced does not
belong to D anymore, and the A’ part maintains this information.

Different slight variations around this construction are possible. Let us stress
the fact that it is important to be able to reset without checking the value of



counters for it to work in a history deterministic way. Indeed, it is possible to
construct an automaton that uses only the actions on counters {e, i, cr}: it has
to guess in advance if the following smooth word is short or long, and increment
the counter only in the latter case, and perform a atomic c¢r in the end. This
construction is correct, but does not have the history-determinism property:
‘guessing in advance’ is a contradiction to that.

5 Logic

In this section we show how it is possible to use the theory of regular cost
functions in deciding extensions of monadic second order logic with cardinality
inequalities. Those results strictly extends the classical equivalence established
by Biichi between automata and monadic second-order logic over words.

Les us recall that monadic second order logic (MSO for short) is the exten-
sion of first-order logic with the ability to quantify about sets (i.e., monadic rela-
tions). Formaly MSO formulae use first-order variables (x,y,...), and monadic
variables (X,Y,...), and it is allowed in such formulae to quantify existentially
and universaly over both first-order and monadic variables, to use every boolean
connectives, to use the membership predicate (z € X), and every predicate of
the relational structure. It is classical that over words (finite or infinite) as well
as trees (finite or infinite), the expressivity of MSO coincide with standard form
of automata. We expect from the reader basic knowledge concerning MSO.

Ezample 12. The MSO formula reach(z, y, X) over the signature containing the
single binary predicate edge (signature of a digraph):

reach(z,y, X) n=VZ.
(x € ZAVz,2. (€ ZNZ € X Nedge(z,2') =2 €Z) — yeZ

describes the existence of a path in a digraph from vertex x to vertex y that uses
only vertices from X (but the first one): it expresses that every set Z containing x
and closed under taking edges ending in X, also contains y.

We devise two (dual) extensions to the logic MSO, namely MSO=Y and
MSO>¥. In those extensions, one uses a single variable N of a new kind, called
the bound variable, which ranges over non-negative integers. The logic MSO=
is obtained from MSO by allowing the extra predicate |X| < N — in which X
is some monadic variable and N the bound variable — if it appears positively in
the formula (i.e., under the scope of an even number of negations). The logic
MSO> allows the same predicate but only if it appears negatively in the formula
(i.e., under the scope of an even number of negations). Equivalently, the logic
MSO~ is obtained from MSO by allowing the new predicate | X| > N appearing
positively in the formula. The semantic of |X| < N is, as one may expect, to
be satisfied if (the valuation of) X has cardinality at most (the valuation of)
N. It is already clear at this point that the negation of a MSO="-formula is an
MSO>¥ -formula and vice versa.



Given a relational structure S and a non-negatice integer n, we exress by
S,n | ¢ the fact that the formula ¢ is satisfied over the structure S when the
variable N takes the value n.

The positivity (resp. negativity) of the use of the predicate |X| < N has
straightforward consequences:

Fact 62 For all MSO=Y formula ¢ of only free variable N, all relational struc-
ture S, and alln <m in w,

S,nEé implies S,mEae.

Dually for all MSO™YN formula ¢ of only free variable N, all relational struc-
ture S, and alln < m in w,

S,mE¢ mmplies S,nkE¢.

The semantic of an MSO="-sentence ¢ (sentence meaning that N is the only
possible free variable in the formula) is to define a cost function over relational
structures. Formaly, given a relational structure S, one defines the semantic of ¢
over S as:

[6]5(S) =inf{n : S,n k= ¢} .
This value can be either a non-negative integer, or w if no valuation of N do
make the sentence true. Dualy, the semantic of an MSO”"-sentence ¢ is:

[¢]7(S) =sup{n+1 : S,nkE= ¢} .

This value can be a non-negative integer, or w if ¢ is satisfied for all valuations
of N. Using Fact 62 one directly gets:

Fact 63 For all MSOSY sentence ¢, [¢]< = [~¢]>. For all MSO™Y sentence ¢,
[¢]> = [-¢]=.

This is also closely related to the standard semantics of MSO, as illustrated by
the following fact:

Fact 64 For all MSO sentence ¢, and all relational structure S,

u¢n<<s>={0 FSEe and u¢n><s>={°" FSEe

w otherwise , 0 otherwise .

Ezample 13. The formula VX.|X| < N calculates the size of a structure. A
more interesting example makes use of Example 12. Again over the signature of
digraphs, the MSO="-sentence:

diameter = Vz,y.3X.|X| < N Areach(x,y,X).

defines the diameter of the di-graph: indeed, the diameter of a graph is the least n
such that for all pair of states x,y, there exists a set of size at most N allowing
to reach y from z (recall that = does is not necessary in X, hence this is the
diameter in the standard sense).



In the standard theory of regular languages, the translation from an M SO
sentence into a regular languages relies on the closure of regular languages under
union, [intersection,] complementation, and projection. In our case, regular cost
functions are closed under min, max, inf-projection, and sup-projection. Using
exactly the standard technique we easily obtain:

Theorem 4. The following items are equivalent for a cost function f over
words:

— being regular,
— being definable in MSOSY,
— being definable in MSO™N .

As a consequence, the limitedness is decidable for MSO=" and MSO~ " -sentences
over words.

6 Conclusion

We have introduced the notion of regular cost functions over words: equivalence
classes of functions from words to w-+1. We have shown that those cost functions
enjoy many equivalent representations: algebraic, logic and automata theoretic.
This paper is mainly oriented toward the algebraic part, in particular with The-
orem 2 which shows that stabilisation monoids have a semantics independent
from the automata counterpart. From those equivalences we obtain that the
class of regular cost functions enjoy closure under min, max, inf-projection and
sup-projection. From those closure properties, it is possible to derive an equiv-
alence with a suitable extension of monadic second-order logic (not presented
in the paper). We also provide a decision procedures for the < relation, and
as a consequence the equivalence of cost functions. This result generalises the
decidability of the limitedness problem in [23] and [1].

The results were carefully stated so that the extension of the theory to trees
is possible (subject of a following paper). In particular we have introduced the
notion of history-determinism, a semantic notion which replaces the classical
notion of determinism in this framework. Let us finally remark that this whole
framework can be extended without any problem to infinite words.
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