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Part I. Cutwidth and search games

Question 1. Let Y C X. We have :

2f(Y) = f(V) + f(YV) = f(Y) + F(X\Y) = fF(X) + f(D) =2/ (0)

Question 2. The function f satisfies the first condition of the connectivity function because
it is symmetric in S and V(G) \ S.

Let e = {u,v} withu € YiUYs and v € V(G) \ (Y1 UY2). Then u € Y; for i = 1 or 2 or both.
Since v € V(G) \ (Y1 UY3), we have v € V(G) \ Y;. Therefore, if the weight of e contributes to
Ff(Y1UY5), it also contributes to f(Y1) + f(Y2).

Let e = {u,v} withu € YiNYs and v € V(G)\ (Y1NY3). Then u € Y; for i = 1 and 2. Since

v e V(GQ)\ (Y1 NYs), we have v ¢ Y; for i = 1 or 2 or both. Thus v € V(G) \ Y;. Therefore, if
the weight of e contributes to f(Y; NY3), it also contributes to f(Y1) + f(Y2).

If the weight of e contributes to both f(Y; UY3) and f(Y1 NY2), then v ¢ (Y1 UY3), and
thus e contributes to both f(Y1) and f(Y2).

If some weights are negative, then the inequality can be violated. For instance, consider
an edge e = {u,v} with u € Y7 \ Y2 and v € Y3\ Y7. This edge does not contribute to
f(Y1 UYs) + f(Y1 NYa), but it contributes to both f(Y7) and f(Y2). As a consequence, if its
weight is negative, the right hand side of the inequality may be smaller than the left hand side.

Question 3. The proof follows the guidelines of the monotony proof of Seymour and Thomas
for crusades which was presented during the lectures. Let Z = (Y7,...,Y}) be a (k, £)-expansion
in X satisfying :

Cl:3Y;_, f(Yi) is minimum;
C2: Y., |Yi| is minimum subject to C1.
We prove that this expansion is monotone.

First, for any ¢, we have f(Y;—1 UY;) > f(Y;). Indeed, otherwise, let
Z/ = (H)"'an—lvn—l UYY%Y;-FI)"')}/T)-

7' satisfies conditions 1 and 2 of (k, ¢)-expansion. Moreover :

— We have (Y;_1 UY;) \ Y1 =Y;\ Yy, thus |(Yio1 UY;) \Yioq| = [V \ Vi < 4

~ We also have Yi1 \ (Y;-1 UY;) € Yigq \ Yioq, thus [V \ (Vi UYD)| < Vi \ Y| < 4
Therefore, Z' also satisfies condition 3 of (k, ¢)-expansion. Thus if f(Y;—1 UY;) < f(Y;) then we
would get Z' is a (k, £)-expansion, in contradiction with C1.

Now, because of condition 2 of connectivity function, f(Y;—1 UY;) > f(Y;) implies that
fViaNY) < f(Yi). Let

2" = (Y1,....Yi0,Yi 1 NY;,Y;, .. Y,).



Z" satisfies conditions 1 and 2 of (k, £)-expansion. Moreover :

— We have (Y;-1NY;) \Yio C Y1\ Yio, thus [(Y;o1 NY;) \ Yio| < |Yi1 \ Yico| < L.

— We also have Y; \ (V-1 NY;) =Y;\ Yy, thus |V;\ (Yic1 NY))| = Vi \ Yieq| < 2

Therefore, Z" also satisfies condition 3 of (k,¢)-expansion. Thus, Z” is a (k, £)-expansion. It is
minimal according to C1. Therefore, because of C2, |Y; NY;_1| > |Yi—1|, and thus Y;_; C Y;.

Question 4. Assume that there exists a (k,/¢)-expansion Z = (Y1,...,Y;) in X. Note that
since f(Y;—1) < k and f(Y;) < k, we have at least one inequality f(Y;—1 NY;) <k or f(Y;i—1 U
Y;) < k that is satisfied. Therefore, one can define the search following search strategy S =
(My, My, My, M}, ..., M,, M) where

, ((Yie1 \ Y3,0), (V;\Yioy, 1)) i f(YiNY;) <k
O M) = | (GRR D), G To) i Hs UYy <4 W

By construction, the cost of this strategy is at most k, and the its rate is at most £.

Conversaly, let S = (My,...,M,) with M; = (Y;,b;), be a winning search strategy in X
with rate < £ and cost < k, with corresponding search sequence T'= (Ny, ..., N,). This latter
sequence is a (k,{)-expansion. Indeed, by construction, No = 0, N, = X, and f(N;) < k. For
the last condition, we have :

If b; =0, then N; = N;_1 \ Y;, and thus |N; \ N;—1| < |Yi| < ¢;
If b, = 0, then N; = N;_1 UYj;, and thus |NZ \ Ni_1| < |}/z| < /.

Question 5. Assume that there exists a winning search strategy with rate ¢ and cost k.
Then by Question 4, there exists a (k, £)-expansion.

Then, by Question 3, there exists a monotone (k, £)-expansion Y7,...,Y,.

Then, by Question 4, there exists a monotone winning search strategy with rate < £ and cost
< k. Indeed, the construction of Equation 1 preserves monotony. In other words, the search
strategy S = (My, ..., M,) with M; = (Y; \ Y;—1,1) is a monotone search strategy.

Question 6. Consider the node search version of graph searching, excepted that if d edges
incident to a clear node lead to the contaminated part of the graph, then d searchers are required
to guard that node. The connectivity function f for that game is the one defined in Question 2.
Since searcher are added or removed one by one in node search, the rate of that game is 1. Let
ns(G) be the minimum number of searchers required to clear the graph in this game.

By Question 5, the game is monotone, that is : if there exists a search strategy with cost
at most k, then there exists a monotone search strategy with cost at most k. Now, a monotone
search strategy for that game is a sequence of nodes x1,...,x, where x; is the node added at
step 7 of the strategy. Since the cost for guarding S; is f(.S;) we get a one-to-one correspondence
between layouts of width at most k and monotone search strategies of cost at most k. Therefore

cw(G) = ns(Q).



Part II. Routing and Cayley graphs

Question 1. If all routes R, , are along shortest paths, then the total load of the routes is

L= Z (distg(u,v) —1).

ueV(G) veV(G)v#u

If the number of paths traversing a node is the same for all nodes, it means that this load is
evenly shared by the nodes, and thus any node has a load L/n.

Question 2. The graph (a) in Figure 1 is not a Cayley graph because it is even not vertex-
transitive. Indeed, the number of nodes at distance 2 is not the same for the grey nodes and
the white nodes.
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F1G. 1 — (a) is not Cayley, (b) and (c) are Cayley

The graph (b) is the 3-dimensional hypercube. It is a Cayley graph (I, S) with I' = Z/2Z x
7./2Z x 727 and S = {(0,0,1), (0,1,0), (1,0,0)}.

The graph (c) is a chordal graph. It is a Cayley graph (I',.S) with I' = Z/8Z and S =
{+1,43,+5,+7}.

Question 3. Important : note that, for any u € I', the map ¢,, : v — u*v is an automorphism
of the Cayley graph G = (I, S).

The routes R, as shortest path by construction. For u # e, and u # v, Ry o = u* Rg 1,4
Let R, -1,y = (0,21, ..., 2)) with g = e and = u™ xv. We get Ry, = (ukag, uxz1,. .., u*
xy). Assume that there is a shorter path P = (yo,y1,...,y¢) from u to v, i.e., yo = u, yp = v,
and ¢ < k. Then w~! % P is a path from e to u~! x v, of length ¢ < k, contradicting the fact that
R 14y 18 a shortest path.

Question 4. Let z and 2’ be two different nodes of G. Assume that z is traversed by the
route Ry . Let y = 2’/ *271. The map ¢, maps z to 2’. Let v/ = ¢, (u) and v/ = ¢, (v). We have

1

/ / - ! —1 _
Ru’,v’ =u *Re,u’*l*v’ =T *xT *u*Re,(x’*xfl*u)*1*(:(;’*:(;*1*1)) =T *T *u*Re,uflv = ¢y(Ru,v)’



Question 5. From Question 3, all routes are along shortest paths. Question 4 shows that
there is a one-to-one mapping from the routes traversing a node x to the routes traversing any
other node 2’. Hence the load of every node is the same. Thus, by Question 1,

1 .
¢(G,R,x) = - Z (distg(u,v) —1).
ueV(G) veV(G),v#u

Since, Cayley graphs are vertex-transitive, we get

¢G,Rax)= ) (distg(ug,v) — 1)

veV(G),v#ug

for any node ug € V(G). Since, this is also a lower bound for any routing, we get the result.

Part III. Bandwidth and broadcasting

Question 1. Let the star of n nodes be S,, with V(S,) = {xo,21,...,2,—1 where z¢ is the
center. Let k£ > 1. Consider the following path-decomposition P(k) = X1,..., X[(n—1)/x) Where

Xi = {33‘0} U {xk(i—l)—i-jvj =1,... ak}

The pathwidth of this path-decomposition is max; | X;| — 1 = k. The center appears in all bags,
hence the bandwidth of this path-decomposition is [(n — 1)/k].

Question 2. Additional hypotheses were required for the result to hold. Any attempt
to solve that question was acknowledged by additional points according to the degree
of advance in the solution. The global reckoner does not include this question.

Question 3. Consider the following path-decomposition P of an n x m grid with node set
{ij, it=1,....,m, j=1,...,n}. P=X1,..., X1 where X; = {z;;,2; j+1, i = 1,...,m}.
Its pathwidth is w = 2m —1, and its bandwidth is 5 = 2. Following Question 3, b(G) < O(logn).
On the other hand, since a node can send the information to at most one other node at each
round, we have b(G) < [logyn].
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