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Abstract

This paper aims to study broadcast and multicast communication prob-
lems in networks under several variants of the edge-digoint path mode. We
derive upper and lower bounds for the approximability ratios of these prob-
lems (i.e., the worst-case ratios of the time required for a protocol computed
in polynomial time to complete, over the time of an optimal protocol). These
bounds show that slight modifications of the model (graphs vs. digraphs,
all-port vs. single port, standard regimen vs. restricted regimen, etc.) have a
tremendous impact on the difficulty, and of course on the complexity, of the
problems.

1 Introduction

Given anode s of a network, and a set of nodes D, multicasting from sto D con-
sists to transmit a piece of information from sto al nodesin D using the commu-
nication facilities of the network. Broadcasting is the specific case of multicasting
in which the destination set consists of all nodes of the network. Multicasting and
broadcasting are two of the basic operations upon which network applications
are frequently based nowadays, and it hence gave rise to a vast literature, cover-
ing both applied and fundamental aspects of the problem (cf. [11, 21] and [18],
respectively).

As far as fundamental aspects are concerned, the multicast problem can be
expressed as follows. We are given a graph G = (V, E) (whose edges model the
communication links, and vertices model the network nodes), asources € V, and
adestination set D C V. We are looking for the most efficient multicast protocol
fromsto D in G. The nature of the “protocol”, and the measure of its “ efficiency”
depend on the communication model.

The local model assumes that transmissions proceed by synchronous calls
between the nodes of the network. It is assumed moreover that (1) acall involves
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exactly two neighboring nodes (locality constraint), (2) a node can participate
to at most one call at a time (single-port constraint), and (3) the duration of a
call is 1 (atomic constraint). A multicast protocol is then described by the list of
calls placed between the nodes of the networks. The efficiency of the protocol is
measured in term of number of rounds, where round t is defined as the set of all
calls performed between timet — 1 and timet, t = 1,2,... This model has been
intensively investigated, for both specific and arbitrary topologies (cf. [15, 19]
and [1, 2, 20, 23, 25], respectively).

The line model relaxes the locality constraint, and allows calls to be placed
between non-neighboring nodes. A call is then a path in the network, whose two
extremities are the “caller” and the “ callee’. (Note that, as opposed to the models
in [5, 6], the intermediate nodes between the caller and the callee do not receive
the information which just “cuts through” the routers attached to them.) Several
variants of the line model have then been investigated. The vertex-digoint paths
mode specifies that, at any given round, the paths joining the two participants of
every cal must be pairwise vertex-disjoint (cf. [14, 20] and the references there-
in). This paper is concerned with another variant of the line-model, called edge-
digoint paths mode, i.e., at any given round, the paths joining the two participants
of every call must be pairwise edge-digoint.

Under thislatter mode, it isknown[9, 12] that, if the graph is undirected, then
an optimal [log, |D|]-round multicast protocol can be computed in polynomial
time for any instance (G,s,D). However, very little is known in the case of di-
rected graphs. It is only known that the corresponding decision problem becomes
NP-complete (see [8]), and that there exists a polynomial 2-approximation algo-
rithm for directed trees [4] (see aso [10]) where a directed tree is rooted at the
source, and its edges are directed from the root toward the leaves.

One can go a bit further in relaxing the constraints of the local model. For
instance several contributions on multicasting under the edge-disjoint paths mode
alow “all-port” communications (i.e., a node can participate to as many calls as
its degree). It yields protocols that are faster than those derived for the single-
port constraint. This has been verified for specific topologies [3, 22] as well as
for trees[7]. However, very little is known in the case of arbitrary graphs, what-
ever they are directed or not. The only result the author is aware of is that the
corresponding decision problems are NP-complete (see [8]).

This paper aims to investigate the multicast and broadcast problems in arbi-
trary graphs and digraphs under the single-port and all-port variants of the edge-
digoint paths mode. Actualy, it is also worth to study a more sophisticated ver-
sion of the problem, in which nodes of a given set F, specified a priori, cannot
be involved to relay messages. Indeed, the need for efficient, secure, and fault-
tolerant protocols requires that some nodes should not be involved, as they could
be faulty, malicious, selfish, or just too slow. The setting of a model in which
nodes in a given set F are forbidden to relay messages is called the restricted
regimen of that model.
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All-port Single-port
Bounds References | Bounds References
Graph | p<O(logA) [Co.1] | p=1 [9, 12]
Digraph | p < O(logA) [Co.2] | p < 0(%) [Th. 2]
p > Q(logn) [Th. 3]

Table 1: Approximation ratios for the multicast problem.

All-port Single-port
Bounds References | Bounds References
Graph | p<O(logA)[Co.3] [ p=1 9]
Digraph | p > Q(logA) [Th.1] | p<pw [Th. 4]

Table 2: Restricted regimen. p,, is the approximation ratio for the single-port
multicast problem under the vertex-digjoint paths mode.

Notation. We denote by bs(G, D) the minimum number of rounds required to
perform multicast fromsto D C V in G = (V,E). For a shake of simplicity, we
assume, w.l.o.g., that se D. If D=V, i.e, as far as the broadcast problem is
concerned, bs(G,V) issimplified in bs(G). A is the maximum degree (resp., out-
degree) of the considered graph (resp., digraph). A i isthe minimum k such that
there is a spanning tree of G with maximum (out-)degree k. If G is a digraph,
then the arcs of the tree must be directed away from the root. We denote by n the
number of nodes. Unless otherwise specified, al log's are in base 2. All In’sin
base e.

Definition 1 An algorithm for the multicast problem is a p-approximation algo-
rithm if, for any instance (G, s,D) of the problem, it returns a multicast protocol
from sto D in G which completesin at most p - bs(G, D) rounds.

We aim to derive approximation algorithms for the multicast and broadcast
problems under the several variants of the edge-digjoint paths mode.

Our contributions. Our main contributions are summarized in Tables 1 and 2.
That is, we give some upper and lower bounds on the approximation ratio p for
the multicast problem in the considered variants of the edge-digjoint paths mode.

Structure of the paper. The remaining of this paper mostly consists of two
parts, one dedicated to the all-port variant of the edge-digjoint paths mode (Sec-
tion 2), and the other dedicated to the single-port variant (Section 3). Each of these
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sections is split in two subsections, one for the standard regimen, and the other
for the restricted regimen. Finally, Section 4 contains some concluding remarks.

2 All-Port Multicast Problem

In order to make clear the all-port edge-digjoint paths mode, let usrecall the mod-
el: communications proceed by a sequence of synchronous calls. During each
round, nodes aware of the information can call other nodes in the graph, and, for
each call, the callee can be at distance greater than one from the caller. A cal is
therefore a path in the graph linking the caller to the callee. The model specifies
that two calls (i.e., two paths) performed during the same round must be edge-
digoint (resp., arc-digoint if the network is modeled by a digraph). In particular,
it impliesthat a node u aware of the information cannot call more that d(u) nodes
at each round, where d(u) is the degree (resp., out-degree) of u.
Thefollowing isfolklore:

Lemmal bs(G,D) > [log,,|D|] where A is the maximum degree (resp. out-
degree) of the graph (resp., digraph) G.

Proof. Since the maximum (out-)degree of the (di)graph is A, the number of
informed nodes can be multiplied by at most A + 1 at each round. |

We consider first the case in which every nodeis allowed to receive and place
calls. Therestricted regimen is treated in Section 2.2.

2.1 Standard regimen

Assaid in the introduction, we have:

Lemma 2 (Cohen et al. [9], Farley [12].) There is a polynomial-time algorithm
which returnsa [log, |D[]-rounds single-port multicast protocol fromsto D inthe
graph G for any instance (G, s,D). Moreover, this protocol involves only nodesin
D ascallersand callees.

Asatrivia consequence of Lemmas 1 and 2, we get:

Corollary 1 There exists a polynomial-time O(logA)-approximation algorithm
for the all-port multicast problemin graphs.

We show below that roughly the same result holds for directed graphs.

Lemma3 Let G=(V,E) beann-nodedigraph,D CV,andse D. Thereexistsan
all-port multicast protocol from sto D performing in at most 2[log, |D|] rounds.
Moreover, this protocol can be constructed in O(nlogn) time.
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Proof. The protocol is constructed inductively. Let T be any directed tree rooted
at s and spanning D. (Every edge of T is directed from the root s toward the
leaves.) We denote by Tx the subtree of T rooted at x. Let x be anode of T such
that Ty contains at |east |D| /2 destination nodes, and every subtree Ty rooted at any
child y of x contains less than |D|/2 destination nodes. Node x is called centroid.
Let us consider the following multicast protocol from s. At the first round, s calls
X. At the second round, sisidle, and x calls simultaneously al its children. Then
wearelet with subtrees containing no morethat | D| /2 destination nodeseach (i.e.,
T\ Tx and the Ty’s). There is at most [log, |D|] induction phases, and therefore
the whole protocol completesin 2[log, |D|] rounds.

Computing the centroid of atree of k nodes takes O(k) times by DFS. Thus
the centroids of Phasei can be computed in O(n) times. The result follows since
there are O(logn) phases. O

Remark. One can decrease the constant factor in front of [log,|D|], for in-
stance by choosing x such that | Ty| > |D|/3 and |Ty| < |D|/3 for every child y of
X, and by letting s starts multicast in T \ Tx as soon as it has called x.

From Lemmas 1 and 3, weimmediately get:

Corollary 2 There exists an O(nlogn)-time O(logA)-approximation algorithm
for the all-port multicast problemin digraphs.

2.2 Restricted regimen

The restricted regimen specifies that thereisaset F of “forbidden” nodes. These
nodes can be used to transmit calls (i.e., they can be crossed by paths), but not to
transmit messages (i.e., they cannot be extremity of a path, neither as a caller nor
asacallee). Of course, F ND = 0.

The next result shows that O(logA) is the best approximation ratio one can
hope for the multicast problem if F £ (. For that purpose, we need to recall the
definition of the Minimum Set Cover problem (MSC for short).

Definition 2 (Minimum Set Cover problem.) We are given a collection C of sub-
setsof aset S, and wewant to find asmallest set C i, C C such that every element
of Shelongsto at least one set of Cin.

The following result is due to Feige.

Lemma 4 (Feige[13]) UnlessNP c DTIME(n!?9!99M)  the optimal solution of the
MSC problemis not approximablein polynomial timewithin (1—¢)In|g for any
e>0.

Observation 1 Feige'sresult holds even if one restricts the MSC problemto in-
stances (S,C) satisfying |C| < |S.
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u

Figure 1. Gadget in the proof of Theorem 1.

Theorem 1 Unless NP C DTIME(n'®9'%9") | the optimal solution of the all-port
multicast problem in digraphs under the restricted regimen cannot be approxi-
mated in polynomial time within less than ©(logA). Moreover, thisistrue even if
the set of forbidden nodes contains a single node.

Proof. Let (S,C) be an instance of the Minimum Set Cover problem. Let us
construct an instance of the multicast problem obtained from (S,C) as follows
(seeFigure 1). Thedigraph G = (V,E) has|S + |C| + 2 vertices:

V =SUCU{u,v},
where u and v are two nodes, and
E={(uv)}u{(v,C),Ce C}U{(C,s),Ce C,seC}.

We complete the instance of the multicast problem by setting the destination-set
to S, the source-node to u, and the forbidden set to {v}.

We claim that the optimal solution C i, Of (S C) satisfies |Crin| < bu(G,S) <
|Crnin| + 1. Indeed, let Cin € C be an optimal solution of Minimum Set Cover,
Chmin = {C1,...,C}. Then u perfforms multicast to Sasfollows: fori € {1,...,k},
ucalsC at round i. Once informed, C; calls simultaneously al the s € C;. This
multicast protocol completesin k+ 1 rounds. On the other hand, during an optimal
multicast protocol fromuto S, a most b, (G, S) setsin C are either traversed by a
call from u, or destination of acall from u. Since every s € Sis aware of the mes-
sage after by (G, S) rounds, these by (G, S) sets cover S, and thereforeb, (G, S) > k.

Therefore, |Cmin| < bu(G,S) < 2|Cmin|. Since we know from Feige's lemma
that the optimal solution of the MSC problem is not approximable within (1 —
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€)In|S, we get that by (G, S) cannot be approximated within aratio (% —¢)In|g
for any € > 0. We conclude the proof by noticing that A < |§ because theinstance
can be chosen so that |C| < S(cf. Observation 1). O

As far as upper bounds are concerned, the following result is atrivial conse-
guence of Lemmas 1 and 2:

Corollary 3 There exists a polynomial-time O(logA)-approximation algorithm
for the all-port multicast problemin graphs under the restricted regimen.

For digraphs, we just mention a much weaker result. Let us introduce some
notation. Let G = (V,E) be a strongly connected digraph, let se V, D C V, and
F cV, with F NnD = 0. For every v € V, we define T't(v) as the set of n-
odes reachable from vin G\ F . Let N*(F ) be the set of the out-neighbors of
the nodes in F, and let {us,...,u} = {S;U(NT(F)\F). Fori=1,... .k let
C =T*(u)ND. Let C = {Cq,...,Cx}. Let C* be an approximated solution of
the MSC problem with instance (D,C). Let C* = {C;,i € | }. For every i €1, let
G =Gi\Ujel,j<iCj sothat foreveryi, j € I,i # j, GiNC; = 0. Giventhat, one can
multicast from sto D in G avoiding F in two phases. During Phase 1, the source
scallsu; for every i € |I. During Phase 2, every u;, i € |, multicaststo C;. Phase 1
takes at most |C*| rounds. From Lemma 3, Phase 2 takes at most 2[log,|D|]
rounds. By application of Lemma 1, we get that there exists a polynomial-time

O((1+; Jgr& )logA)-approximation agorithm for the all-port multicast problem
in digraphs under the restricted regimen. This strategy is not expected to perfor-
m efficiently in general, but note however, that, since |C*| < C < A|F |, it yields
an O(logA)-approximation agorithm for instances of the multicast problem in
which A|F | = O(log|D|). More interestingly, if |F | = 1, then multicasting takes
at least Q(|Cpin| + 1009, |D|) where Cpin is an optimal solution of the MSC prob-
lem (D, C). Therefore, since |Cmin| can be easily approximated up to amultiplica-
tive factor of O(log|D|), we get an O(log|D| + logA)-approximation algorithm,
which is optimal for a single forbidden nodes (cf. the proof of Theorem 1).

3 Single-Port Multicast Problem

Let us now consider the single-port model. In this setting, communications still
proceed by a sequence of synchronouscalls, but, as opposed to the all-port model,
nodes aware of the information can call at most one other node during each round.
Again, for each call, the callee can be at distance greater than one from the caller,
and acall ishenceagainapathinthegraphlinking acaller and acallee. The model
specifies that two calls performed during the same round must be edge-disjoint
(resp., arc-disjoint in digraphs). For instance, let Fn, n > 3, be the “Fork” digraph
of n nodes: V(Fn) = {u,v,ws,...,Wn_2} and E(Fy) = {(u,v), (v,wi), (Wi, u),i =
1,...,n—2}. The undirected Fork graph Fy, is obtained from F,, by removing the
orientation of the arcs. We have by (F,) = [log, n], but by(Fy) = [n/2].
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The following isfolklore:

Lemma5 bs(G,D) > [log,|D|] for any graphor digraphG = (V,E),anyD CV,
andanyse D.

Proof. Thesingle-port constraint impliesthat the number of informed nodes can
at most double at each round. O

As in the previous section, we consider first the case in which every nodeis
allowed to receive and place calls. Therestricted regimenistreated in Section 3.2.

3.1 Standard regimen

If G is undirected, then Lemma 2 applies, i.e.,, bs(G,D) = [log, |D|] for every
instance (G, s, D), and the corresponding multicast protocol can be computed in
polynomial time.

The example of the Fork digraph shows however that there are instances of
the multicast problem in digraphs for which bg(G, D) = ©(n). On the other hand,
it is trivial observation that multicasting in Hamiltonian digraphs can be done
in [log,|D|] rounds by just using an Hamiltonian cycle. This observation ap-
plies to Eulerian digraphs as well. Actually, multicasting can also be achieved
in [log, |D|] roundsif thereis an Eulerian or Hamiltonian partial subgraph of G
spanning D.

If fact, one can easily derive an approximation algorithm for the broadcast
problem, based on approximated sol utions of the Minimum Degree Spanning Tree
problem (MDST for short). The MDST problem is defined as follows. Given any
digraph G = (V,E), and any set D C V, let Apin(G,D) be the smallest integer k
such that there exists a rooted directed tree of maximum out-degree k, spanning
D in G. (The arcs of the tree are directed away from the root.) Amin(G,D) is
abbreviated in Apin(G) if D =V.

Definition 3 (Minimum Degree Spanning Tree problem). We are given a(di)graph
G, and we want to compute a spanning tree of maximum (out-)degree A min(G). In
the Steiner version of the MDST problem, we are given G and a set of nodes D,
and want to compute atree spanning D and of maximum (out-)degree A min(G, D).

The following result is due to Flirer and Raghavachari.
Lemma 6 (Furer and Raghavachari [16].)
There is a polynomial-time algorithm which, given any digraph G = (V,E) and
noder €V, returns a directed spanning tree of G rooted at r and of maximum
out-degree O(Amin(G) + logn).

The previous lemmawill be used in combination with the next one:
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Lemma 7 There is a polynomial-time algorithm which, given any directed tree
T = (V,E) rooted at r, and of maximum out-degree A, and given any D C V,

computes a multicast protocol fromr to D performingin O( ﬁ -log|D|) rounds.

Proof. A multicast protocol M fromr to D in T is constructed inductively, and
issimilar to the protocol described in the proof of Lemma 3. Again, we denote by
Tx the subtree of T rooted at x. Let x be anode such that Ty containsat least |D|/2
destination nodes, and every subtree Ty rooted at any childy of x containsless than
|D| /2 destination nodes. Thefirst roundisacall fromr tox. Oncer has performed
this call, it starts multicasting in T \ Tx. Once x is informed, it spends at most A
rounds to informits children as follows. Let yy,...,yq bethe g < A children of x
whose subtrees contain at least one destination node, and let d; be the number of
destination nodesin Ty,. Assume, w.l.o.g.,thatd; > dy > -+ > dy > 1. Then x call
yi firgt, theny,, and so on until yx. Assoon asy; isinformed, it starts multicasting
inTy,.

,>’/-\t this point, we are let with subtrees containing at most |D|/2 destination
nodes each, and we can apply the same strategy inductively in each subtree. Since
there are O(log|D|) phases of induction, and since each phase requires at most
A+ 1rounds, M takes at most O(Alog|D|) rounds. Let us show that the order in
which x callsits children alows to save a logarithmic factor in this analysis.

Let us show by induction on [log, |D|] that M completesin at most (@ +
0O(1))log|D| rounds. Let b(k) be the maximum of the completion time of M for
destination sets D of cardinality at most k. We have

b(2k) <1+ max (i +b(2k/i

(2K) < L+ max (i-+b(2K/i)

sincetheith subtree Ty, cannot contain more than 2k/i destination nodes. Actually,
since Ty, cannot contain more than k destination nodes, we have:

b(2K) < 1+ mex (i +b(2K/i)).

Therefore, assuming b(k) < 55 logk+ a(k) yields

A . A . .
< P -
b(2k) <1+ logh Iong+2nS1ia§xA(| logA logi + a(2k/i))
and hence
b(2k) <1+ (k)+ilo 2k+ max (i—ilo i)
=Lrd logA 9 2<i<a®  logA g

Since maxo<j<a (i — ﬁ logi) < 0, we get

A
< [
b(2K) < 1+ (k) + o log2k
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that isb(2k) < o5 109 2K + o (2k) where a.(2k) = a(k) + 1 = O(logk). O
We get:

Theorem 2 Let t(n) be the time complexity of an algorithm which, given any n-
nodedigraph G = (V,E) andany noder € V, returnsa directed spanning tree of G
rooted at r and of maximum out-degree O(Amin(G) + logn). There exists a t(n)-

time O(%)—mproﬂ mation algorithm for the single-port multicast

problemin digraphs.

Proof. Given G = (V,E), D CV and s€ V, we compute in t(n)-time a tree
rooted at s, spanning D and of maximum degree A < Ain(G) 4+ logn. Applying

Lemma 7, we get a multicast protocol performing in at most O( @ -log|D|)

rounds, that is at most O(% . Iog|D|) rounds since x/logx is non
decreasing for x large enough. The result then follows from Lemma 5. O

From Lemmas, t(n) can be chosen to be polynomial.

Remarks. Theorem 2 could be improved by using a spanning tree of maximum
out-degree Amin(G, D) instead of Amin(G). Thiswould reguireto extend Lemma6
to the Steiner version of the MDST problem in directed networks. Note however
that it is known [14] that, unless NP ¢ DTIME(n'°9'%9"), any polynomial-time ap-
proximation algorithm for the Steiner version of the MDST problem in digraph-
s, returning a tree of maximum out-degree at most p - Amin(G, D) + r, satisfies
p-+r=Q(logn). (Thisimpossibility result holds for directed graphs only, and it
is shown in [17] that the Steiner version of the MDST problem in graphs can be
approximated up to an additive factor of 1.)
One can also give alower bound on p.

Theorem 3 Unless NP € DTIME(n'®9'99M) | the optimal solution of the single-
port multicast problem in digraphs cannot be approximated in polynomial time
within less than Q(logn).

Proof. From an instance (S,C) of the MSC problem we construct an instance
of the multicast problem as follows (see Figure 2). We construct a digraph G =
(V,E) by taking k copies of thedigraph G’ = (V/,E’) whereV' = {v}UCU Sand
E'={(v,C),Ce C}U{(C,s),C € C,s€ C}, merged at v, and by replacing every
star {(C,s),s € C} by a(possibly pruned) binomial tree[24] of at most 2|C| nodes
rooted at C. We set D to bethek copiesof S ands=v. Let C i, = {C4,...,C/} be
an optimal solution of MSC for theinstance (S, C). We have by (G, D) < K|Crin| +
[log, |91 asfollows: fori=1to ¢, andfor j = 1tok, v callsthe jth copy of C; at
round i+ £(j — 1). Once informed, a node C; multicasts to the node-set C; C Sin
at most [log, |Ci|] rounds using the binomial tree rooted at C;.
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By

Binomial tree
of |C | leaves

Figure 2: Gadget in the proof of Theorem 3.

Let A be a p-approximation algorithm for the multicast problem. Given
(G,v,D), A returns a multicast protocol M from v to D in G performing in at
most p - by(G,D) rounds, i.e., a most p - (K|Cin| + [10g,|S]]) rounds. M deter-
minesacollectionsCy, ..., Cy of subsets of C where C; isthe set of nodes of the
ith copy of C that are either traversed by a call from v, or destination of a call
fromv. Each C; coversS Let C* € {C],...,Cy} such that |C*| = min{|C/|,i =
1,...,k}. M completes in at least k|C*| rounds. Therefore, we get: k|C*| <
p(KICrrin| + [10g, |S]). Hence |C*|/|Crrinl < p(1+ 109, |1/ (KICrin])) < p(1+
[log, |91/k). By choosing k = [log, |91, and by applying Feige’'s lemma, we get
p>(1—¢)In|§/2. Sincen < 14 K|C| +K|C||S + k|§, and since |C| < |S]| from
Observation 1, we get n < |§/® and hence p > (% —¢) Inn. o

3.2 Restricted regimen

In this section, we denote by F the set of “forbidden” nodes. From Lemma 2,
we gtill have bs(G,D) = [log, |D|] for every instance (G,s,D,F ) of the single-
port multicast problem in graphs under the restricted regimen. Actually, the result
holdsevenisF =V \D.

On the other hand, we are not aware of any result about the single-port multi-
cast problemin digraphs under therestricted regimen. One can easily show though
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that thereis a polynomial reduction from this problem to the same problem in the
vertex-digoint paths mode. This shows the strong interplay between the two vari-
ants of the line model.

Theorem 4 The single-port multicast problem in digraphs under the restricted
regimen of the edge-digoint paths mode is polynomially reducible to the single-
port multicast problem in digraphs under the restricted regimen of the vertex-
digoint paths mode.

Proof. Let G= (V,E) be any digraph, and let H be the digraph obtained from
G as follows. Recall that the line digraph of G is the digraph L(G) whose set
of nodes is the set of arcs of G, and there is an arc from a node e of L (G) to
anode € of L(G) if and only if € isincident to e in G, that is e = (x,y) and
€ = (y,2). Every node v of G yields a complete bipartite digraph K deg~(v),deg* (v)
inL(G). H isthedigraph obtained from L (G) by adding one vertex to every such
complete bipartite digraph. More precisely, assume that L (G) = (E,Xg). Then
H = (VUE, Xy UXg) where, for every v € V, there is an arc in Xy from every
ee ' (v) tov, and from v to every e € ' (v). It is easy to check that, under the
single-port edge-digoint paths mode, for every D C V, every s€ V, and every
F CV\D, multicasting from s to D in G avoiding nodes in F takes the same
number of rounds as multicasting from s to D in H avoiding nodes in EUF,
under the vertex-disjoint paths mode. |

Note that the proof above worksfor F = 0 aswell, that is under the standard
single-port model. Unfortunately, very little is known about multicasting under
the restricted regimen of the single-port vertex-disjoint paths mode (see [14] for
the most recent advances). Theorem 4 shows that progressesin this domain would
help for the design of solutionsfor the edge-disjoint paths mode as well.

Remark. Observe that, as a consequence of Theorem 2, we trivialy get that

there exists a polynomial-time O(|F | %)-approximaﬂon algorithm
for the single-port multicast problem in digraphs under the restricted regimen.
Indeed, any protocol executed in the standard model can be modified so that nodes
inF are not involved, as follows. At each round, every call whose calleeisin F
is not performed, and every call whose caller isin F is performed by the source.
Every round of the original protocol can involve at most |F | forbidden nodes as
caler, therefore the modified protocol has its number of rounds multiplied by at
most |F |.

4 Conclusion

Asthe reader could notice while reading this paper, many problems remain open.
In amost all variants of the edge-disjoint path mode, there is plenty of room for
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improvements, and better approximation algorithmsfor the multicast problem are
expected (see Tables 1 and 2).

In particular, a natural question that arises in this context is whether one
can derive better approximation algorithms than the somewhat straightforward
O(logA)-approximation algorithms for the all-port cases in both graphs and di-
graphs.

It would also be quite interesting to derive an O(logn)-approximation algo-
rithm for the single-port case in digraphs.

The more constrained restricted regimen seems to be quite challenging and
deserves deeper investigations.
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