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Abstract. We introduce nondeterministic graph searching with a con-
trolled amount of nondeterminism and show how this new tool can be
used in algorithm design and combinatorial analysis applying to both
pathwidth and treewidth. We prove equivalence between this game-theoretic
approach and graph decompositions called g-branched tree decomposi-
tions, which can be interpreted as a parameterized version of tree de-
compositions. Path decomposition and (standard) tree decomposition
are two extreme cases of g-branched tree decompositions. The equiva-
lence between nondeterministic graph searching and g-branched tree de-
composition enables us to design an exact (exponential time) algorithm
computing g-branched treewidth for all ¢ > 0, which is thus valid for
both treewidth and pathwidth. This algorithm performs as fast as the
best known exact algorithm for pathwidth. Conversely, this equivalence
also enables us to design a lower bound on the amount of nondeterminism
required to search a graph with the minimum number of searchers.
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1 Introduction

Treewidth and pathwidth are among the most key parameters in graph algo-
rithms, also playing important roles in structural graph theory. Both parameter
serve as the important tools in Robertson and Seymour’s Graph Minors project
[17]. Many intractable problems can be solved in polynomial time when the in-
put is restricted to graphs of bounded treewidth. (See Bodlaender’s survey [4]
for a comprehensive overview.) Treewidth also plays a crucial role in Downey &
Fellows parameterized complexity theory (Chapter 6 in [9]). Moreover, treewidth
is the basic ingredient for many applications in artificial intelligence, databases
and logical-circuit design. To mention just a few of these applications: Exact in-
ference in Bayesian networks, reasoning with structured constraint-satisfaction
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problems, propositional satisfiability and first-order logic. See [1] for further ref-
erences.

In this paper we introduce the new notion of g-branched treewidth which
can be interpreted as a parameterized version of treewidth. Loosely speaking, a
rooted tree decomposition is g-branched if every path from the root of the tree to
a leaf contains at most ¢ branching nodes (nodes with at least two children). This
notion is a natural generalization of path and tree decompositions: For ¢ = oo,
g-branched treewidth is equivalent to the treewidth, and, for ¢ = 0, ¢-branched
treewidth is equivalent to the pathwidth of a graph.

Both parameters, pathwidth and treewidth, have nice game-theoretic inter-
pretations. (See a survey of Bienstock [3].) Pathwidth can be described as a
search game where searchers, looking for a fugitive, are successively placed to
and removed from vertices of the graph. (Kirousis and Papadimitriou [13] called
this version of searching by node searching.) The purpose of searching is to cap-
ture the fugitive that is invisible and moves arbitrarily fast along paths in the
graph. The fugitive is not allowed to run through the vertices currently occupied
by searchers. So the fugitive is caught when a searcher is placed on the vertex
it occupies, and it has no possibility to leave the vertex because all the neigh-
bors are occupied (guarded) by searchers. The goal of search games is to find a
search strategy that guarantees the fugitive’s capture. The pathwidth of a graph
G is equal to the minimum number of searchers needed for a successful search
strategy on (G, minus one.

Treewidth also can be described as a search game, where a team of searchers
are trying to catch a wvisible fugitive. It was shown by Seymour and Thomas
[18] that the minimum number of searchers required to catch the fugitive on a
graph G in this game is equal to the treewidth of G plus one. (An alternative
game-theoretic interpretation of treewidth in terms of searching was given by
Dendris et al. [6] who restrict the ability of the (called inert) fugitive to move
only when a searcher is placed at the vertex where the fugitive currently stands.)

Game theoretic interpretation of width parameters is interesting not only in
its own. Very often it provides a deeper insight to the problem yielding new struc-
tural and algorithmic results. Good examples are proofs of min-max theorems on
treewidth by Seymour and Thomas [18], the polynomial time algorithm comput-
ing branch-width of a planar graph in [19], the linear time algorithm on trees for
computing cutwidth in [15], as well as the computation of the topological band-
width in [14], and the vertex separation number in [7]. It is therefore natural to
ask if there is a game theoretic interpretation of the g-branched treewidth.

Our results. To answer the question above, we introduce a new game model
providing a unique approach to both search models of Kirousis-Papadimitriou,
and Seymour-Thomas. In our search game the searchers can query an oracle
which possesses information about the position of the fugitive. However the
number of times the searchers can query the oracle is limited. This situation can
be interpreted as using powerful but expensive intelligence service with limited
resources. More formally, ¢-limited graph searching is a graph searching game in
which the search program is allowed to perform nondeterministic search steps.



In the same spirit as in the field of complexity theory addressing limited nonde-
terminism (cf., e.g., [11] for a survey), the number of nondeterministic steps of
the search program is however limited. The parameter ¢ limits the program to
at most ¢ nondeterministic steps.

We first show a formal equivalence between g-limited graph searching and
g-branched treewidth. Precisely, we prove that a graph G has a g¢-branched
treewidth < k if and only if it can be searched with at most k + 1 searchers
by a search strategy using at most g nondeterministic steps. Moreover, we es-
tablish a one-to-one correspondence between the g-branched tree decompositions
of G of width < k and the ¢-limited search strategies using < k + 1 searchers.

Then we use ¢-limited graph searching to design an exact (exponential-time)
algorithm computing the ¢-branched treewidth of a graph. The interest in exact
and fast exponential-time algorithms solving hard problems dates back to the
sixties and seventies [12,20]. The last decade has led to much research in fast
exponential-time algorithms. We refer to Woeginger’s survey [21] for an overview.
However despite of the importance of treewidth and pathwidth, and despite the
fact that much progress on exponential-time solutions to other graph problems
have been made, the only worst-case bound known so far for finding pathwidth is
27.n 9 This can be obtained by adopting classical TSP dynamic programming
approach [12]. For treewidth, the fastest known exponential algorithm is an
0(1.96™) algorithm due to Fomin et al. [10]. In this paper we design an algorithm
computing g-branched treewidth of a graph on n vertices in time 2" - n©® for
any q > 0.

Finally, the equivalence between g-limited graph searching and g-branched
tree decomposition enables us to design a lower bound on the amount of non-
determinism required to search a graph with the minimum number of searchers.
Precisely, we prove that, for any graph G of treewidth tw(G) = k, the smallest
q > 0 such that G can be searched by k + 1 searchers using a g-limited search
program is at least log,(pw(G)/tw(G)) where pw(G) is the pathwidth of G.

2 Formal Definitions

In this section, we formally define the two notions of ¢g-branched treewidth and
g-limited graph searching. Later on, these two notions will be shown to be equiv-
alent.

Branched Treewidth. A tree decomposition of graph G is a pair (T, X') where
T is a tree of node set I, and X = {X;,i € I} is a collection of subsets of V(G)
satisfying the following three conditions:

L V(G) = Uier X;

2. For any edge e of G, there is a set X; € X containing both end-points of e;

3. For any triple 41,12, 43 of nodes of T', if 75 is on the path from 4; to i3 in T,
then Xil N Xig Q Xu

The width of a tree decomposition is defined as width(T, X') = max;ey | X;| — 1.
A rooted tree decomposition of a graph G is a tree decomposition (T, X) of G
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Fig. 1. Spectral width of graph G

where T is rooted at some node r € I. It is denoted by (T, X,r). A branching
node of a rooted tree decomposition is a node with at least 2 children.

For any ¢ > 0, a g-branched tree decomposition of a graph G is a rooted tree
decomposition (T, X, r) of G such that every path in T from the root r to a leaf
contains at most ¢ branching nodes.

Thus a path decomposition rooted at one of its extremities is a 0-branched
tree decomposition, and a (standard) tree decomposition is a oco-branched tree
decomposition.

For any graph G, the g-branched treewidth twy(G) of G is the minimum
width of over all g-branched tree-decomposition of G.

Therefore, pw(G) = two(G) and tw(G) = two(G). Figure 1 displays the
“spectral width” of a graph G, i.e., the graph of the function fg : N — N such
that fo(g) = twy(G). In this figure, 7(G) = min{q > 0 | tw,(G) = tw(G)} and
7(G) = max(q < 7(G) | tw,(G) = pw(G)}.

2.1 Graph Searching

Search games are games between a fugitive and searchers in a graph. The fugitive
and the searchers occupy vertices of the graphs. The goal of the fugitive is to
escape from the searchers. It is caught when a searcher is placed on the vertex
currently occupied by the fugitive. The fugitive permanently knows where the
searchers are, and moves arbitrarily fast, but it cannot meet a searcher without
being caught. The searchers do not know the position of the fugitive.

More formally, a search program is a (deterministic) program that takes as
input a graph G and an integer £ > 1, and returns an ordered sequence of search
steps. This sequence is called the search strategy for G. Each step is an operation
that consists in either “placing a searcher at v € V(G)” or “removing a searcher
from v € V(G)”. After a searcher s has been placed at v, and before s is removed
from v, vertex v is said to be occupied by searcher s. When a vertex has been
occupied by a searcher, it becomes clear. Vertices that have not been cleared yet
are called contaminated. The search program is correct if it satisfies the following
constraints:

1. no more than k searcher are simultaneously occupying vertices of G;



2. a step “place a searcher at v” occurs at most once, for every vertex v;
3. when a searcher is removed from a vertex v, for any path P between v and
contaminated vertices, there is a searcher occupying a vertex of P.

A fugitive program in a graph G is a deterministic automaton F' whose states
are all possible triples (S, X,v) where S C V(G), X C S, and v € V(G) \ S.
If the automaton is in state (S, X,v), then the fugitive is currently occupying
vertex v, the searchers are occupying vertices in X, and S is the set of clear
vertices. Given a state (S, X, v) of the automaton, the transition function of the
fugitive program returns a new state (S, X,v’) where v and v’ are constrained
to be in the same connected component of G \ S. Then the fugitive moves in G
from vertex v to vertex v’. The initial state of the fugitive program is the state
(0,0,v9) for some vg € V(G).

A search game is then a game between the fugitive program and the search
program. A configuration of the game is a tripple (S, X,v) where S is the set
of clear vertices, X is the set of vertices occupied by searchers, and v is the
position of the fugitive. From constraint 3 of the search program, we always
have §(S) C X, where §(S) denotes the set of vertices in S that have a neighbor
in G\ S. Initially, the fugitive is placed in vy, where (0,0, vo) is the initial state
of the fugitive program. Le., the initial configuration of the game is (0,0, vg).
Then the search program and the fugitive program play alternatively. Each step
of the search program transforms the current configuration (S, X, v) of the game
into a configuration (S'U {u}, X U{u},v) (in case of a step “place a searcher at
u”), or into a configuration (S, X \ {u},v) (in case of a step “remove a searcher
from u”).

The search program wins the game if the game reaches a configuration in
which v € X. Otherwise the fugitive wins. If the search program wins, then the
fugitive is said to be caught. Note that the fugitive wins if the search program
cannot carry on without violating one of its three constraints.

The search program that places a different searcher on every vertex of the
graph wins against any fugitive. It however requires n searchers in n-node graphs.

Definition 1. The search number of G, denoted by s(G), is the minimum num-
ber of searchers required by a search program to win against any fugitive in G.

2.2 Nondeterministic Graph Searching

A nondeterministic search program is a search program that can do nondeter-
ministic steps. Each nondeterministic step consists in a query operation. Given
the set S C V(G) of clear vertices, a query returns a connected component C' of
G\ S, and all vertices in G\ C are cleared. The choice of C' is nondeterministic.
Alternatively, it can be viewed as given by an oracle answering on a query by
letting the searchers know in which component is the fugitive. A nondetermin-
istic search program is thus a nondeterministic program that takes as input a
graph G and an integer k > 1, and returns an ordered sequence of search steps,
each of them being one of the following three operations:



— place a searcher at v € V(G);
— remove a searcher from v € V(G);
— query the oracle.

Of course, the program must satisfy the same three constraints as any (deter-
ministic) search program.

A nondeterministic search program wins the game against a fugitive F' if
there exists an execution of the program which results in clearing the node
currently occupied by the fugitive.

We are interested in the tradeoff between the number of searchers used by a
search program and the number of query steps performed by the program. For
any q > 0, a g-limited nondeterministic search program is a nondeterministic
search program that performs at most ¢ query steps. Therefore, a g-limited non-
deterministic search program wins the game against a fugitive F' if it can catch
the fugitive by querying at most ¢ times an oracle that returns the connected
component where is currently hidden the fugitive.

Definition 2. The g-limited nondeterministic search number s,(G) of a graph
G, or simply the g-limited search number of G, is the minimum number of
searchers required by a q-limited nondeterministic search program to win against
any fugitive in G.

Therefore, the 0-limited nondeterministic search number of a graph is its
search number, i.e., so(G) = s(G). We will prove in the next section that the
oo-limited nondeterministic search number so(G) of a graph G is equal to its
visible-search number.

3 Branched Treewidth vs. Limited Graph Searching

In this section, we show that the g-branched treewidth and the ¢-limited search
number are actually the same, up to 1. This equality will be later shown to be
useful for the design of algorithms and for the computation of combinatorial
bounds.

Theorem 1. For any g > 0, for any graph G, tw,(G) = s4(G) — 1.

Proof. Let (T, X,r) be a g-branched decomposition of width k. For a node i of T
let d(7) be the set of descendants of ¢ in T. We define the search program of k+1
searchers querying the oracle at most ¢ times as follows. Initially the searchers
are placed on the vertices of X,. Suppose that, at some step of searching, for
some node 7 of T the searchers are on vertices X; and the set of contaminated
vertices is Ujeq() X \ Xi. Note that if i is a leaf, G is cleared. Let i be a non-leaf
node of T'. Depending on the number of children of ¢ we choose different strategy
for the searchers.

Case A. i has only one child I. We remove first the searchers from X; \ X;
and then place searchers to X;. Since the cardinality of X; and X, is at most



k + 1 we use at most k + 1 searchers. By properties of tree decompositions, for
every contaminated vertex v € Ujcq(;)X; \ X; and every cleared vertex u, every
(u,v)-path contains a vertex from X; N X;. Thus after removing the searchers
from X; \ X; no recontamination occurs and we arrive at the situation when the
searchers are at X; and the set of contaminated vertices is Ujeq)X; \ Xi.

Case B. i has more than one child. In this case the searchers query the oracle.
Let C be the connected component of G[Ujeq;)X; \ X;] returned by the oracle.
Then there is a unique child [ of 7 such that CNX; # §. We remove the searchers
from X; \ X; and then place searchers to X;. Again, in this case we arrive at the
situation when the searchers are at X; and the set of contaminated vertices is
Ujed(l)Xj \ X;.

Eventually, the searchers reach the situation when they are placed on the
vertices X; where i is leaf of T' and thus the whole graph is cleared. The number
of searchers used is at most max;ey (1) |X;| < k + 1. Since for every leaf i, the
path from r to ¢ contains at most ¢ branches, the case B occurs at most ¢ times,
thus the searchers query the oracle at most ¢ times. Hence s4(G) < tw,(G) + 1.

We prove tw,(G) < sq(G) — 1 by proving a slightly stronger claim.

Claim. Suppose that there is a search program of k + 1 searchers on G with at
most q queries and such that, initially, searchers are placed on vertices X C
V(QG). Then there is a qg-branched tree decomposition (T, X,r) with X, = X and
of width < k.

To prove the claim we proceed by induction on g. For ¢ = 0, the required
path decomposition P = (Xg, X1,...,X,,) is constructed by taking Xy = X,
and, for ¢ > 1, X; to be the vertex set occupied by searchers after the ith step.
To check that P is the path decomposition we observe that every vertex should
be at some step occupied by a searcher and thus is contained in some node of
P. Every pair of adjacent vertices {u,v} is contained in some node of P because
otherwise fugitive can avoid capture by choosing u or v at every step of searching.
The third property of tree decompositions follows from the constraints 2 and 3
of graph searching.

Let ¢ > 1 and suppose that for all ¢ < ¢, the claim is correct. Consider a
winning search program of k + 1 searchers with at most ¢ queries to the oracle.
Suppose that the first time the searchers query the oracle occurs at step ¢t > 0.
Let X be the set of vertices occupied by the searchers and S be the cleared
vertices at this step. Let G1,G>,...,G)p, be the subgraphs of G obtained from
the connected components of G\ S by adding X. Each of these subgraphs is
searchable by k 4+ 1 searchers with at most ¢ — 1 queries with the search starting
from X. By induction assumption, for each 1 < ¢ < p, there is a rooted tree
decomposition (T(i),y(i),m) of G; with at most ¢ — 1 branches and with the
root r; of T satisfies Y;, = X.

We construct a tree decomposition (T, Y,r) of G as follows. Let X3,..., X}
be the vertices occupied by the searchers at the first ¢ steps of searching. In
particular X; = X. We construct the path decomposition (Xj,...,X};) rooted



at X;. Then we add the tree decompositions (T, Y® r;), 1 < i < p, and
identify every r; to the node t of the path decomposition. The resulting tree
decomposition is a g-branched tree decomposition of width < k. a

4 Exact Exponential Algorithm

For any ¢ > 0, the decision problem that takes as input a graph G and an
integer k > 1, and returns whether or not twy(G) < k, is NP-complete. In-
deed, it is known [2] that the problem of deciding whether tw(G) < k is NP-
complete, even when restricted to the co-bipartite graphs, i.e., the complements
of bipartite graphs. Since, for any co-bipartite graph G, tw(G) = pw(G), the
NP-completeness of deciding tw,(G) < k follows from the fact that tw(G) <
twy(G) < pw(G) for any ¢ > 0. It is known [5] that tw can be approximated
up to multiplicative factor O(log tw), in polynomial time. (This bound has been
recently improved to O(y/logtw), cf. [8].) However, for pathwidth, no approxi-
mation algorithm is known (except by combining the ones for treewidth with the
fact that pw(G) < O(logn)-tw(G) for any n-node graph G). On the other hand,
as mentioned in the introduction, several exact (exponential) algorithms have
been designed for treewidth, and for pathwidth as well. In this section, we show
that one can design an exact algorithm that applies to g-branched treewidth, for
all ¢ > 0. This algorithm uses the correspondence between ¢-branched treewidth
and ¢-limited search number.

Theorem 2. There exists an algorithm that, for any n-node graph G, computes
tw,(GQ) and an optimal g-branched tree decomposition of G, in time O(2"nlogn).

Proof. Based on Theorem 1, we design an algorithm that computes s,(G), and
an optimal ¢-limited search strategy for G. This startegy can be then trans-
formed into a g-branched tree decomposition using the arguments in the proof
of Theorem 1. Let G be a graph, and fix k& > 1. We define the configuration
digraph H as follows.

V(H) ={S CV(G)s.t. |6(S)| < k}.

A set S of clear vertices for which [6(S)| > k are unreachable by a search
program using k searchers, and thus it is not included in V(H). The nodes in
H are called H-configurations, to avoid confusion with the configurations of the
search game. The edge-set of H has two types of directed edges: place edges, and
query edges. A place edge, or simply p-edge, is an edge (5, S’) where |6(S)| < k
and 8" = SU {v}, v ¢ S. Clearly, a p-edge corresponds to the placement of
a searcher at node v. A query edge, or simply g-edge, is an edge (5,S’) where
S’ =G\ C and C is a connected component of G\ S. It is assumed that there
is a g-edge (S, G\ C) only if G\ S has at least two connected components (i.e.,
there is no self-loop in H). Thus, a g-edge (S,G \ C) corresponds to a query
to the oracle that returns C. The objective of our algorithm is to find a path
in the configuration digraph H from S = § to S = V(G) that can be put in
correspondence with a search strategy.



For the purpose of finding such a path, we label every node of V(H) by a non-
negative integer. The labeling starts from the H-configuration V(G) and goes
backwards. The H-configuration V(G) is labeled 0. All the other H-configurations
are labeled oco. All the H-configurations without any outgoing edge are de-
clared finished. (In particular V(G) is finished.) All the other H-configurations
are declared pending. We proceed as long as there is at least one pending H-
configuration S satisfying one of the two following conditions:

Case 1. S has an outgoing p-edge e connecting to an H-configuration S’ that is
finished. (Informally, this case occurs if the labeling has not yet considered
the game configuration (S, d(S),v), v ¢ S, from which the next search step
is: place a searcher at S"\ S.)

Case 2. S has all its outgoing g-edges eq, . .., €4 connecting to H-configurations

1,-..,S; that are finished. (Informally, this case occurs if the labeling has
not yet considered the game configuration (5,06(S5),v), v ¢ S, from which
the next search step is: query the oracle.)

In case 1, we update the label of S by:
label(S) = min{label(S), label(S")}
and the edge e is removed from H. In case 2, we update the label of S by:
label(S) = min{label(S), 1+ nax, label(S])}

and all the edges eq,...,eq are removed from H. In both cases, if the pending
H-configuration S has no more outgoing edges because of the edge(s) removal,
then S is declared finished.

Claim. The labeling process terminates.

To prove the claim, notice that H is a directed acyclic graph because every
edge goes from an H-configuration S to another H-configuration S’ with |S’| >
|S| (recall that we did not allowed self-loops in H). Removing edges from H
preserves this property. Therefore every node becomes eventually finished and
thus the labeling process terminates.

Claim. The H-configuration Q) is labeled ¢ < oo if and only if q is the smallest
number of queries required to clear G using < k searchers. The H-configuration
(0 4s labeled co if one cannot clear G using < k searchers, independently of the
number of queries to the oracle.

We prove that claim by proving a slighly more general result: for any H-
configuration S # V(G), S is finished and labeled label(S) < ¢ # oo if and
only if one can clear G starting from S with < k searchers and performing < ¢
queries. By starting from S, it is meant that we assume an initial configuration
of the search game in which S is clear, |§(S)| searchers are placed at the vertices
of §(S), and the fugitive is at some vertex of G'\ S. We proceed by induction on
q = label(S).



If ¢ = 0, then there is a path P in H from S to V(G) using only p-edges. Let
(S',5") € P, with §” = S"U{v}. The portion of the search strategy correspond-
ing to that edge consists in removing one by one all searchers occupying vertices
¢ §(S’), and placing a searcher at v. Hence one can catch the fugitive without
performing queries by starting from S and following the edges of P until one
reaches the configuration V(G). Conversely, if one can clear G starting from S
with < k searchers and performing no queries, then there is a path in H from §
to V(G) composed on only p-edges. These edges are defined by placement steps
in the search strategy.

Assume now that the result holds for ¢, and consider S such that label(S) =
g+1. We define a good edge as a p-edge (57, S”) such that label(S) = label(S”) =
label(S”). From S, start traveling in H by using good edges only, until one
reaches a configuration S* with

label(S) = label(S*) = 1 + max label(S;)

Loy

where the edges (S*, S}), i =1,...,d, are all the g-edges out-going from S*. This
configuration S* exists because (1) a good edge (5, 5”) satisfies [S”| > |S’|, and
(2) label(S’) = label(S”) = label(S) < oo. Therefore, if a configuration S* as
specified above would not be met, then, by (1) an H-configuration with out-
degree 0 would eventually be reached, and by (2) this H-configuration could
only be V(@) since otherwise its label would be co. Since label(S) = ¢+ 1 > 0,
by induction this would contradict the fact that there is no path from S to V(G)
composed of p-edges only. So S* is well defined.

For all i« = 1,...,d, label(SF) < ¢. Therefore, by induction hypothesis, one
can clear G starting from any S; using < k searchers, and quering < ¢ times the
oracle. The search strategy from S starts by performing place and remove steps
according to the path in H from S to S*. The search then queries the oracle
at S*, and gets into one of the configurations S;. The rest of the search follows
from the induction hypothesis.

Conversely, assume that one can clear G starting from S with < k searchers
and performing ¢ + 1 queries. Consider a corresponding search strategy in G,
and assume that the first query to the oracle occurs at step ¢. The ¢ — 1 first
steps can be put in correspondence with a path P in H starting at S, and
that contains good edges only. Let (S*, X*,v*) be the configuration of the game
after step t — 1. P connects S with the H-configuration S*. The query at step
t corresponds to the outgoing g-edges (S*,SF), i = 1,...,d, of S*. From each
of the S}s, the search proceeds with at most ¢ queries. Hence, by induction,
label(S;) < g. Therefore, label(S*) < ¢+ 1. Since P is a path of good edges, we
get label(S) = label(S*) < ¢+ 1.

For each k, the running time of the labeling procedure is linear in the number
of edges of H, which is O(2"n). Thus by binary search we can find the search
number and tw,(G) in O(2"nlogn). O



5 Bounding the Nondeterminism

In this section, we compute a lower bound on the number of nondeterministic
steps a search program must perform in a graph G in order to clear the graph
with the minimum possible number of searchers, i.e., tw(G) + 1 searchers.

Theorem 3. For any q > 1, for any graph G, tw,_1(G) < 2 tw,(G).

Due to the space restrictions the proof of this theorem is omitted.

Note that the bound of Theorem 3 is tight, as witnessed by the graphs con-
sisting in a complete binary tree (all non-leaf vertices, including the root, are of
degree 3) of depth ¢, in which every vertex w is replaced by a complete graph K,
of k vertices, and every edge {u,v} is replaced by a perfect matching between
the two complete graphs K, and K,. Theorem 3 has important corollaries:

Corollary 1. For any graph G, the smallest ¢ > 0 such that twy(G) = tw(G)
satisfies T(G) > logy (pw(G)/tw(G)).

Remark. There exist n-node graphs G such that tw(G) = pw(G) + 1 and the
greatest ¢ > 0 such that tw,(G) = pw(G) satisfies 7(G) > £2(n).

Rephrasing Corollary 1, we get:

Corollary 2. For any graph G, the smallest number of nondeterministic steps
of a nondeterministic search program that clears G with tw(G) + 1 searchers is

at least log, (pw(G) /tw(Q)).

6 Conclusion

In this paper, we introduced a nondeterministic graph searching game, with
a controlled amount of nondeterminism. The objective of this concept was to
unify pathwidth and treewidth, at least as far as the design of algorithms, and
the computation of combinatorial bounds in concerned. We believe that this
is a promising field of investigations, as illustrated by the design of an exact
algorithm for ¢g-branched treewidth, valid for any ¢ > 0. Still, a lot of work has
to be done before being able to design common tools for both pathwidth and
treewidth.

In particular, it would be particularly interesting to design a polynomial-
time algorithm computing the g-limited search number (or equivalently the g-
branched treewidth) of trees. As far as algorithm design is concerned, it would
also be quite interesting to design an O(c")-time exact algorithm for the g-
branched treewidth of arbitrary graphs, with ¢ < 2. Such an algorithm is
known [10] in the case of treewidth (i.e., ¢ = 00), but not for pathwidth (i.e.,
g = 0). Last but not least, it is known that, for node-search (i.e., 0-limited
graph searching) and visible-search (i.e., oo-limited graph searching), removing
constraint 3 of the search program does not enable to decrease the number of
searchers. It would be important to know whether this is true for any ¢ > 0, i.e.,
whether or not “recontamination helps” for ¢-limited graph searching, for any
q=>0.
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