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ABSTRACT

In this paper, we solve the ancestry problem, which was
introduced more than twenty years ago by Kannan et al.
[STOC ’88], and is among the most well-studied problems
in the field of informative labeling schemes. Specifically,
we construct an ancestry labeling scheme for m-node trees
with label size log, n + O(loglogn) bits, thus matching the
logy n + Q(loglogn) bits lower bound given by Alstrup et
al. [SODA ’'03]. Besides its optimal label size, our scheme
assigns the labels in linear time, and guarantees that any
ancestry query can be answered in constant time.

In addition to its potential impact in terms of improv-
ing the performances of XML search engines, our ances-
try scheme is also useful in the context of partially ordered
sets. Specifically, for any fixed integer k, our scheme enables
the construction of a universal poset of size O(n* log** n)
for the family of n-element posets with tree-dimension at
most k. This bound is almost tight thanks to a lower bound
of nF7°M due to Alon and Scheinerman [Order '88].

Categories and Subject Descriptors

G.2.2 [Discrete Mathematics]: Graph Theory— Graph al-
gorithms, Graph labeling, Network problems; E.1 [ Data
structures]: [Distributed data structures, Trees]
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1. INTRODUCTION
1.1 Background

How to represent a graph in a compact manner is a funda-
mental data structure question. In most traditional graph
representations, the names (or identifiers) given to the nodes
serve merely as pointers to entries in a data structure, and
thus reveal no information about the graph structure per
se. Hence, in a sense, some memory space is wasted for
the storage of content-less data. In contrast, Kannan, Naor,
and Rudich [23] introduced the notion of informative la-
beling schemes, which involves a mechanism for assigning
short, yet informative, labels to nodes. Specifically, the goal
of such schemes is to assign labels to nodes in such a way
that allows one to infer information regarding any two nodes
directly from their labels. Hence in essence, this mechanism
bases the entire graph representation on the set of labels
alone. One important question in the framework of infor-
mative labeling schemes is how to efficiently encode the an-
cestry relation in trees. This was formalized in the seminal
work of Kannan et al. [23] as follows.

1.1.0.1 The ancestry problem.

Given any n-node rooted tree T, label the nodes of T" using
the shortest possible labels (bit strings) such that, given any
pair of nodes uw and v in T, one can determine whether u is
an ancestor of v in T' by merely inspecting the labels of u
and v.

The following simple ancestry scheme was suggested in
[23]. Given a rooted n-node tree T, perform a DFS traver-
sal in T starting at the root, and provide each node u with
a DFS number, DFs(u), in the range [0,n — 1]. (Recall, in
a DF'S traversal, a node is visited before any of its children,
thus, the DFS number of a node is smaller than the DFS
number of any of its descendants). The label of a node w is
simply the interval I(u) = [DFS(u), DFS(v)], where v is the
descendant of u with the largest DFS number. An ancestry
query then amounts to an interval containment query be-
tween the corresponding labels: a node u is an ancestor of
a node v if and only if I(v) C I(u). Clearly, the label size,
namely, the maximal size of a label assigned by this ances-
try scheme to any node in any m-node tree, is bounded by
2log n bits®.

The 2logn bits scheme of [23] initiated an extensive re-
search [1, 3, 7, 13, 21, 22, 26] whose goal was to reduce
the label size of ancestry schemes as much as possible. The

LAll logarithms in this paper are taken in base 2.



main motivation behind these works lies in the fact that a
small improvement in the label size of ancestry schemes can
contribute to a significant improvement in the performances
of XML search engines. Indeed, to implement sophisticated
queries, XML documents are viewed as labeled trees, and
typical queries over the documents amount to testing rela-
tionships between document items, which correspond to an-
cestry queries among the corresponding tree nodes [2, 10, 31,
32]. XML search engines process such queries using an index
structure that summarizes this ancestry information. To al-
low good performances, a large portion of the XML index
structure resides in the main memory. A main factor which
determines the index size is the length of the labels. Thus,
due to the enormous size of the Web data, even a small re-
duction in the label size can contribute significantly to both
memory cost reduction and performance improvement. A
more detailed explanation regarding this application can be
found in various papers on ancestry labeling schemes, e.g.,
1, 22].

In [4], Alstrup et al. constructed a lower bound of logn +
Q(loglogn) bits for the label size of an ancestry scheme.
On the other hand, the current state of the art upper bound
is logn + O(y/logn) bits [1]. Thus, a large gap is still left
between the best known upper and lower bounds on the label
size. This paper closes this gap, by constructing an ancestry
labeling scheme whose label size matches the aforementioned
lower bound.

In addition to its potential impact on the performances of
XML search engines, our ancestry scheme finds applications
also in the context of partially ordered sets (posets). To
elaborate more on this application, let us first recall several
notions from order theory. A poset (X, <x) contains a poset
(Y,<y) as an induced suborder if there exists an injective
mapping ¢ : Y — X such that for any two elements a,b € Y:
we have a <y b <= ¢(a) <x ¢(b). A poset (X,<) is
called universal for a family of posets P if (X, <) contains
every poset in P as an induced suborder. Given a family of
posets P, a natural problem consists of determining what
is the smallest size (in term of number of elements) of a
universal poset for P. When considering infinite posets, it
is known that a countable universal poset for the family of
all countable posets exists. This classical result was proved
several times [11, 16, 17] and, in fact, as mentioned in [15],
has motivated the whole research area of category theory.

If (X, <) and (X, <’) are orders on the set X, we say that
(X, <') is an extension of (X, <) if z <y implies z <’ y for
any two elements z,y € X. A common way to characterize a
poset (X, <) is by its dimension, i.e., the smallest number of
linear (i.e., total order) extensions of (X, <) the intersection
of which gives rise to (X,<) [27]. It can be easily seen
that the smallest size of a universal poset for the family of
n-element posets with dimension at most k is at most n*.
Another way of characterizing a poset (X, <) is by its tree-
dimension. A poset (X, <) is a tree® [9, 29] if, for every pair
x and y of incomparable elements in X, there does not exist
an element z € X such that z < z and y < z. (Observe
that the Hasse diagram [27] of a tree poset is a forest of
rooted trees). The tree-dimension [9] of a poset (X, <) is the
smallest number of tree extensions of (X, <) the intersection
of which gives rise to (X, <). It is well known that the
dimension of a poset is at most twice its tree-dimension.

2Note that the term “tree” for ordered sets is used in various
senses in the literature, see e.g., [28].

Thus, the smallest size of a universal poset for the family of
all n-element posets with tree-dimension at most £ is at most
n?®. On the other hand, Alon and Scheinerman [8] showed
that for fixed k, the number of n-element posets of dimension
at most k is n™*7°() " Since the dimension of a poset is
at least its tree-dimension, it follows® that a universal poset
for the family of all n-element posets with tree-dimension
at most k has number of elements at least n*~°M . As we
show, it turns out that the real bound is much closer to this
lower bound than to the n2* upper bound.

1.2  Our results

This paper constructs an ancestry labeling scheme for n-
node rooted trees, whose label size is logn + O(loglogn)
bits. By doing that, we solve the ancestry problem which is
among the main open problems in the field of informative
labeling schemes. Moreover, our scheme assigns the labels
to the nodes of any tree in linear time, and guarantees that
any ancestry query is answered in constant time.

In addition, we establish a simple relation between com-
pact ancestry schemes and small universal posets. Specifi-
cally, we show that there exists a consistent ancestry labeling
scheme for n-node forests with label size ¢ (see next section
for the definition of consistent ancestry schemes for forests)
if and only if, for any integer kK > 1, there exists a uni-
versal poset with 2*¢ elements for the family of n-element
posets with tree-dimension at most k. Using this equiva-
lence, and slightly modifying our ancestry scheme, we prove
that for any integer k, there exists a universal poset of size
O(n* log*™ n) for the family of all n-element posets with tree-
dimension at most k.

1.3 Related work

As mentioned before, following the 2logn-bit ancestry
scheme in [23], a considerable amount of research has been
devoted to improve the upper bound on the label size as
much as possible. Specifically, [3] gave a first non-trivial up-
per bound of 2logn 4+ O(loglogn) bits. In [21], a scheme
with label size logn + O(dy/logn) bits was constructed to
detect ancestry only between nodes at distance at most d
from each other. An ancestry labeling scheme with label
size of logn + O(logn/loglogn) bits was given in [26]. The
current state of the art upper bound of logn + O(1/logn)
bits was given in [7] (that scheme is described in detail in
the journal publication [1] joint with [3]).

Following the aforementioned results on ancestry labeling
schemes for general rooted trees, two other works were pub-
lished, which focused on particular types of trees. Specifi-
cally, an experimental comparison of different ancestry la-
beling schemes on XML trees that appear in real life can
be found in [22]. More recently, [13] gave an ancestry la-
beling scheme that is efficient for trees of small depth: for
n-node trees with depth d, the scheme uses labels of size
logn + 2logd + O(1) bits. This study was motivated by
the observation that in real-life data, the typical depth of
an XML tree is very small, which may strengthen the as-
sumption that most nodes in the collection of all XML trees

3To see this, observe that the proof of Theorem 1 in [8] im-
plies that the number of non-isomorphic n-element posets
with tree-dimension at most k is at least n™*=°1) /p!
Let M be the size of a universal poset for the family of
n-element posets with tree-dimension at most k. We must

have n"(kf"(l))/n! < (Af), and thus M > nF—o®,



belong to trees of small depth. If this is indeed the case,
the scheme of [13] would incur a very good average label
size for XML trees. This would be efficient if one considers
a variable-length representation of the labels, but not very
useful if the representation is fixed-length (the same amount
of space must be used for each label) — see [22] for a more
detailed discussion on the label representation.

The following parenthood problem can be viewed as a vari-
ant of the ancestry problem: given a rooted tree T, label the
nodes of T" in the most compact way such that one can de-
termine whether u is a parent of v in T' by merely inspecting
the corresponding labels. The parenthood problem was also
introduced in [23], and a very simple parenthood scheme was
constructed there, using labels of size at most 2logn bits.
(Actually, [23] considered adjacency schemes in trees rather
than parenthood schemes, however, such schemes are equiv-
alent up to a constant number of bits in the label size*). By
now, the parenthood problem is almost completely closed
thanks to Alstrup and Rauhe [6], who constructed a parent-
hood scheme for n-node trees with label size log n+0O(log™ n)
bits. In particular, this bound indicates that encoding an-
cestry in trees is strictly more costly than encoding parent-
hood.

Informative labeling schemes were also proposed for other
decision problems, including distance [4, 14, 25], routing [12,
26], flow [18, 20], vertex connectivity [18, 19], and nearest
common ancestor [5, 24].

The 2log n-bit ancestry scheme of [23] is consistent, and
thus provides yet another evidence for the existence of a
universal poset with n?* elements for the family of all n-
element posets with tree-dimension at most k. It is not
clear whether the ancestry schemes in [3, 7, 21, 26] can be
somewhat modified to be consistent and still maintain the
same label size. However, even if this is indeed the case, the
universal poset for the family of all n-element posets with
tree-dimension at most k that would be obtained from those
schemes, would be of size Q(nF2FVieen)

The lower bound of [4] implies a lower bound of Q(nlogn)
for the number of elements in a universal poset for the fam-
ily of n-element posets with tree-dimension 1. As mentioned
earlier, for fixed k > 1, the result of Alon and Scheinerman
8] implies a lower bound of 7*~°™M) for the number of ele-
ments in a universal poset for the family of n-element posets
with tree-dimension at most k.

2. PRELIMINARIES

Let T be a rooted tree, i.e., a tree with a designated node
r referred as the root of T. The depth of a node u € T is
defined as the distance from wu to the root of T, i.e., the
number of edge traversals from u to the root. In particular,
the depth of the root is 0. For two nodes w and v in T, we
say that u is an ancestor of v if u # v and wu is one of the
nodes on the shortest path connecting v and r in 7. For

4To see this equivalence, observe that one can construct a
parenthood scheme from an adjacency scheme in trees, as
follows. Given a rooted tree T, first label the nodes of T
using the adjacency scheme (with ignores the fact that 7'
is rooted). Then, for each node u, in addition to the label
given to it by the adjacency scheme, add two more bits, for
encoding d(u), the distance from u to the root calculated
modulo 3. Now the parenthood scheme follows by observing
that for any two nodes u and v in a tree, u is a parent of v
iff w and v are adjacent and d(u) = d(v) — 1 modulo 3.

every non-root node u, let parent(u) denote the parent of
u, i.e., the ancestor of u at distance 1 from it. A node v is
a descendant of w if and only if u is an ancestor of v. The
size of T', denoted by |T'|, is the number of nodes in T'. The
weight of a node u € T, denoted by weight(u), is defined as
1 plus the number of descendants of u, i.e., weight(u) is the
size of the subtree hanging down from u. In particular, the
weight of the root is weight(r) = |T'|. For every integer n,
let 7 (n) denote the family of all rooted trees of size at most
n. For two nodes u and v in some forest F' of rooted trees,
we say that u is an ancestor of v in F' iff u and v belong to
the same rooted tree in F' and u is an ancestor of v in that
tree. For every integer n, let F(n) denote the family of all
forests of rooted trees, were each forest in F(n) has at most
n nodes.

For two nodes u and v in a tree T, let P[u,v] denote the
shortest path connecting u and v in T (including u and v),
and let Plu,v) = Plu,v]\ {v}. For two integers a < b, let
[a,b] denote the set of integers {a,a + 1,---,b}. We refer
to this set as an interval. For two intervals I = [a,b] and
I' = [d,b], we say that I < I' if b < a/. The size of an
interval I = [a,b] is |I| = b — a 4+ 1, namely, the number of
integers in I.

An ancestry labeling scheme (M, D) for a family F of
forests of rooted trees is composed of the following compo-
nents:

1. A marker algorithm M that assigns labels (i.e., bit
strings) to the nodes of all forests in F.

2. A decoder algorithm D that given any two labels ¢;
and /2 in the output domain of M, returns a boolean
D(f1,2).

These components must satisfy that if L(u) and L(v) de-
note the labels assigned by the marker algorithm to two
nodes u and v in some rooted forest F' € F, then

D(L(u), L(v)) =1 <= wu is an ancestor of v in F.

It is important to note that the decoder algorithm D is in-
dependent of the forest F. That is, given the labels of two
nodes, the decoder algorithm decides the ancestry relation-
ship between the corresponding nodes without knowing to
which forest in F they belong.

The most common complexity measure used for evaluat-
ing an ancestry scheme is the label size, that is, the maxi-
mum number of bits in a label assigned by M, taken over all
nodes in all forests in F. When considering the query time
of the decoder algorithm, we use the RAM model of com-
putation, and assume that the length of a computer word
is Q(logn) bits. Similarly to previous works on ancestry
schemes, our decoder algorithm uses only basic RAM oper-
ations (which are assumed to take constant time). Specifi-
cally, the basic operations used by our decoder algorithm are
the following: addition, substraction, left/right shifts, less-
than comparisons, and extraction of the least significant bit.
Our scheme avoids the sometimes more costly operations
such as multiplication or division.

Let F be a family of forests of rooted trees. We say that an
ancestry labeling scheme (M, D) for F is consistent if (1) the
marker algorithm M assigns pairwise distinct labels to the
nodes of any forest F' € F, and (2) the decoder algorithm D
satisfies the following conditions, for any three labels ¢;, {2
and /3 in the output domain of M:



o Anti-symmetry: if D(¢1,€2) = 1 then D({2,¢1) = 0,
and

e Transitivity: if D(¢1,€2) = 1 and D(¢2,03) = 1 then
D(ly,43) = 1.

Note that by the definition of an ancestry scheme (M, D),
the decoder algorithm D trivially satisfies the two conditions
above if ¢; = L(u;) for i = 1,2,3, and w1, uz and us belong
to the same forest in F.

3. THE ANCESTRY LABELING SCHEME

This section is dedicated to the proof of the following the-
orem:

THEOREM 1. There exists an ancestry labeling scheme for
T (n) with label size logn+0O(loglogn) bits. Moreover, given
a tree T € T(n), the labels can be assigned to the nodes of
T in O(n) time, and any ancestry query can be answered in
constant time.

A natural approach for constructing an ancestry labeling
scheme is to label each node u in the given tree T' by a
pointer to some interval I(u), in a way such that for any two
nodes u and v in T', u is an ancestor of v if and only if I(v) C
I(u). Thus, to check ancestry, the decoder algorithm can
simply apply the interval containment test. This approach
relates the partial order defined by ancestry to the natural
partial order defined on intervals through containment. It
was used, for example, by the original ancestry scheme of
[23]. There, the set of intervals U that could potentially be
used to label nodes is of size at most n?, and the 2logn bits
label size follows.

The idea behind the ancestry scheme of [13] was to find
a much smaller set of intervals U to which one can map the
nodes of trees in such an order preserving manner. Indeed,
this method works well when the depths of the given trees
are small. Unfortunately, however, the approach is no longer
efficient if the input trees can have long paths. Informally,
enforcing the decoder algorithm to be merely an interval
containment test imposes a strong constraint on the way
the intervals must be organized in U. For arbitrary trees, we
could not find a way to bypass this constraint while keeping
U small. Instead, this paper introduces a decoder algorithm
which performs according to a different principle. At a very
high level, our new decoder algorithm exploits the fact that
intervals can be partially ordered not only by the contain-
ment relation, but also by the relation “ < ” introduced in
the previous section. By combining these two partial orders
on intervals, we define a new relation® between pairs of in-
tervals. This relation is defined such that the nodes of any
tree can be mapped to a limited set of pairs of intervals in
an “order preserving manner”, i.e., the ancestry relation in
the tree is compatible with the new relation defined on pairs
of intervals.

More formally, given any node u in some rooted tree T', we
first associate u with a supervisor node, denoted by sup(u),
which is either u itself or one of its ancestors. For this

5 As explained in Section 4, this relation is “almost” a partial
order on the set of labels (each label corresponds to a pair of
intervals) which are assigned by the marker algorithm. In-
deed, only a slight modification of the decoder algorithm (for
making our ancestry scheme consistent) suffices to induce a
partial order on that set.

Figure 1: The heavy nodes are depicted in black,
while the light nodes are depicted in white. In
the figure, sup(v) = v and sup(w) = w. We have
parent(w) = v. Hence, the local quasi ancestors of
w are the set of nodes lqa(w) = {z,y,a,b,¢c,d,e,v,w'}
if prs(w) > prs(w’), and lqa(w) = {z,y,a,b,c,d, e, v},
otherwise. Similarly, we have lqa(z) = 0 if DFS(y) >
DFs(z), and lqa(z) = {y}, otherwise.

purpose, we first mark each node as either heavy or light as
follows. For every non-leaf node u of T, let H (u) be the set of
children v of u that satisfy weight(v) > weight(w) for every
child w of u. Among the nodes in H(u), select an arbitrary
node, and call it heavy. A node which is not heavy is called
light. (In particular, the root is light). For each node u € T,
define the supervisor of w, denoted by sup(u), as the light
node of largest depth on the path Plu,r] connecting u to
the root r. Note that if u is light then sup(u) is w itself; in
particular, sup(r) = r, and sup(sup(u)) = sup(u). Observe
also that if w is an ancestor of v, then either sup(u) = sup(v),
or sup(u) is an ancestor of sup(v). See Figure 1.

The marker algorithm M now assigns an interval I(u) to
each node v € T, and associates u with the pair of intervals
I(u) and I(sup(u)). More formally, the marker algorithm
M assigns a label L(u) to each node u, in a way such that
the intervals I(u) and I(sup(u)) can be extracted from L(u)
in constant time. Given the labels L(u) and L(v) assigned
by our marker algorithm M to two nodes w and v in some
rooted tree, our boolean decoder algorithm D outputs 1 if
and only if the “decoding conditions” defined below hold at
u w.r.t. v.

DEFINITION 1. Consider a set of pairwise distinct inter-
vals {I(u), uw € T} for a tree T (i.e., I(u) # I(v) for any
two different nodes u and v). We say that the decoding
conditions hold at u w.r.t. v if and only if:



e DI: I(v) C I(sup(u)), and
e D2: I(u) < I(v) or I(u) = I(sup(u)).

Before dwelling into the details of our construction, we
would like to point out that storing both intervals I(u) and
I(sup(u)) explicitly in the label of u may consume too many
bits. In fact, it will follow from our construction that the
encoding of a single interval may already consume logn +
O(loglogn) bits, in worst case. To overcome this problem,
we shall use the fact that for every node u, I(u) C I(sup(u)).
This fact, together with specific constraints which are im-
posed on the intervals, will allow the decoder algorithm to
recover the interval I(sup(u)) from the interval I(u) using
only additional O(loglogn) bits.

3.1 The marker algorithm M

Assume without loss of generality that n is a power of
2, and fix a tree T' € T (n). For our scheme to be correct,
the marker algorithm M must assign the interval I(u) to
each node v in T in a way such that for every two nodes u
and v in T, u is an ancestor of v if and only if the decoding
conditions hold at u w.r.t. v. For this purpose, we first show
that it is sufficient to provide an assignment of intervals that
satisfies more “local” conditions.

3.1.0.2 The local conditions.

Let us first assign numbers from 0 to n — 1 to the nodes
according to a DFS traversal that starts at the root, and
visits light children first. We denote by DFs(u) the DFS
number of u. Let P, = P[parent(u), sup(parent(u)]. We de-
fine the local quasi-ancestors of a non-root node u, denoted
by lga(u), as all nodes in P,, together with their light chil-
dren, but removing u, sup(parent(u)), and all nodes that
have DFS numbers higher than u. See Figure 1 for an ex-
ample. Note that the local quasi-ancestors of a node may
not form a connected subtree of T'.

DEFINITION 2. Let us consider a set of pairwise distinct
intervals {I(u), uw € T} for a tree T. For every non-root
node u, we say that u satisfies the local conditions if the two
conditions below are satisfied:

o L1: I(u) C I(sup(uw)) N I(sup(parent(u)));
e 1L.2: I(z) < I(u) for every x € lqa(u).

The following lemma relates the decoding conditions to
the local conditions.

LEMMA 1. If every non-root node u satisfies the local con-
ditions L1 and 1.2, then for every two different nodes u and
v, u is an ancestor of v if and only if the decoding conditions
DI and D2 hold at u w.r.t. v.

PROOF. Let us assume that every non-root node u sat-
isfies the local conditions L1 and L2. We first prove the
following claim:

Claim 1. For any light node u, and any descendent v of
u, we have I(v) C I(u).

We establish the claim by induction on the distance between
u and v. If dist(u,v) = 1 then the claim holds as v satisfies
L1 and u is light. Fix d > 1 and assume that the claim
holds for all pairs of nodes u and v such that dist(u,v) < d.

Consider now a pair of nodes v and v such that dist(u,v) =
d + 1. If u = sup(parent(v)) then the claim follows as v
satisfies L1. On the other hand, if u # sup(parent(v)) then
there exists a light node w ¢ {u,v} on the shortest path
connecting u to v, namely w = sup(parent(v)). The claim
then follows by induction.

To establish the lemma, consider first the case where u
is an ancestor of v. Since v is a descendent of w, either
sup(v) = sup(u) or sup(v) is a descendent of sup(u). Thus,
by Claim 1, I(v) C I(sup(v)) C I(sup(u)). Since v # u,
I(v) C I(sup(u)), i.e., D1 follows. If w is light then the
fact that v and v satisfy D2 follows trivially from the fact
that, in this case, sup(u) = u. So assume now that u is
heavy. If u € lga(v), then D2 follows from L2. On the other
hand, if u ¢ lqa(v), then there exists a light node w that is
an ancestor of v, and such that v € lqa(w). D2 follows by
combining L2 with Claim 1.

Consider now the case where u is not an ancestor of v.
We need to show that either D1 or D2 does not hold. Let
w be the light node of largest depth on the path Pv,r],
which is an ancestor of w. If w is v itself then sup(u) is
either v or a descendant of v. Therefore, by Claim 1, we
have I(sup(u)) C I(v), and thus D1 is not satisfied. In the
remaining of the proof we thus assume that w # v. For
a node x which is a descendant of w, and which satisfies
sup(z) # w, let f(x) be the light node of smallest depth on
the path Plz,w).

Assume first that sup(u) = w. If also sup(v) = w then
v € lqa(u), and thus, by 1.2, I(v) < I(u). Since u # w, we
have I(u) # I(sup(u)), and therefore D2 is not satisfied. If,
on the other hand, sup(v) # w then we have f(v) € lqa(u)
and, by Claim 1, I(v) C I(f(v)). In a way similar to the
previous case where sup(v) = w, we then get that D2 is not
satisfied.

Assume now that sup(u) # w. We have I(sup(u)) C
I(f(u)). If v is an ancestor of f(u) then v € lqa(f(u)).
Consequently, I(v) < I(f(u)) and thus D1 does not hold.
On the other hand, if v is not an ancestor of f(u) then we
are left with two cases: sup(v) = w and sup(v) # w. If
sup(v) = w then I(f(u)) < I(v) since f(u) € lqa(v). Thus
D1 does not hold. Finally, if sup(v) # w then either f(u) €
lga(f(v)) or f(v) € lga(f(u)). Since I(sup(u)) C I(f(u))
and I(v) C I(f(v)), it follows that D1 does not hold. []

3.1.0.3 The interval assignment.

By Lemma 1, one of our goals is to let the marker al-
gorithm assign intervals that satisfy the local conditions at
each non-root node. For integers a,b and k, let

Inap = [2"a, 2°(a + ).
For k € [1,logn], define the set of intervals:
Tp = {Liap | i € [1,k],a € [1,nlogn/2° %], and b € [1,4i]}
Denote 7 = Ziog -

DEFINITION 3. Let T € T(n). A mapping I : V(T) — T
is called a legal interval-mapping if I is one-to-one, and
{I(u),u € T} satisfies the local conditions at each non-root
node of T.

In order to show that there exists a legal interval-mapping
from every tree in 7 (n) into Z, we use the following notation.
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T4 j

Tj+1 Tj+2 Tj+3

Figure 2: Tree decomposition as in the proof of
Lemma 2. In the figure, the DF'S traversal that visits
light nodes first is supposed to proceed by visiting
children from left to right.

For any interval J C [1,4nlogn|, and, for any k, 1 < k <
logn, let

Ie(J) = {ILiyap € I | Lijap C J}.

LEMMA 2. For every k € [1,logn], every tree T € T(2%),
and every interval J C [1,4nlogn|, such that |J| = 4k|T|,
there exists a legal interval-mapping of T into I(J). More-
over this mapping can be computed in O(|T|) time.

ProOOF. We prove the lemma by induction on k. For
k = 1, the fact that the lemma holds can be easily verified.
Assume now that the lemma holds for k£ with 1 < k < logn,
and let us show that it also holds for k+ 1. Clearly, if |T'| <
2% then we are done by induction. Consider now the case
where T is of size 2% < |T'| < 2*"!, and let J C [1,4nlogn]
be an interval, such that |J| = 4(k 4+ 1)|T|. Our goal is to
construct a legal-interval mapping of T into Zy4+1(J).

We make use of the following decomposition of T'. Let H
be the path from the root of 7" to a leaf of 1" such that every
non-root node in H is heavy. Let vi,v2,- - ,vq be the nodes
of H, ordered top-down, i.e., v1 is the root of T, v is a leaf
of T', and for every 1 < ¢ < d, v; is the parent of v;41.

For every 1 < ¢ < d, let T}, TZ,--- 7Titi be the rooted
trees hanging down from the light children of v;. (If v; does
not have any light child, which is the case, for example, for
i = d, then this set of trees is empty, or, in other words,
t; = 0). One important property of these trees is that, for
every i and j, 1 < j < t;, we have |T}| < |T|/2 < 2.

Let us now group the nodes in T\ {r} in disjoint trees
T1,Te,- - , T, where m = d — 1+ Z‘Z:l te as follows. A
tree T; is either a single heavy node v;, for j > 1, or a
subtree hanging down from a light child of some v;, j > 1.
Moreover, the trees are enumerated according to the DFS
numbers of their roots as follows. Recall that DFs(u) denotes
the DFS number of node u in T'. The trees are ordered such
that if 7; denotes the root of T; then DFS(r;) < DFS(7j4+1)
forall j=1,...,m— 1. See Figure 2.

Consider now the given interval J C [1,4nlogn|, and ex-
press it as J = [a,a + 4(k + 1)|T| — 1] for some integer a.
Let a be the smallest integer such that o < a 28!, and let
b be the smallest integer such that 4k|T| < b2+, First, we
assign the root r to the interval J' = [a2"T!, (a + b)2°H].
We now show that indeed J' € Zy11(J). By definition of a
and b, we have

(a+b)2F T = 2" 4 ((a—1)+(b—1))2" ! < 2" faak|T|—2.
Since 2% < |T|, we get that
(a+b)2"" < a+ (4k 4+ 4)|T| — 1.
Thus
J =1a2" (a+ 02" C o, a4+ 4k +4)|T| — 1] = J.

Therefore, since a — 1 < a/2"" < 4nlogn /2", and since
n is a power of 2, we get 1 < a < 4nlogn/2F"'. Combining
this with the fact that 1 < b < 4k, we obtain that J' €
Tit1(J).

The rest of the nodes in T are mapped as follows. First
note that |J'| > 4k|T|, and recall that >~ |T3| = |T] — 1.
Let Ji,J5,---,J}, be m pairwise disjoint consecutive sub-
intervals of J’ such that, for each 1 < i < m, we have
|Ji| = 4k|T;|, and for 1 < i < m, J; < Jiy;. For each
1 <7 < m, we now use the induction hypothesis to map the
nodes in T; to Zx(J;) via a legal interval-mapping (recall
that |T;| < 2%).

The fact that the above recursive mapping can be per-
formed in linear time is obvious. It remains to show that the
above mapping of 7" into Zr41(J) is indeed a legal interval-
mapping. That is, we have to show that the set of intervals
satisfies the local conditions L1 and L2 at each non-root node
u. The fact that the local conditions hold at every node u in
T; \ r; follows from the induction hypothesis, since sup(u),
sup(parent(u)), and lqa(u) are all contained in 7;. Finally,
consider the root r; of T;. (Note that if r; is heavy then
T; = {r:;}). L1 holds trivially for r; because J' contains J;,
and, by induction, the interval assigned to r; is contained
in the interval J;. To establish that L2 holds, first observe
that lga(r;) = {r1,...,7m-1}. On the other hand, for ev-
ery j = 1,...,i— 1, DFS(r;) < DFS(r;), and thus J; < J;.
Hence L2 holds for r; as well. Our mapping is thus a legal
interval-mapping of T into Zy4+1(J). The lemma follows. [

COROLLARY 1. LetT € T(n). There exists a legal interval-
mapping of T into I, which takes O(|T|) time.

3.1.0.4 The label assignment.

After mapping T into Z using the legal-interval mapping
given by Corollary 1, the marker algorithm M assigns the
label L(u) to each node u as follows. Given a node u, the
marker algorithm uses the first logn + loglogn + O(1) least
significant bits of L(u) to encode the interval I(u). This can
be done explicitly as I(u) = I for some k € [1,logn],
a € [1,nlogn/2"72] and b € [1,4k]. Specifically, the first
[log k] bits in L(u) are set to 0 and the following bit is set
to 1. The next 2logk + O(1) bits are used for encoding k
and b, and the following logn + loglogn — k + O(1) bits to
encode a.

Finally, the marker algorithm aims at encoding I(sup(u))
in the label of u. However, using the method above to encode
I(sup(u)) would consume yet another log n+loglogn+O(1)



bits, which is obviously undesired. Instead, we use the fol-
lowing trick. Let k’,a’, and b be such that I(sup(u)) =
I o 1. Clearly, 2loglogn + O(1) bits suffice to encode
both k" and b’. To encode a’, the marker algorithm acts as
follows. Let I(u) = [, 3], and let a” be the largest integer
such that 2% a” < a. Recall that by definition I(sup(u)) =
[2"a/, 2" (¢’ + b')]. We have, a” — 4logn < a”’ — b be-
cause b’ < 4logn. Since I(u) C I(sup(u)), we also have
Qk/(a' +b)y>pB>a> Mo Thus o’/ —V < d'. Finally,
again since I(u) C I(sup(u)), we have 2¥'a’ < o, and thus
a’ > a/. Combining the above inequalities, we get that
a’ € [a” — 4logn,a”]. The marker algorithm now encodes
the integer ¢t € [0,4logn] such that ' = a” —t. This is
done in consuming another loglogn + O(1) bits. Hence, we
obtain:

LEMMA 3. Given a tree T € T(n), the marker algorithm
M assigns labels to the nodes of T in linear time, and each
label is encoded using logn + 4loglogn + O(1) bits.

3.2 The decoder algorithm p

Now, we describe our decoder algorithm D. Given the
labels L(u) and L(v) assigned by M to two different nodes in
some tree T', the decoder algorithm D needs to find whether
w is an ancestor of v in T. (Observe that since each node
receives a distinct label, the decoder algorithm can easily
find out if v and v are in fact the same node, and, in this
trivial case, it simply outputs 0.)

The decoder algorithm first extracts I(u) by inspecting
the first logn +loglog n+ O(1) least significant bits of L(u).
This is done as follows. Recall that I(u) = Iy, for some
integers k, a and b. The decoder algorithm first extracts
[log k] by finding the least significant bit that equals to 1.
It then inspects the next 2log k + O(1) bits to obtain k and
b, and the next logn + loglogn — k + O(1) bits to extract a.
Once I(u) = [a, ] has been reconstructed from L(u), the
decoder algorithm aims at extracting I(sup(u)). For this
purpose, it first reconstructs k' and b’ that have been explic-
itly encoded in the next 2loglogn+O(1) bits of L(u). Then,

it computes the largest integer o’ such that 2¥'a” < a. The
decoder algorithm then proceeds by extracting ¢, and com-
putes @’ = a” —t. At this point, D has reconstructed both
I(u) and I(sup(w)). Similarly, D extracts I(v) by inspecting
L(v).

Finally, the boolean decoder algorithm D outputs 1 if and
only if the two decoding conditions D1 and D2 hold at u w.r.t.
v (see Definition 1).

LEMMA 4. Let L(u) and L(v) be two labels assigned by
M to two nodes in T. The decoder algorithm D(L(u), L(v))
performs in constant time, and satisfies D(L(u), L(v)) = 1
if and only if u is an ancestor of v in T.

PRrROOF. The fact that D(L(u), L(v)) = 1 if and only if u
is an ancestor of v in T follows by combining Lemma 1 with
the fact that the intervals are assigned by the marker algo-
rithm via a legal-interval mapping (cf. Corollary 1). Since
I(u) = Itap = [27a,2"(a + b)] with all three parameters k,
a, and b stored explicitly, computing I(u) from L(u) can be
achieved in constant time. (Note that 2%, for example, can
be obtained from a by a simple shift of & bits.) Similarly,
I(v) can be extracted from L(v) in constant time. Com-
puting I(sup(w)) just needs a subtraction operation and a

division by a power of 2, which again amounts to a simple
shift operation. The lemma follows. [

Theorem 1 follows by combining Lemma 3 with Lemma 4.
Observe now that a rooted forest F' € F(n) can be viewed as
a subgraph of T', where T is the rooted tree with n+ 1 nodes
obtained by adding another root node and connecting it to
the roots of all trees in F'. Thus, by slightly modifying our
marker algorithm M, we obtain an new ancestry scheme
(M',D) that can handle forests as well. Specifically, we
have:

COROLLARY 2. (M',D) is an ancestry scheme for F(n)
with label size logn + 4loglogn + O(1) bits.

4. SMALL UNIVERSAL POSETS

For any two positive integers n and k, let P(n, k) denote
the family of all n-element posets with tree-dimension at
most k. Recall that an ancestry labeling scheme (M, D) for
F(n) is consistent if M assigns distinct labels to the nodes
of any F' € F(n) and D satisfies the anti-symmetry and
transitivity conditions. Our next theorem relates compact
consistent ancestry labeling schemes with small universal
posets.

THEOREM 2. There exists a consistent ancestry labeling
scheme for F(n) with label size £ if and only if for every in-
teger k, there exists a universal poset of size 2% for P(n, k).

PRrOOF. Assume first that for every integer k there exists
a universal poset (P,<) of size 2" for P(n, k). In par-
ticular, there exists a universal poset (P, <) of size 2¢ for
P(n,1), i.e., for the family of n-element posets with tree-
dimension 1. We construct the following ancestry scheme
(M, D) for F(n). The marker algorithm M first consid-
ers some bijective mapping ¢ : P — [1,|P|]. Given a
rooted forest F' € F(n), view F as a poset whose Hasse
diagram is F'. Obviously, F' is a poset with tree-dimension
1. Now, let p : FF — P be a mapping that preserves the
partial order of F'. The marker algorithm assigns the label
L(u) = ¢(p(u)) to each node u € F. Given the labels L(u)
and L(v) of two nodes v and v in some F' € F(n), the de-
coder algorithm D outputs 1 if and only if L(u) # L(v) and
¢ Y (L(uw) < ¢~ (L(v)). Obviously, (M,D) is a consistent
ancestry labeling scheme for F(n) with label size log |P| = £.

For the other direction, assume that there exists a con-
sistent ancestry labeling scheme for F(n) with label size
€. Let P = [1,2°]". We define a relation < between pairs
of elements in P. For two elements x,y € P, where © =
(x17x27 T >$k) and y = (y17y27 T >yk)> we say that <y
if and only if, for every ¢, 1 < ¢ < k, either z; = y; or
D(zi,y;) is defined and equals 1. It can be easily verified
that (P, <) is a universal poset for P(n,k). The theorem
follows. [

For the objective of constructing a small universal poset
for P(n, k), let us consider the ancestry labeling scheme
(M',D) for F(n) given by Corollary 2. We now define a
new decoder algorithm D’ as follows: D’'(L(u), L(v)) = 1 if
and only if D(L(u), L(v)) =1 and I(sup(v)) C I(sup(u)).

LEMMA 5. (M',D') is a consistent ancestry labeling scheme
for F(n) with label size logn + 4loglogn + O(1) bits.



ProoF. The fact that (M’,D’) is an ancestry labeling
scheme for F(n) is obvious, since the condition I(sup(v)) C
I(sup(u)) always holds if u is an ancestor of v in some for-
est (see Claim 1 in the proof of Lemma 1). Moreover, the
required label size of (M’, D) follows directly from Corol-
lary 2.

We now turn to prove that (M’,D’) is consistent. The
fact that M’ assigns disjoint labels to the nodes of any forest
F € F(n) is obvious from its construction. Consider now
any three labels £1, /2 and /3 in the domain of M’, and let
u, v and w be three nodes each belonging to some forest in
F(n) (not necessarily the same forest) where ¢ = L(u), {2 =
L(v) and ¢35 = L(w). Assume now that D'(L(u), L(v)) = 1
and let us show that D'(L(v), L(u)) = 0. By definition of
D', the decoding conditions between u and v must hold,
i.e., we have (1) I(v) C I(sup(u)), and (2) I(u) < I(v) or
I(u) = I(sup(u)). (Note, by definition, these conditions
must hold also if v and v belong to different forests). If
I(u) = I(sup(u)) then I(v) C I(u). If also D’(L(v), L(u)) =
1 then we must have I(v) = I(sup(v)) which contradicts the
condition I(u) C I(sup(v)). If on the other hand I(u) #
I(sup(u)) then I(u) < I(v). If also D'(L(v), L(u)) = 1 then
we must have I(v) = I(sup(v)), and therefore since I(u) C
I(sup(v)), we get I(u) C I(v), contradiction.

Let us now show that the transitivity condition holds, i.e.,
we assume that D'(L(u), L(v)) = 1 and D'(L(v), L(w)) = 1,
and our goal is to show that D'(L(u), L(w)) = 1. The fact
that I(sup(w)) C I(sup(u)) is immediate. Since I(w) C
I(sup(v)) and I(sup(v)) C I(sup(u)), we obtain that I(w) C
I(sup(u)), i.e., the first decoding condition between u and
w holds. We now show that the second decoding condition
also holds. If I(u) = I(sup(u)) then we are done, therefore,
assume I (u) # I(sup(u)). The fact that D'(L(u), L(v)) =1
now implies that I(u) < I(v). Observe, if I(v) < I(w) then
I(u) < I(w) and we are done. Otherwise, the fact that
D'(L(u), L(w)) = 1 implies that I(v) = I(sup(v)). There-
fore, I(w) C I(sup(v)) = I(v). Combining this with the fact
that I(u) < I(v), we obtain I(u) < I(w). This completes
the proof of the lemma. []

By combining Theorem 2 and Lemma 5, we obtain the
following.

THEOREM 3. For every integer k, there exists a universal
poset of size O(n" log** n) for P(n,k).
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