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β-expansions of real numbersConsider β > 1 and Tβ : [0, 1) 7→ [0, 1) given byTβ(x) := βx − ⌊βx⌋ .Representation of x ∈ [0, 1) of the formx =
x1
β

+
x2
β2 +

x3
β3 + · · · ,where xi = ⌊βT i−1

β (x)⌋is 
alled the β-expansion of x .We write dβ(x) := x1x2x3 · · · .P. Ambroº � Integer expansion in the system with negative base 3 / 22
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β-expansions of real numbersThe β-expansion of x ≥ 1 
an be naturally de�ned:�nd an exponent k ∈ N su
h that x
βk ∈ [0, 1)using the transformation Tβ derive the β-expansion of x

βkx
βk =

x1
β

+
x2
β2 +

x3
β3 + · · · ,thenx = x1βk−1 + x2βk−2 + · · ·+ xk−1β + xk +

xk+1
β

+ · · · .does not depend on kP. Ambroº � Integer expansion in the system with negative base 4 / 22



β-expansions of real numbersThe β-expansion of x ≥ 1 
an be naturally de�ned:�nd an exponent k ∈ N su
h that x
βk ∈ [0, 1)using the transformation Tβ derive the β-expansion of x

βkx
βk =

x1
β

+
x2
β2 +

x3
β3 + · · · ,thenx = x1βk−1 + x2βk−2 + · · ·+ xk−1β + xk +

xk+1
β

+ · · · .does not depend on kP. Ambroº � Integer expansion in the system with negative base 4 / 22



β-expansions of real numbersThe β-expansion of x ≥ 1 
an be naturally de�ned:�nd an exponent k ∈ N su
h that x
βk ∈ [0, 1)using the transformation Tβ derive the β-expansion of x

βkx
βk =

x1
β

+
x2
β2 +

x3
β3 + · · · ,thenx = x1βk−1 + x2βk−2 + · · ·+ xk−1β + xk +

xk+1
β

+ · · · .does not depend on kP. Ambroº � Integer expansion in the system with negative base 4 / 22



β-expansions of real numbersThe β-expansion of x ≥ 1 
an be naturally de�ned:�nd an exponent k ∈ N su
h that x
βk ∈ [0, 1)using the transformation Tβ derive the β-expansion of x

βkx
βk =

x1
β

+
x2
β2 +

x3
β3 + · · · ,thenx = x1βk−1 + x2βk−2 + · · ·+ xk−1β + xk +

xk+1
β

+ · · · .does not depend on kP. Ambroº � Integer expansion in the system with negative base 4 / 22



β-integersAn integer sequen
e x1x2x3 · · ·is said to be β-admissible if there exists x ∈ [0, 1)dβ(x) = x1x2x3 · · · .Set of non-negative β-integers is
Z

+
β

:= {xkβk+· · ·+x1β+x0 | xk · · · x00ω is a β-admissible sequen
e} .[Thurston℄: The distan
es between 
onse
utive β-integers takevalues in {∆i | i = 0, 1, 2 · · · }, where
∆i =

∞∑j=1 ti+j
βj and dβ(1) = t1t2t3 · · · .P. Ambroº � Integer expansion in the system with negative base 5 / 22
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(−β)-expansions of real numbersConsider −β < −1 and T−β :
[
−β
β+1 , 1

β+1) 7→ [
−β
β+1 , 1

β+1) given byT−β(x) := −βx − ⌊
− βx +

β

β + 1⌋
.Representation of x ∈ Iβ ≡ [lβ, rβ) ≡

[
−β
β+1 , 1

β+1) of the formx =
x1
−β

+
x2

(−β)2 +
x3

(−β)3 + · · · ,where xi =
⌊
− βT i−1

−β
(x) +

β

β + 1⌋
,is 
alled the (−β)-expansion of x , denoted d−β(x) = x1x2x3 · · · .We denote d−β(lβ) = d−β( −β
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Admissibility 
onditionAn integer sequen
e x1x2x3 · · · is said to be (−β)-admissible ifthere exsits x ∈ Iβ su
h that d−β(x) = x1x2x3 · · · .Theorem (Ito-Sadahiro)The string x1x2x3 · · · is (−β)-admissible, if and only if for alli = 1, 2, 3, . . . ,d−β(lβ) �alt xixi+1xi+2 ≺alt d∗−β(rβ) ,where d∗
−β(rβ) = lim

ε→0+ d−β(rβ − ε).
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Uniqueness problemConsider x = β2
β+1 /∈ Iβ =

[
−β
β+1 , 1

β+1).x
−β

= −β
β+1 . Thus d−β

( x
−β

)
= l1l2l3 · · ·x

(−β)3 = 1
−β(β+1) ∈ Iβ. We 
omputex1 =

⌊
− β x

(−β)3 + β
β+1⌋ =

⌊ 1
β+1 + β

β+1⌋ = 1and T−β

( x
(−β)3 ) = −β x

(−β)3 − 1 = 1
β+1 − 1 = −β

β+1 .P. Ambroº � Integer expansion in the system with negative base 9 / 22
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Uniqueness IILemmaLet x1x2x3 · · · be a (−β)-admissible sequen
e with x1 6= 0. For�xed k ∈ Z, denote z =
∞∑i=1 xi (−β)k−i .Then z ∈ 




[
βk−1
β+1 , βk+1

β+1 ] for k odd,
[
− βk+1

β+1 ,−βk−1
β+1 ] for k even.Remark. Numbers with two di�erent (−β)-admissible expansionsz =

(−β)k
β + 1 for k ∈ Z.P. Ambroº � Integer expansion in the system with negative base 10 / 22
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Greedy algorithmGreedy algorithm for 
omputing the (−β)-expansion of x ∈ RRequire: x ∈ Rwhile x 6= 0 doif x > 0 then�nd the maximal even k ∈ Z su
h that x ≥ βk
β+1 .end ifif x < 0 then�nd the maximal odd k ∈ Z su
h that x ≤ −βk

β+1 .end ifxk ← ⌊ x
(−β)k + β

β+1⌋x ← x − xk (−β)kend while P. Ambroº � Integer expansion in the system with negative base 11 / 22
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(−β)-integersSet of (−β)-integers
Z−β = {xk (−β)k+· · ·+x1(−β)+x0 | xk · · · x1x00ω is (−β)-admissible} .Remark.0 ∈ Iβ and T−β(0) = 0 ⇒ d−β(0) = 0ω and thus 0 ∈ Z−β

β minimal Pisot number, then d−β(lβ) = 1001ωxk · · · x1x00ω 6= 0ω is (−β)-admissible ⇒ so is 10ωBut 1001ω 6�alt 10ω ⇒ Z−β = {0}.Lemma
Z−β = {0} i� 102k1 is a pre�x of d−β(lβ) for some k ≥ 0.P. Ambroº � Integer expansion in the system with negative base 13 / 22
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Gaps in Z−β � general proposition
S(k) = {xk−1xk−2 · · · x00ω | xk−1xk−2 · · · x00ω is (−β)-admissible} .Max(k) = maximal in S(k) with respe
t to the alternate order,Min(k) = minimal in S(k) with respe
t to the alternate order.PropositionLet ∆ be the distan
e of two 
onse
utive (−β)-integers.Then there exists a k ∈ {0, 1, 2, . . . } su
h that

∆ = β2k + γ
(Min(2k)

)
− γ

(Max(2k)
)or

∆ = β2k+1 + γ
(Max(2k + 1))− γ

(Min(2k + 1)) .P. Ambroº � Integer expansion in the system with negative base 14 / 22
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Gaps in Z−β � �rst 
ase
TheoremLet d−β(lβ) = l1l2l3 · · · where 0 < li < l1 for all i = 2, 3, 4, . . . .Then the distan
es between adja
ent (−β)-integers take values

∆0 = 1
∆k =

∣∣∣(−1)k +

∞∑i=1 lk−1+i − lk+i
(−β)i ∣∣∣ , k = 1, 2, 3, . . .Moreover, all the distan
es are less than 2.

P. Ambroº � Integer expansion in the system with negative base 15 / 22



Gaps in Z−β � se
ond 
aseTheoremLet d−β(lβ) = l1l2 · · · lm0ω, where lm 6= 0.If 0 < li < l1 for all i = 2, 3, 4, . . . ,m, thenmeven ∆0 = 1 ,

∆k =
∣∣∣(−1)k +

∞∑i=1 lk−1+i−lk+i
(−β)i ∣∣∣ , k = 1, . . . ,m

modd  ∆0 = 1 ,

∆k =
∣∣∣(−1)k +

∞∑i=1 lk−1+i−lk+i
(−β)i ∣∣∣ , k = 1, . . . ,m − 1 ,

∆m = lm
βMoreover, all the distan
es are less than 2.P. Ambroº � Integer expansion in the system with negative base 16 / 22
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Tribona

i number β, root of x3 − x2 − x − 1
β-expansionsdβ(1) = 1110ω

∆0 = 1, ∆1 = β − 1 and ∆2 = 1
β
.

(−β)-expansionsd−β(lβ) = 101ω,d∗
−β(rβ) = 0101ω,Min(2k) = 10(11)k−1 ,Max(2k) = 010(11)k−20 ,Max(2) = 01 .

Min(2k + 1) = 10(11)k−10 ,Max(2k + 1) = 010(11)k−1 ,Distan
es are
∆0 = 1 , ∆1 = β − 1 , and ∆2 =

1
β
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β root of x3 − 2x2 − x + 1
β-expansionsdβ(1) = 2(01)ω

∆0 = 1, ∆1 = β − 2, and ∆3 = β2 − 2β.
(−β)-integersd−β(lβ) = 210ωBy Theorem

∆̃0 = 1 ,

∆̃1 = β − 1 ,

∆̃2 = 1− 1
β

.Distan
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Open questionsGaps in Z−β in generalWhat does the proje
tion of Z−β into the 
ontra
ting planegive?
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Open questionsGaps in Z−β in generalWhat does the proje
tion of Z−β into the 
ontra
ting planegive?
10Proje
tion of Zβ ,

β root of x3 = 2x2+x−1. 10 Proje
tion of Z
−β ,

β root of x3 = 2x2+x−1.
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Open questionsGaps in Z−β in generalWhat does the proje
tion of Z−β into the 
ontra
ting planegive?If we 
ode gaps in Z−β by an in�nite word u−βIs u−β �xed point of some substitution?Is there any relation with the 
anoni
al substitution ϕβasso
iated to β-numeration system?
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