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where
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is called the 3-expansion of x.

We write
dg(x) := x1xox3 - - -
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@ find an exponent k € N such that % € [0,1)
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@ does not depend on k
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An integer sequence
X1X2X3 e

is said to be 3-admissible if there exists x € [0,1)

dg(x) = x1xox3 -+« .
Set of non-negative 3-integers is
Zg = {54+ +x184x0 | Xk - - - x0% is a S-admissible sequence} .

[Thurston]: The distances between consecutive -integers take
values in {A;|i=0,1,2---}, where

A,.:Ztg' and  dg(1) = titats - -- .

Jj=1
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where 5
I e |
XI_L /BT—,@ X)+/B+1Ja
is called the (—/3)-expansion of x, denoted d_g(x) = x1xox3 - - -
We denote
d_s(ls) = d_ﬁ(ﬁ——ﬁ) =hhl--- .
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An integer sequence x;xpx3 - - - is said to be (—/3)-admissible if
there exsits x € Ig such that d_g(x) = xixox3 - -.

The string x1xox3 - - - is (—(3)-admissible, if and only if for all
i=1,2,3,...,

d_5(lg) Sate XiXiv1Xi42 <are dZ5(rp),

where d* 5(rg) = al—i>T+d_ﬂ(rB —e).

Relation between d* 5(rg) and d_g(/g).

. _JOh - by(bypr — 1)) ford_p(ls) = (h -+ hi1)”
d—,@(rﬂ) = .
0d_3(/s) otherwise.
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Consider x = % ¢15= [_ﬂl L),
o X5 =74 Thus
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Consider x = % ¢ 15 = [B_fl’ ﬁ)
o X5 =74 Thus
d—ﬁ(—Lﬁ) = hhlz---

° Thus

X _ 1
—8r = —ap € s

d_ﬂ((_),[;)?’) = 1/1I2/3... .




Consider x = ﬂﬂ—:l ¢ 15 = [_—ﬂ ).

° —Lﬁzﬁ_—fl Thus
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Let x1xpx3 - - be a (—[3)-admissible sequence with x; # 0. For
fixed k € 7, denote

Then e e
%4—1’%4—1] for k odd,
VIS _
[ — %’:11, %‘;11] for k even.




Let x1xpx3 - -+ be a (—[3)-admissible sequence with x; # 0. For

fixed k € Z, denote

Then e e
[%4—1 ’%4—1] for k odd,
VIS _
[ — %’:11 , —%‘;11] for k even.

Remark. Numbers with two different (—(3)-admissible expansions

z:(’gTﬁ)lk for k € Z.



Greedy algorithm for computing the (—/)-expansion of x € R

Require: x € R
while x # 0 do
if x > 0 then
find the maximal even k € Z such that x > ﬂﬁ—:l
end if
if x < 0 then
find the maximal odd k € Z such that x < Bfl
end if
Xk — 2w + 7
x — x — xx(—B)k
end while
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Set of (—(3)-integers

L_p= {xk(=B) 4+ 4x1(—=B)+x0 | Xk - - - x1x00“ is (—3)-admissible} .

Remark.
0 0clgand T_3(0) =0 = d_3(0) =0 and thus 0 € Z_g
@ (3 minimal Pisot number, then d_z(/3) = 1001¢
Xk - -+ x1%00% # 0“ is (—3)-admissible = so is 10“
But 1001% £, 10 = Z_g = {0}.

Z_5 = {0} iff 1021 is a prefix of d_s(l3) for some k > 0.
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S(k) = {xk—1xk—2 - - x00% | xk_1Xk—2 - - - 00 is (—/3)-admissible} .

Max(k) = maximal in S(k) with respect to the alternate order,
Min(k) = minimal in S(k) with respect to the alternate order.



S(k) = {xk—1xk—2 - - x00% | xk_1Xk—2 - - - 00 is (—/3)-admissible} .

Max(k) = maximal in S(k) with respect to the alternate order,
Min(k) = minimal in S(k) with respect to the alternate order.

Let A be the distance of two consecutive (—[3)-integers.
Then there exists a k € {0,1,2,...} such that

A = % 4 v(Min(2k)) — v(Max(2k))

A = B 4y (Max(2k + 1)) — 7(Min(2k + 1)) .
o @ = .= = ©a® P Ambros — Integer expansion in the system with negative base 14 / 22




Letd_g(lg) = hhh--- where 0 < [; < I for all i =2,3,4,....
Then the distances between adjacent (—[3)-integers take values

Ag =1

le—14i — lei
Ak:‘(l +Z (’ﬂ), Uik [N R

Moreover, all the distances are less than 2.




Letd_g(lg) = hh -+ 1m0%, where | # 0.
IfO< i< h foralli =234 ..., m, then

D=1,
_ ‘( 1)k +Z li— (1+,B—),lk+.

Ao =1,

[+ e

Ap =12

, k=1,...,m

m even

m odd

Moreover, all the distances are less than 2.
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(B-expansions
e dg(1) =2(01)~
"] A():l, Alzﬂ—z, and A3=ﬂ2—2ﬂ.

(—pB)-integers
) d_ﬁ(lﬂ) = 210%
@ By Theorem

Ao=1,
51:/6_13
~ 1
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B



(B-expansions
e dg(1) =2(01)~
"] A():l, Alzﬂ—z, and A3=ﬂ2—2ﬂ.

(—0)-integers
) d_ﬁ(lﬂ) = 210%
@ By Theorem

No=1,

Ar=3-1>1,

~ 1

Dy=1-——.
3

Distances in Zg and Z_g are different.
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give?

Projection of Zg, Projection of Z_g,
B Tribonacci number. 3 Tribonacci number.



@ Gaps in Z_g in general

@ What does the projection of Z_g into the contracting plane
give?

0 1

Projection of Z_g,
Projection of Zg, B root of x3 = 2x?>+x—1.
B root of x3 = 2x2+x—1.



@ Gaps in Z_g in general
@ What does the projection of Z_g into the contracting plane

give?

If we code gaps in Z_g by an infinite word u_g

@ Is u_g fixed point of some substitution?

@ Is there any relation with the canonical substitution ¢z
associated to B-numeration system?
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