REDUNDANCY OF MINIMAL WEIGHT EXPANSIONS IN PISOT
BASES

PETER J. GRABNER! AND WOLFGANG STEINER

ABSTRACT. Motivated by multiplication algorithms based on redundant number repre-
sentations, we study representations of an integer n as a sum n = ), £4Uy, where the
digits e, are taken from a finite alphabet ¥ and (Uy)y is a linear recurrent sequence of
Pisot type with Uy = 1. The most prominent example of a base sequence (Uy)y is the
sequence of Fibonacci numbers. We prove that the representations of minimal weight
>k €| are recognised by a finite automaton and obtain an asymptotic formula for the
average number of representations of minimal weight. Furthermore, we relate the maximal
number of representations of a given integer to the joint spectral radius of a certain set of
matrices.

1. INTRODUCTION

Forming large multiples of elements of a given group plays an important role in public key
cryptosystems based on the Diffie-Hellman scheme (cf. for instance [CFAT06], especially
[Doc06]). In practice, the underlying groups are often chosen to be the multiplicative group
of a finite field F, or the group law of an elliptic curve (elliptic curve cryptosystems).

For P an element of a given group (written additively), we need to form nP for large
n € N in a short amount of time. One way to do this is the binary method (cf. [vzGG99)]),
which is simply an applications of Horner’s scheme to the binary expansion of n. This
method uses the operations of “doubling” and “adding P”. If we write n in its binary
representation, the number of doublings is fixed by |log,n| and each digit one in this
representation corresponds to an addition. Thus the cost of the multiplication depends on
the length of the binary representation of n and the number of ones in this representation.

In the case of the point group of an elliptic curve, addition and subtraction are given
by very similar expressions and are therefore equally costly. Thus it makes sense to work
with signed binary representations, i.e., binary representations with digits {0,4+1}. The
advantage of these representations is their redundancy: in general, n has many different
signed binary representations. Then the number of non-zero digits in a signed binary
representation of n is called the Hamming weight of this representation. Since each non-
zero digit causes a group addition (1 causes addition of P, —1 causes subtraction of P),
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one is interested in finding a representation of n having minimal Hamming weight. Such
a minimal representation was exhibited by Reitwiesner [Rei60]. The number of binary
representations of minimal weight has been analysed in [GHOG].

In the present paper we propose to use Fibonacci-multiples instead of powers of 2. Using
Horner’s scheme in base 2 as described above requires successive application of the dupli-
cation formula, which is different from the general addition formula. Since the Fibonacci
recursion does only use addition of different integers (except for the first step), only the
addition rule is used for the computation of multiples using the redundant Fibonacci rep-
resentation. A further advantage of these representations is the smaller average weight
compared to the binary representation (cf. [FS08]). More generally, we study represen-
tations with linear recurrent base sequences of Pisot type. We calculate the number of
representations of minimal weight with respect to these numeration systems and obtain an
asymptotic formula for the average number of representations in the range [—N, N].

A main tool of our study will be automata, which recognise the various representations.
As a general reference for automata in the context of number representation we refer to
[Ero02), [FS10]. The books [LM95, [Sak09] provide the basic notions of symbolic dynamics
and automata theory.

2. U-EXPANSIONS AND [3-EXPANSIONS OF MINIMAL WEIGHT

2.1. Setting. Let U = (Uy)r>o be a strictly increasing sequence of integers with Uy = 1,
and z = zpzp_1 - - - 2o a finite word on an alphabet ¥ C Z. We say that z is a U -expansion of
the number Z?:o 2;U;. The greedy U-expansions of positive integers n, which are defined
by

k ¢
n = szUj with ZZjUj <Up for0=0,1,...,k, 2z, #0,
j=0 Jj=0
are well studied, in particular for the case when U is the Fibonacci sequence F' = (Fj)g>0
with Fp = 1, Fy = 1, F, = Fy_1 + Fy_o for k > 2, see e.g. [Fro02]. The sum-of-digits
function of greedy U-expansions with U satisfying suitable linear recurrences has been
studied by [PT89] and in several subsequent papers.

In the present paper we are interested in words with the smallest weight among all
U-expansions of the same number. Here the weight of z is the absolute sum of digits
2|l = Z?:o |z;|. This weight is equal to the Hamming weight when z C {—1,0,1}*, where
3* denotes the set of finite words with letters in the alphabet X.

We define the relation ~y on words in Z* by z ~y y when z and y are U-expansions of
the same number, i.e.,

k ¢
ZpZp—1 " 20 ~U YeYe—1 - Yo if and only if szUj = Zijj.
j=0 J=0

Then the set of U-expansions of minimal weight is

Ly={z€Z": ||z]| < |ly| for all y € Z* with z ~y y}.
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Of course, leading zeros do not change the value and weight of a U-expansion. In particular,
every element of 0*z is in Ly if z € Ly.

It is also interesting to consider U-expansions of minimal weight with respect to an
alphabet ¥ C Z, e.g. for ¥ = {—1,0,1}. However, for some important sequences U such
as the Fibonacci sequence, the Tribonacci sequence and a sequence related to the smallest
Pisot number, it was shown in [FS0§] that

{ze{-1,0,1}": |z|| < |ly|| for all y € {—1,0,1}" with z ~y y} = Ly N {-1,0,1}",

cf. Proposition below. Therefore, we restrict our attention to Ly in this paper.

Throughout the paper, we assume that there exists a Pisot number 3, i.e., an algebraic
integer 5 > 1 with |5;| < 1 for every Galois conjugate f3; # [3, such that U satisfies even-
tually a linear recurrence with characteristic polynomial equal to the minimal polynomial
of 5. Then there exists some constant ¢ > 0 such that

(2.1) U = cB* + O],

where (35 is one of the second largest conjugates of # in modulus.

2.2. Regularity of L;. For the Fibonacci sequence, the Tribonacci sequence and a se-
quence related to the smallest Pisot number, the set Ly N {—1,0,1}* is given explicitly in
[E'SO8] by means of a finite automaton, see Figure [1| for the Fibonacci sequence. Recall
that an automaton A = (Q, %, E,1,T) is a directed graph, where (@ is the set of vertices,
traditionally called states, I C @ is the set of initial states, T' C @ is the set of terminal
states and E C Q) X 3 x @ is the set of edges (or transitions), which are labelled by elements
of . We write p = q if If (p,a,q) € E. A word in ¥* is accepted by A if it is the label of a
path starting in an initial state and ending in a terminal state. The set of words which are
accepted by A is said to be recognised by A. A regqular language is a set of words that is
recognised by a finite automaton. The main result of this section is the following theorem.

0
U : U

FIGURE 1. Automaton recognising the set of F-expansions of minimal
weight in {—1,0,1}".

Theorem 2.1. Let U = (U)o be a strictly increasing sequence of integers with Uy = 1,
satisfying eventually a linear recurrence with characteristic polynomial equal to the minimal
polynomial of a Pisot number. Then the set of U-expansions of minimal weight is recognised
by a finite automaton.
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For the proof of the theorem, note first that the structure of Ly is similar to the structure
of the [-expansions of minimal weight. Here, z = zp2p_1--- 20 € Z* is a [-expansion of
the number E?:o ;7. Similarly to ~p, we define the relation ~4 on Z* by

k ¢
(2.2) D F Y Ym B Y 5B =y
j=0 j=m

A difference with ~ is that m can be chosen freely in Z; we have z ~g y if (2.2)) holds for
some m € Z. The set of S-expansions of minimal weight is

Ly={z€Z": ||z|| <|y| for all y € Z* with z ~3 y}.

(These definitions are equivalent to the ones in [F'S0§|.) Now, leading and trailing zeros do
not change the minimal weight property, i.e., 0*Lg 0* = Lz. Theorem 3.11 in [F'S08] states
that one can construct a finite automaton recognising Lg.

The proof of the corresponding result for Ly (Theorem [2.1)) is slightly more complicated,
but follows the same lines. We show first that Ly is contained in X* for some finite
alphabet X, i.e., the digits of U-expansions of minimal weight are bounded (Propositions
and . Then we consider the complement of Ly in ¥*. Words of the form z 2’ € ¥* with
z ¢ Lg and a sufficiently long suffix 2’ are not in Ly because we can replace the prefix z by
a lighter word in the same way as for S-expansions. The set of these words is regular. The
set of words in ¥* \ Ly that cannot be written as a concatenation of words z, 2’ with these
properties is also shown to be regular. Therefore, the complement of Ly in ¥* is recognised
by a finite automaton, which implies that Ly is recognised by a finite automaton.

We start with the following proposition, which resembles Proposition 3.5 in [FS08]|.

Proposition 2.2. Let U be as in Theorem[2.1. Then there exists a positive integer B such
that

(2.3) Vi >0, 36 ez BOF ~py b, b < B.

Proof. Let U be a strictly increasing sequence of integers with Uy = 1, $ a Pisot number
of degree d, and h > 0 an integer such that, for all £ > h + d, Uy is given by the linear
recurrence with respect to the minimal polynomial of 5. By [FS08| Proposition 3.5],
we know that for sufficiently large B there exists some b = by---b,, € Z* such that
B = Z?Zm b;3’ and ||b]] < B. Then we have B0* ~ by -+ by, 0™ for all k > h — m.
For 0 < k < h —m, the weight of the greedy U-expansion of the integer B U grows with
O(log B). Therefore, there exists some positive integer B satisfying (2.3). O

Proposition 2.3. Let U be as in Theorem . If B is a positive integer satisfying (2.3)),
then Ly C {1 — B,...,B—1}*. If B is a positive integer satisfying

(2.4) Vi >0, 30 €z BOF ~y o™, [0 < B,
then there ezists for everyn € Z some z € Ly N {1 — B, ..., B — 1}* with z ~y n.

Proof. This can be proved similarly to Proposition 3.1 in [F'S0§]. O
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ForU = F, holds with B = 2 since 2 ~p 10, 20 ~ 4 ~p 101 and 2 0% ~p 1001 0*~2
for £ > 2. Therefore, we are mainly interested in the language Lr N {—1,0,1}*, which is
recognised by the automaton in Figure [ES08, Theorem 4.7]. The minimal positive integer
satisfying is B = 3. Here, we have 3 ~p 100, 30 ~p 6 ~x 1001 and 3 0¥ ~p 10001 0*~2
for k > 2, whereas 20 is clearly a F-expansion of minimal weight.

Next we show the following generalisation of a well-known result for S-expansions [Fro92)
Corollary 3.4]. For a subclass of sequences U, this result can be found in [Fro89, [Fro92].

Proposition 2.4. Let U be as in Theorem[2.1. Then, for every finite alphabet ¥ C Z,
ZU’Z:{ZGE*I ZNUO}
1s recognised by a finite automaton.

Proof. Let U, 3,d,h be as in the proof of Proposition 2.2 Let 8 = S1, s, ..., B4 be the
conjugates of B. Then there exist constants ¢; € Q(f;) such that

d
(2.5) Up+r = Zciﬁf for all k> 0.
i=1

For any word zj - -- 29 € X* we can write

k—h d—1
(26) Z Zthjﬂj = Z m]ﬂj with mg_1---mg € VAS
§=0 §=0
We have 2, - - - 29 ~py Mg—1 -+ Mo 2p—1 - - - 2o (With z; = 0 for k < j < h), thus
d—1 h—1
(27) ZE 20 NUO if and only if ijUh+j+ZZjUj = 0.
§=0 §=0
By (2.6)), we obtain
d—1
| maxeex |af :
2.8 m; 3! for i=1,2,...,d—1
29 2 mif| < T

By (2.7), (2.5) and (2.8)), we obtain that | Z;l;é m; /3’| is bounded as well if zj, - - - 29 ~ 0.
There are only finitely many words my_; - - - mg € Z® such that all conjugates of Z?;é m; 39

are bounded. Therefore, there are only finitely many possibilities for mgy_1---mg € Z¢,
Zh_1- 2o € X such that mg_q1---mgzp_1--- 20 ~y 0. Set

d—1 h—1
Ty(zn-1---20) = { - E mjﬂhﬂ - E 2’ ‘ Mq—1 Mo Zp—1"""20 ~U 0}
j=0 7=0

and M = maXxeTU(zl)’Zlezh |.CC|
Let Ays be the automaton with initial state (0,0") and transitions (s, z,_1---20) —

(Bs — a,zp—2---20a), a € X, such that |Bs —a|] < M + maxpex |[b]/(8 — 1). A state
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(s,2') € Z|B] x ¥ is terminal if and only if s € Tyy(2'). Then Ayy is finite. To see that
Ay s, recognises Zyx;, note that words zj - - - 29 € Zyx, correspond to paths

(O, Oh) i (—Zk, Oh_lzk) ZE}I (—Zkﬁ — Zk—1, Oh_ZZka_l) Zk—_>2 cee
4 (— Z;?:e 5B 2 ) LA (- Z?:o 2B, 2 20)
with — Z?:o zj3 € Ty(zp-1- -+ 20), and that

k k -1 M 1)
j—¢ j—t i—0
szﬁj < ZZ’J'BJ + szﬁ] < W—FI?GaEXﬁ— 1
Jj=¢ Jj=0 j=0
for 0 < ¢ <k when 2z, ---29 € Zys. O

Now, we can prove Theorem . Asin [FS08|, we make use of letter-to-letter transducers,
which are automata with transitions labelled by pairs of digits. If (zx, yx) - - - (20, yo) is the
sequence of labels of a path from an initial to a terminal state, we say that the transducer
accepts the pair of words (z,y), with z = 25 -+ - 2o being the input and y = y; - - - yo being
the output of the transducer.

Proof of Theorem[2.1 By Propositions and [2.3] there exists a positive integer B such
that Ly C ¥* with X ={1—-DB,...,B—1}.

In the proof of Theorem 3.10 in [FS08], it was shown that there exists a finite letter-to-
letter transducer 7 with the following property: For every word z € (X¥Lg N LgX) \ Lg,
i.e., z € ¥*\ Lg and every proper factor of z is in Lg, there exist integers ¢, m and a word
y € ¥* such that (0°20™,y) is the label of a path in 7 leading from (0,0) to (0,6), with

9 < 0. The transitions in 7 are of the form (s, ) @ (Bs +b—a,d + |b] — |a|), with
s € Z|B], 0 € Z, a,b € ¥. This means that y ~3 2z and ||y|| < ||z]|. Since T is finite,
we can choose m < K for some constant K. Since, for & > h + d, U}, satisfies a linear
recurrence with respect to the minimal polynomial of /3, we obtain that z0F ~ y 0™
for all K > h + K, thus 20¥ € Ly. Note that 20* € Ly implies that 2/z 2" ¢ Ly for all
2 e ¥*, 2" € ¥%. Now, since ¥* \ Lg is recognised by a finite automaton, we also have an
automaton recognising the set of words z = zj, -+ 29 € £¥* \ Ly with z; -+ - zpk & Lg.

It remains to consider the words z = z,---29 € X"\ Ly with 2z, -z € Lg (if
k>h+K). Lety=y;---yy ~v 2z with y € Ly, and assume w.l.o.g. £ > k. These
pairs of words (0°"*z,y) are accepted by a letter-to-letter transducer 7' with initial state
(0,0",0",0) € Z[B] x ¥" x $" x Z, transitions

(a,b
(8, Zh—1 """ 20, Yn—1" " Yo, 0) ‘g (Bs+b—a, zp—9- - 20a, Yn—2- - Yob, 0 + [b] — |al),

a,b € 3, and terminal states (s, z’,7/,9) such that s € Ty(2') — Ty (y'), 6 < 0. We show
that the corresponding paths run through finitely many states, i.e., that 7' is a finite
transducer. As in the proof of Proposition , we obtain states (s,z’,y/,0) with s in a
finite subset of Z[f], more precisely |s| < 2M +2(B — 1)/(8 — 1) and the conjugate of s
corresponding to f; is bounded by 2(B — 1)/(1 — |8;]) for 2 < i < d. Clearly, there are
only finitely many possibilities for z/,y’ € . By the previous paragraph, y € Ly implies
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Yo Yy € Lg. As in the proof of Theorem 3.10 in [ESO§|, for m > h + K, a large
difference 6 = ||yk - yml| — |2k - - - 2m]|| contradicts the assumption that zj---z, € Lg
and yi - - - Ym € Lg. Since h + K and 3 are finite, the difference between ||z - - - 2, || and
Yk - - - Ym|| is bounded for 0 < m < h 4+ K as well, thus 7" is finite.

If we modify T’ by adding those states to the set of initial states which can be reached
from (0,0, 0", 0) by a path with input consisting only of zeros, then the input automaton of
the modified transducer recognises a subset of 3*\ Ly containing all words zy, - - - zg € ¥*\ Ly
with z - - - zp. i € Lg. Therefore, 3* \ Ly is regular as the union of two regular languages,
and the complement Ly is regular as well. U

2.3. Properties of the automata. The trim minimal automaton recognising a set H is
the deterministic automaton with minimal number of states recognising H, where deter-
ministic means that there is a unique initial state and from every state there is at most
one transition labelled by a for every a € ¥. Let Myy and Mgy be the trim minimal
automata recognising Ly NX* and LzNX*, respectively; let Ay s, and Ag s, be the respective
adjacency matrices. We will see that the automata My s, and Mgy are closely related.
We show first that the matrix Agy is primitive, using the following lemma.

Lemma 2.5. Let T be a finite letter-to-letter transducer with transitions of the form
(s,0) ey (Bs+b—a,d+|b| — |a]), s € Z[B], d,a,b € Z, B # 0. Then the number of

consecutive zeros in the input of a path in T not running through a state of the form (0,0)
15 bounded.

Proof. Let (0%, y) be the label of a path starting from (s,d) with s # 0. Then the path
leads to a state (s',0+||y||), thus |Jy|| is bounded by the finiteness of 7. If y starts with 07,
then the path leads to (37s,d), thus the finiteness of 7 implies that j is bounded. If the
path avoids states (s,0) with s = 0, then the boundedness of ||y|| and the boundedness of
consecutive zeros in y imply that &k, which is the length of y, is bounded. U

Proposition 2.6. Let 8 be a Pisot number and 0 € ¥ C Z. Then Agy, is primitive.

Proof. We will show that, for sufficiently large k, paths labelled by 0* lead from every state
to the initial state, hence 0 is a synchronising word of Mg x. Since Mgy was assumed to
be a trim minimal automaton, this implies that Mgy is strongly connected, thus Agy is
irreducible. Then the primitivity of Agy follows from the fact that there is a loop labelled
by 0 in the initial state.

To see that 0% is synchronising for sufficiently large k, note first that z € Lg implies
20" € Lg for all k > 0, thus from any state there exists a path labelled by 0*. Suppose
that such a path does not lead to the initial state. Then there exist words 2,2’ € Lg N X*
with 20% 2" ¢ L. We can assume w.lo.g. 2082 € (XLg N LX) \ Lg. As in the proof
of Theorem there exist integers ¢,m and a word y € ¥* such that (0°20™,y) is the
label of a path in 7 leading from (0,0) to (0,d), with § < 0. If this path ran through a
state (0, 0) while reading the input 0¥ between z and 2’, then the corresponding prefix of y
would be a word y’ ~g z and the corresponding suffix of y would be a word y” ~3 2’. Since
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19l + Nyl = llyll < llz[l + [[2']l, we had |ly'[| < |[z]| or [ly"[| < [[2'[l, contradicting that
2,7 € Lg. Therefore, Lemmayields that k is bounded. This proves the proposition. [

Proposition 2.7. Let U be as in Theorem and 0 € ¥ C Z. Then the automaton
Muys has a unique strongly connected component. Up to the set of terminal states, this
component is equal to Mgy,.

Proof. We first show that every word z € Lg is the label of a path starting in the initial
state of My x. Suppose that z 0¥ & Ly for some large k > 0, then there exists an integer ¢
and a word y € ¥* such that (0°2 0, y) is accepted by the finite transducer 7’ in the proof
of Theorem As in Lemma [2.5] we obtain that the path must run through a state
(0,2',y',6) while reading 0%, which implies that y ~3 z. Moreover, we have § < 0, thus
lyll < ||z||, contradicting that z € Lg. This shows that the directed graph My y, contains
the directed graph Mg y.

Now, consider an arbitrary word z € Ly such that the corresponding path ends in a
strongly connected component of My 5. This means that we have z 2" € Ly for arbitrarily
long words 2’. Since z 2’ € Ly implies 2 0¥ € Ly, where k is the length of 2/, we obtain that
z € Lg. Therefore, the strongly connected components of My y are contained in Mgy,.
Since Mg 5; has a unique strongly connected component by Proposition the same holds
for My . O

In Section [3] we use the following lemma stating that the difference between the lengths
of the longest U-expansion of minimal weight (without leading zeros) and of any other
U-expansion on a finite alphabet, e.g. the greedy U-expansion, is bounded.

Lemma 2.8. Let U be as in Theorem[2.1 and X a finite subset of Z. Let z = zp -+ - 2o € X
with zi, # 0, y = yp---yo € Ly with y, # 0. There exists a constant m > 0 such that
z ~y y implies £ < k 4+ m.

Proof. For { < k, the assertion is trivially true. If £ > k, then (0° %z, y) is accepted
by a transducer similar to 7’ in the proof of Theorem , with states (s,z’,y’,d) such
that s is in a finite set. Now 0 can be unbounded. However, y € Ly implies that the path
labelled by (0% - - - yx41) starting from (0, 0", 0", 0) runs through states (s, 2’, 3/, ) with
bounded §, cf. the proof of Theorem 3.10 in [F'S08]. As in Lemma [2.5] we obtain that £ —k
is bounded. ]

3. AVERAGE NUMBER OF REPRESENTATIONS

In this section we study the function f(n) counting the number of different U-expansions
of minimal weight (without leading zeros) of the integer n in ¥*, with {0,1} C ¥ C Z. As
in Theorem , U = (Uy)g>o is assumed to be a strictly increasing sequence of integers with
Uy = 1, satisfying eventually a linear recurrence with characteristic polynomial equal to
the minimal polynomial of a Pisot number 3. We will give precise asymptotic information
about the average number of representations 37— > nj<n f(n). As a general reference for

the study of the asymptotic behaviour of digital functions we refer to [DG10].



REDUNDANCY OF MINIMAL WEIGHT EXPANSIONS IN PISOT BASES 9

The main result proved in this section is the following theorem, which gives precise
information about the average number of representations of integers of minimal weight
(after dividing by 2N — 1).

Theorem 3.1. The summatory function of the number of representations of n with mini-
mal weight satisfies

(3.1) Y f(n) = N8 d(logy N) + O(N?),

[n|<N
where ® denotes a continuous periodic function of period 1 and
_loga 260n
“logB (0 +2)+20

n giwen by (3.7), and 6 given by (3.10)).

The proof of this theorem will be done by a sequence of lemmas and propositions. Before
we start, we give a brief outline of the structure of the proof:

e the main idea is to write the sum as the measure of the interval [—N /Uy, N/Uy].
The measure py is defined by putting point masses of weight f(n) at the points
n/Uy for U, > N. Normalising, so that the total mass is 1 gives .

e the renormalisation of the measures to a fixed bounded interval and the self-similar
structure of the measures, which comes from the shift-structure of the digital ex-
pansions, is then used to prove the existence of a weak limit measure p of the
sequence (fu)g-

e the easiest way to understand convergence of the sequence of measures (pug)x is
via the sequence of Fourier transforms (ju;(¢))x. This is a standard technique in
probability theory (cf. [FeI50]). The Fourier transforms can be computed from the
structure of the automaton by using weighted adjacency matrices, where the weights
are complex exponential functions of . For technical reasons the measures py are
replaced by measures v, which have the same limit, but more obvious self-similarity
properties, which give .

e the Fourier transforms of v, can be expressed in terms of matrix products; in order
to understand their behaviour for k¥ — oo, Lemma [3.4] is proved. This gives an
estimate for the difference between the Fourier transforms of u; and the Fourier
transform of the limit measure pu. The proof uses matrix norms, which have to
attain the minimal possible value for the adjacency matrix A. This is provided by
Lemma [3.3]

e the asymptotic behaviour of the sum is then obtained by replacing the measure
i by the measure p and controlling the difference between these two measures. The
estimate for the difference of the two measures is provided by Proposition [3.8] The
estimate uses the difference between the Fourier transforms of the measures and
an estimate for the measure dimension of u, which is provided by Proposition (3.7
The measure dimension is obtained by a priori estimates for the counting function

f(n) obtained in Lemma [3.5| and Corollary [3.6]
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e finally, we state Proposition [3.10, which shows that the measure p is either purely
absolutely continuous or purely singular continuous. In terms of the correspond-
ing distribution functions this either means that the distribution function is the
integral of a density, or the derivative of the distribution function vanishes almost
everywhere.

In order to exhibit the fluctuating main term of the sum we introduce a measure
on [n;;flz, mﬂaflz } The construction of this measure is similar to the distribution measures
of infinite Bernoulli convolutions as studied in [Erd39]. There it encodes the number of
representations of integers as sums of Fibonacci numbers.

As in Section [2] let My y be the trim minimal automaton recognising Ly N X*. Denote
by Ay, the adjacency matrix of all transitions in My y, labelled by the digit a. The total
adjacency matrix of the automaton is then Ayy, = ), . A Let Mgs, Agq, Ags; be the
corresponding objects for f-expansions.

Let fi(n) denote the number of words z € Ly N ¥* with 2 ~p n, i.e., the number of
U-expansions of minimal weight of length & of an integer n. If |n| < Uy, then the length of
the greedy U-expansion of |n| is at most k. Then, by Lemma , there exists a constant
m > 0 such that every U-expansions of minimal weight without leading zeros is of length
at most k£ + m. By adding leading zeros, we obtain that f;(n) = f(n) for all j > k + m.

We define a sequence of measures by

(3.2) e =—=—Y_ fi(n) oz,

where ¢, denotes the unit point mass concentrated in x and

Mk—ka #(Ly N EF).

nel

We notice that all points - with fi(n) > 0 lie in the interval (Zf;é Z—i) [min X, max Y.

As a first step of reduction we replace the measure p; by the measure v, given by

k—1
Vi = M Z (5 with g<zk—1 . ZO) — szﬁj—k_
7=0

z€LyNTk

By (2.1), we have
k-1

Zj—= (zr_1---20) = O(B7"),

7=0

thus the Fourier Transforms fi;, and 7y of up and v, satisfy

(3.3) [ (t) = ()] = O(t] 7).

From this it follows that (u)x and (vg)x tend to the same limiting measure .
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In order to compute the characteristic function of v, we consider the weighted adjacency
matrix of My,

Aus(t) =) elzt) Ay,
zEX

where we use the notation e(t) = e*™. Then we have

(3.4)
Uk(t) = Mik ELZ;W e(g(2)t) = Mikleaz(e(tﬂ_l))AU,x(e(tB‘Q)) o Aus (e(tB7F)) v,

where v; is the indicator (row) vector of the initial state of My y and v, is the indicator
(column) vector of the terminal states of My 5.

Lemma 3.2. The adjacency matriz Ayy, = Auyx(0) of the automaton My y, has a unique
dominating eigenvalue o, which is positive and of multiplicity 1.

Proof. By Proposition , every non-zero eigenvalue of Ayy is an eigenvalue of Agy,
with the same multiplicity. Therefore, the lemma follows from Proposition 2.6 and the
Perron-Frobenius theorem. U

By Lemma [3.2] there exists a positive constant C' such that
(3.5) My = viAfgva = Ca¥ + O((|ao| + €)¥)

for every € > 0, where o and a; are the largest and second largest roots of the characteristic
polynomial of Ay .

Lemma 3.3. Let A be a n X n-matriz with complex entries. There exists a matriz norm
| - || satisfying || Al = p(A) (the spectral radius) if and only if for all eigenvalues A of A
with |\| = p(A) the algebraic and geometric multiplicity are equal.

Proof. Assume that for all A with |A\| = p(A) the algebraic and geometric multiplicities are
equal. Then there exists a non-singular matrix S, such that

A 0 0 0 0 ... 0

0 A 0 0 0 ... 0

o 0 . 0 "o

SAST =10 0 ... A\ 0 ... 0],

0 0 ... 0

S B

0O 0 ... 0
with [A| = -+ = |\ = p(A) and p(B) < p(A). Then by [HI85, Lemma 5.6.10 and
Theorem 5.6.26] there is a norm || - ||,,—» on C"~" such that the induced norm on matrices

satisfies || B|| < p(A). Define the norm on C" by
1[I = lIprySx|lr + l[praSx|n-r,
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where pr; denotes the projection to the first r coordinates and pr, the projection to the

n — r last coordinates; || - ||, is just the ¢*-norm on C". Then we have
[Ax| _ p(A)l[preSx[lr + [[BpraSx|ln—r _ o(A)
[l [pr X[l + IproSxln—r

and therefore ||A|| = p(A) by the fact that ||A|| > p(A) for all norms. Here we have used
pry,SAS™! = Bpr,.

If on the other hand A is not diagonalisable for some A with |A| = p(A), then there exist
two vectors e; and ey such that

Ae; = \e; + ey and Aey = Nes.
Then we have
Akel = /\kel + k?/\k_leg.

Let || - || be any norm on C". Then

IATF A% || = [ler + kA esl| = K| les || — [lex

shows that ||A\=%A%e;|| is unbounded, whereas ||A|| = p(A) would imply that this sequence
is bounded by ||e;||. Thus there is no induced matrix norm with ||A|| = p(A). Since by
[HJ85, Theorem 5.6.26] for every norm there is an induced norm, which is smaller, there
cannot exist a matrix norm with [|A|| = p(A). d

By Lemma there exists a norm on C#statesof Mus gych that the induced norm on
matrices satisfies ||Ayx(0)]| = p(Ayx(0)) = a. From now on we use this norm. By
differentiability of the entries of Ay x(t) and the fact that the norm || - || is comparable to
the ¢'-norm, there exists a positive constant C' such that

|Avs(t) — Aus(0)]| < C.
We will prove that (1), (and therefore (uy)x) weakly tends to a limit measure by showing
that (Vx(t))x tends to a limit U(t) = (t).

Lemma 3.4. The sequence of measures (puy)x defined by (3.2) converges weakly to a prob-
ability measure . The characteristic functions satisfy the inequality
~ —~ (9(|t| ﬁfnk) for |t| <1,
3.6 t)—pu(t)| = _
with
1 —1
log 8 + log o — log(|ava| + €)
for any € > 0. The constants implied by the O-symbol depend only on ¢.

Proof. We study the product

P(t) =a" H A(tp),
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with A = Ayy. For [t| <1 we estimate

HPk(t) - Pk(O)H == Oé_k

[T (40) + (A5~ - 40))) - A}

"“ZHA O Y2 llAws ) — AQ) - [[Ats7=) = AQ)] - |45 ) — A©)]

1<j1<ja < <Jp<k

< a Z C€|t|4B—(j1+~-+jz)

=1 1<j1<jo<--<je<k

f1 ¢ Ct|
AN —j _
< g e Clt| (E ﬁ]> Sexp(aw_l))—l—(?(m).
Furthermore, we have for j > k > ¢ and 1 < [t| < 3

[Pe(t) = P ()] = || Pre(tB™") Pe(t) — Pye(t8~1) Po(t)]
< 1P (1Pe-et5™) = PiceO)]| + || Py-olt5 > H(O)II+HPkfe<0>—ijf<0>||)

= o() + o (2L f)H) — o5 ™).

Here we have used the fact that || P(¢)|| is uniformly bounded for all £ € N and all ¢ € R,
since all entries of P(t) are bounded by the entries of a™*A(0)* and the entries of this
matrix converge. In the last step we have set £ = [(1 —n)logg [t| +nk]. The inequality is
valid for j > k > logg [t|.

We now assume that [t| <1 and j > k > ¢. Then we have

) |
pit) = 25(0)] = | vaeltve = 3B v
k J
- 57 Peo(tB~)Py(t)vs — %vla,g(w%)a(tm
J
a” ol ’
S ‘mvlpk_g(O)Pg(t)Vg — lepj_g(O)Pg(t)Vg + O(|t|/3_ )
k J
_ %lek ((0)(Pu(t) — Pu(0))vo — ;—vlpj,g(()) (Po(t) — Po(0))va| + O(|t137)
k J

- ) |052|+5 h—t
e (52)”)

where we have used %lek(O>V2 = 1 in the fourth line. Setting ¢ = [nk] gives
| —5(t ‘ = <|t|5_nk)-



14 P. J. GRABNER AND W. STEINER

Thus 7k (t) converges uniformly on compact subsets of R to a continuous limit 7i(t),
and the measures vy tend to a measure p weakly. From this together with (3.3]) the two
inequalities (3.6 are immediate. O

Lemma 3.5. There exists a positive real number v < o such that
max,ez(g #{2k-1- 20 € Lg N EF: Zf;é zip =z} = O().
Proof. Similarly to , we have
#(Ls NZH) = V) Af 5 vy = O(a¥),

where v/ is the indicator (row) vector of the initial state of Mgyx and vj = (1,...,1)7 is
the indicator (column) vector of the terminal states of Mpgy. We show that there exists
some ¢ > 1 and a matrix A with A < A} (entry-wise) such that

(3.8) #{zr oz € LynTh: Y0260 = o} < vi AW AL Iy

=0

for all x € Z[5], k > 0.

Each entry in Ag’z counts the number of paths of length ¢ in Mg 5, between two states
q and ¢'. By the proof of Proposition [2.6], there exists k; > 0 such that the path labelled
by 0% leads from every state to the initial state. Let ky > 0 be such that 102 leads from
the initial state to itself, k3 be the maximal distance of a state from the initial state, and
¢ = ky + ky + ks + 1. Then, for any two states ¢, ¢, there exists a 2’ € ¥* such that paths
labelled by 01 10%2 2/ and by 0¥1+1+*2 2/ (of length £) run from ¢ to ¢'. It is well known that

the words (zx_1-" 20, Yk—_1 - Yo) with Z?;é zi = Z;:é y; 3 are recognised by a finite
automaton with transitions of the form s &5 Bs+b—a, see e.g. [FSO§]. For sufficiently large
ki and ks, there is no path labelled by (0% 10%2 0*1+1+*2) in this automaton. Therefore,
for any fixed x € Z[f], any word zx_;---2;, { < j < k, leading to the state ¢ in Mgy,
cannot be prolonged by all labels of paths of length ¢ between ¢ and ¢’ when we want to
obtain a word z;_1---29 € LgN Yk with Z?;é zjﬂj = z.

This means that, for sufficiently large ¢, holds with A taken as the matrix with
every entry being one smaller than that of Aé,z- Let & be the dominant eigenvalue of A,
then & < af and the lemma holds with v = &*/*. O

Corollary 3.6. The counting function f satisfies f(n) = O(|n|'*887) for some v < a.

Proposition 3.7. Let v be as in Lemma|3.5. Then the measure p satisfies

(3.9) p([z,y]) = O((y — 2)°)
with
(3.10) g loga —log

log 8
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Proof. Let v <y, and ¢ = |—logs(y — x)]. Recall that

o1
(3.11) p(lz,y]) = lim i, ) Og(2)-
z€LyNEk: g(2)€lz,y]

Let 2 = z;_1 -+ - 29 € LyNY*. By Proposition , we have z;_1 - - 2,4 € Lg for sufficiently
large k. If g(2) € [x,y], then

-1 .
- y min» max X

szJrkffﬁj € Bz, y] - {ﬂ, ﬁ}

7=0

Since y — x < 7, this implies that Zﬁ;é Zj1k—ef3 lies in an interval of bounded size. For

all conjugates 3; # 3, we have | Zﬁ;é zj+k_gﬁﬂ < maxgey |al/(1—|G;]), thus Zﬁ;é Zjph—o
can take only a bounded number of values in Z[5]. (The bound does not depend on the
choice of [x,y].) Then z;_¢ ;- 20 € Ly N X** and Lemma [3.5] yield that

1([z,y]) = O<7Z aim Aﬁ;) N O((g)/Z)

Combining this with £ = —logs(y — x) + O(1) gives (3.9). O

In order to give an error bound for the rate of convergence of the measures u; to the
measure u, we will use the following version of the Berry-Esseen inequality, which was
proved in [Gra97].

Proposition 3.8. Let w; and wy be two probability measures with their Fourier transforms

defined by
Wi(t) = / e dwg(z), k=1,2.

(e 9]

Suppose that (@1 () — @(t)) t~1 is integrable on a neighbourhood of zero and wy satisfies

w((z,y) <clz—yl’
for some 0 < 8 < 1. Then the following inequality holds for all real x and all T > 0:

wi ((—00,2)) — wa((—o00, z)) ’ <

/ J(T1) (2mit) ™ (@1(t) — Ba(t)) e 2=t at

T
1 _ 20 1 ’t| ~ ~ —2miT
_i_(c_i_F)T 246 4 ﬁ/( —?)(wl(t)—wg(t))QQ tdt,
-T

where
J(t) = mt(1 — |t]) cot wt + |¢].
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Lemma 3.9. The measures py satisfy

(3.12) i ((2,9)) = 1((z,))] = O(8~F)

uniformly for all x,y € R with ( = %.

Proof. We apply Proposition to the measures pu; and p. For this purpose we use the
inequalities (3.6)) to obtain

1

200, 2)) = (o0, 2)| = 0(6‘"’“ / dt) + O(ﬁ‘”’“ / 7~ dt) +0(T#%)

2 1<<T
1 h 1
+O</B‘"k?/|t|dt) + O(ﬂ‘”’“f / |t|"dt> =0(8)
41 1<li|<T
by choosing T = 3530 ¢ O

Now the statement of the asymptotic behaviour of the average Wl_l Zlnl v f(n)isa
consequence of the preceding discussion of the properties of u. Combining Lemma [3.4]
Proposition 3.7, and Lemma |3.9) we can now prove Theorem 3.1}

Proof of Theorem [3.1 Using the definition of yy, in (3.2)) and the value m given by Lemma

we have

Z f(n) = My Mk((—N/UmN/Uk)),

|n|<N
where we choose k = |logg N| + m. Replacing py by p, using U, = CB* + O],
My, = Da* + O((Jaz| + €)*) and taking all error terms into account yields

Z f(n) = DOéUOgBNJ-‘rm/uL(( . Blog@ N—|logg Nj—m/cv7 610g5N_UOg5NJ_m/C’))
[n|<N

+O(akB) + O<a’“ (%Yk) + O((laa| +€)"),

with ( as in Lemma [3.9] Defining
1) = D (o, )

for ¢ > 0 yields (3.1]). The periodicity of ® follows from the definition. The continuity of ®
in non-integer points follows from the continuity of p. The fact that ®(0) = lim; ;- ®(¢)
is a consequence of the self-similarity of the measure p

u(B~'A) = o p(A) for A C [~ 87

this follows from (3.11)) by the observation that multiplication by 3~! corresponds to adding
a prefix 0 in the representation and reading a leading zero does not change the state of the
automaton. U
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This method of proof was used in |[GHP04, (GHO6] to prove results on the number of
redundant representations in base 2.

As a concluding structural information about the measure p, we state a purity result.
This is rather common in the context of infinite product measures.

Proposition 3.10. The measure i is pure, i.e., it is either absolutely continuous or purely
singular continuous.

Proof. We equip the shift space
K= {(Zk)kzo D 2kZk—1 20 € LgNXT for all k£ > O}

associated to the automaton Mgy, with the measure

) 1
kh_{gom#{yk—l”'yo €Lg: Y1 Yo = Ze—l"'Zo}

K([Zo, 21y, 24_1])

1
= lim ——— v/ A" A e Ag L VL
7 Ak ;7 V14l e 4B,z B,20 V2
koo VI Aj 5 V)

given on the cylinder set

[20, 215 - -5 20—1) = {(yk)kzo ek Yoo1 Yo = 2—1- "Zo}-

Then k can be written in terms of the transition matrices

I
k([20, 21, - - -, 20-1]) = p—l VAg., - AgyVh,
2

where v is the left Perron-Frobenius eigenvector of the matrix Agy. Let w denote the
right Perron-Frobenius eigenvalue of the matrix Agy with vw = 1. Then by positivity of
all entries of w and v, the measure & given by

(20,21, v 2em1]) = VA, | Ag LW

is equivalent to k.
The measure k is strongly mixing and therefore ergodic with respect to the shift. Thus
k and k satisfy the hypotheses of the following lemma

Lemma 3.11 ([JW35, Theorem 35|, [ElI79, Lemma 1.22 (ii)]). Let Q = [[,—, Qx be an
infinite product of discrete spaces equipped with a measure k, which satisfies Kolmogorov’s
0-1-law (i.e., every tail event has either measure 0 or 1). Furthermore, let X}, be a sequence
of random variables defined on the spaces Qy, such that the series X =Y~ X}, converges
k-almost everywhere. Then the distribution of X is either purely discrete, or purely singular
continuous, or absolutely continuous with respect to Lebesgue measure.

The continuity of x is an immediate consequence of Proposition [3.7] O
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4. EXACT NUMBER OF REPRESENTATIONS

To obtain the exact number of U-expansions of minimal weight representing an integer n,
we choose one of these expansions and look at the transducer which transforms any other
expansion into it. One way of choosing a output language of such a transducer is to take
the set of greedy U-expansions (for positive numbers) and their symmetric counterparts
(to represent negative numbers). A possible deficiency of this language is that it is not
contained in Ly. In the following, we describe a regular language Gy C Ly such that, for
every n € Z, there is, up to leading zeros, a unique word z € Gy with z ~y n.

We call a word z = zi -+ - 29 € Ly greedy U-ezxpansion of minimal weight if

RO 2 fzg] > 0O Jy [+ [yo|  for all y =y, -yo € Ly with 2~y ,

with respect to the lexicographical order. The set of all greedy U-expansions of minimal
weight is denoted by Gy .

Lemma 4.1. Let U be as in Theorem[2.1. For any n € Z, there is, up to leading zeros, a
unique word z € Gy with z ~y n.

Proof. Let n € Z. First note that by Lemma[2.§ there are, up to leading zeros, only finitely
many words z € Gy with z ~y n. Therefore there exists a greedy U-expansion of minimal
weight z = 2z - - - 29 with z ~y n.

Let y = y; - - - Yo be another word in Gy with y ~¢ n. Then we have 0™B¢=R0) |z, | ... | 2| =
Qmin(k—L,0) \yg\ “|yo|]. Neglecting leading zeros, we can assume w.l.o.g. that k = ¢. We have
wtze . wds e 7 hecause Yo = z; in case y; = z;, Y57 = 0 in case y; = —z;; and
yk+zk y0+20 Yo+z0

222~ n. If we had y; # z; for some j, then y’“;z’“ e would have smaller
Welght than Z, contrad1ct1ng z € Ly. Therefore, z and y differ only by leading zeros. [J

Theorem 4.2. Let U be as in Theorem[2.1. Then Gy is recognised by a finite automaton.

Proof. Tt suffices to show that Ly \ Gy is a regular language. Since the complement of a
regular language is regular, see e.g. [FS08, Lemma 3.9], this implies that Gy is regular.
Let 2 = z;---20 € Ly \ Gy. Then there exists a y = yp---yo € Ly with y ~y 2z and

Omin(E=k0) | 20|+ o |20 < OmI=£0) |y |yo|. Since Ly is a regular language, the product
{(z6- 20,k Y0) | 26" 20,Yk" Yo € Ly, k > 0} is recognised by a finite automaton.
One can construct a finite automaton recognising the lexicographic relation |zy|- - - |zo| <

lyk| - - |yo|. By Proposition the same holds for 2z --- 29 ~y yi - - - yo. Therefore, there
exists a finite automaton which recognises the set of pairs (zx - -+ 20,y -+ %) € Ly X Ly
such that zj -+ 29 ~y Yg - -~ yo and |zx| - -+ |20| < |yk| - |vo|. Let H be the projection of this
set to the first coordinate, then H is regular. Moreover, Ly \ Gy is the set of words which
are obtained from words in H by removing or appending initial zeros. This language is
regular as well. By the remarks at the beginning of the proof, this proves the lemma. [J

Proposition 4.3. Let U be as in Theorem [2.1. Then there exists a finite letter-to-letter
transducer recognising the pairs (zg -+ 20, Yk -+ Yo) € Ly X Gy with z -+ 20 ~u Y+ Yo-

Proof. Similarly to the proof of Theorem[4.2] this follows from the regularity of Ly and Gy,
and from Proposition [2.4] O
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FIGURE 2. Transducer N F{-1,0,1} normalising F-expansions of minimal
weight in {—1,0,1}*. Here a|b stands for (a,b) in the transition labels.

Note that in Proposition the input and output must have the same length. In
particular, the input must be as least as long as the corresponding word in Gy without
leading zeros. By Lemma [2.8] the difference between any two words in Ly without leading
zeros with the same value as U-expansions is bounded. Therefore, there exists a transducer
with initial function which computes, for every word in Ly without leading zeros, the
corresponding word in Gy without leading zeros, see [Fro92].

We have the following corollary of Proposition 4.3 where Ay sy denotes the trim minimal
letter-to-letter transducer of Proposition (4.3

Corollary 4.4. Let U, %, f be as in Section[d, n € Z and y € Gy with y ~y n. Then f(n)
is given by the number of successful paths in Nyx with y as output.

It was shown in [FSO§| that the transducer in Figure [2| transforms any F-expansion
of minimal weight, after possible addition of a leading zero, into the corresponding F-
expansion of minimal weight avoiding the factors 11, 11, 101, 101, 1001 and their opposites.
(Recall that F' denotes the sequence of Fibonacci numbers.) Here, we write 1 instead of 1,
and opposite means that 1’s and 1’s are exchanged. This transducer shows that the set of
outputs is G, thus this transducer is equal to NF7{,1,071}.

Now we can relate the growth of f(n) to the joint spectral radius of the set { Ry, : a € £},
where Ry, denotes the adjacency matrix of the transitions with output a in Nyy. The
joint spectral radius is defined by

P({RU,a fa€ Z}) = kh—>I£lo Irlau><:{||RU72k_1 e RU,ZOHI/’~C | zk_1-+-20 € Ek},

where || - || is any matrix norm. The definition of the joint spectral radius is due to [RS60];
an overview of its properties and its calculation can be found in [Jun09).

Theorem 4.5. Let U, X, f be as in Section@. For any e > 0, we have f(n) = O(|n|'*8s0+9),
where 7y is the joint spectral radius of the set of matrices {Ry,: a € ¥}.

Proof. For any non-zero n € 7Z, the length of the word y € Gy with y ~y n and without
leading zeros is logg |n| + O(1). By Corollary (4.4 the number of successful paths in Ny s
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with output yi_1---yo is VRyy, , - Ruy,w for vectors v, w corresponding to the initial
and the terminal states of Ay, thus f(n) = O((y +¢)lssIl). O

For U = F and ¥ = {—1,0,1}, we have an explicit formula for the maximal number of
elements of Lp N {—1,0,1}* with the same value.

Theorem 4.6. Let U = F and X = {—1,0,1}. For every k > 1, we have

ma fi(n) = 21D/,

Proof. First we show that

(4.1) max v Rp,w = 2lk=1/3),

yeXk
where Rpy, .o = Rpy,_, - Rry,, and v, w are as in the proof of Theorem From
the structure of G, it is clear that Rr, = 0 if y contains a factor 11,11,101, 101, 1001 or
its opposite. We have the following entry-wise relations between matrices:

Rr107 < Rpiooioooos Brioooio < Rriooto, Rrioki < Rrioor for all £ > 4,

R 100001 < Rpaooots Rrioer < Rpier for k=3 and all k > 5.

Here, égy denotes the matrix which is obtained from Rp, by exchanging each column
with its symmetric counterpart. Since Rp,w = Rp,w for all y € X*, we obtain that
Rp,w is maximal for y with period 100100. For y = (100100)*/%, where a fractional power
(21 26)"¢ denotes as usual the word (z;---z26)¥/%) 21 -+ 246 k6], We have VRp,w =
2Lk=1)/3] " thus holds. By Corollary , this means that fi(n) = 2LE=V/3] for n ~p
(100100)*/, and fi(n) < 21*=D/3) for all n with greedy F-expansion of minimal weight of
length at most k.

[t remains to consider fi(n) for those n whose greedy F-expansion of minimal weight
(without leading zeros) is longer than k. The transducer Np ¢ 101} shows that any F-
expansion of minimal weight in {—1,0,1}* is at most 1 shorter than the corresponding
greedy F-expansion of minimal weight. Thus we have to consider n ~p yryr_1- - Yo € Gr,
where we assume w.l.o.g. y, = 1. For such an n, we have fy(n) = V' Rpy,_,..,o W, Where v/
is the indicator vector of the state which is reached from the initial state by the transition
labelled by (1,0). Now, equations and inequalities such as V' Rproo1001 = VRpooioo1 and
V' Rpgoor < VRpi show that fi(n) < max,cse vRp,w = 2l=1/3] O
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