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Digital expansions in base 3

Let 8 > 2 be an integer. The (3-expansion (binary, ternary,
decimal, ...) of x € [0,1) is given by the [-transformation

Ts: [07 1) - [07 1)? X = TB(X) = fx — I_ﬁXJv

B=2 g =10
where |y| =max{ne€Z | n<y}.
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Digital expansions in base 3

Let 5 > 1 be a real number. The (greedy) (3-expansion of
x € [0,1) is given by the (3-transformation

Ts: [07 1) - [07 1)? X = Tﬁ(X) = fx — LﬁxJa

B=2 B=10 B =(1+v5)/2
where |y| =max{n € Z | n<y}. We have

_ 1B Te0) 18] BT Tg(x -
=5t =5t Zﬁn

with b, = [BT;(x)] € {0,1,...,[8] — 1}. Set ds(x) = biby - --



Admissible sequences
The infin~ite expansion of 1 in base fis 1 =377, a,8"", where
an = (/BTﬁ”*l(lﬂ — 1 is given by the transformation

Ts: (0,1] — (0,1], x — Ta(x) = Bx — ([8x] — 1)
and [y] =min{neZ|n>y}.

Theorem (Parry 1960)
We have bib - - - = dg(x) for some x € [0,1) if and only if

b, € N and bnbn+1 cos <jex d1a2 -+ Vn>1.

Such a sequence biby - - - is called (3-admissible.

Examples

BE€N: ajay---=(0—1)¥, every sequence in {0,1,...,5—1}* not
terminating by (8 — 1) is S-admissible

B =(14++/5)/2: ajaz--- = (10)“, every sequence in {0,1}* without 11

and not terminating by (10)“ is 3-admissible



Periodic 3-expansions for Pisot numbers 3

Pisot number: algebraic integer 5 > 1 with |a| < 1 for every
Galois conjugate a # ; in particular every integer 3 > 2

If 3> 2is an integer, then dg(x) is eventually periodic if and only
if x € QnN[0,1), dg(x) is purely periodic if and only if the
denominator of x is coprime with (.
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Theorem (Schmidt 1980)

If B is Pisot, dg(x) is eventually periodic iff x € Q(3) N[0, 1).
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Periodic 3-expansions for Pisot numbers 3

Pisot number: algebraic integer 5 > 1 with |a| < 1 for every
Galois conjugate a # ; in particular every integer 3 > 2

If 3> 2is an integer, then dg(x) is eventually periodic if and only
if x € QnN[0,1), dg(x) is purely periodic if and only if the
denominator of x is coprime with (.

Theorem (Schmidt 1980)

If B is Pisot, dg(x) is eventually periodic iff x € Q(3) N[0, 1).

If dg(x) is eventually periodic for every x € QN [0,1), then (3 is
Pisot or Salem (|| < 1 for every Galois conjugate o # [3).

If 32 —nB —1=0 for some n € Z, n > 1, then ds(x) is purely
periodic for every x € QN [0, 1).
Lemma (Akiyama 1998)

If 3 has a positive Galois conjugate (in particular if 3> — n3 +1=0),
then dg(x) is not purely periodic for any x € QN (0, 1).



Natural extension of T3 for Pisot units 3

Let 3 be a Pisot number, Mg a companion matrix to the minimal

polynomial X9 — ¢; X971 — ;X942 — ... — ¢; € Z[X] of B,
(o] () Cd
1 0 0
Ms=| 0
0 0 1 0

Mg is expanding by the factor 3 on Eg = R(39°1,...,3,1)F,
contracting on a hyperplane H of RY (spanned by the eigenvectors
corresponding to the conjugates of [3).

Let 7 be the projection on Eg along H and

e1:(1,0,...,0)t:e3—eH

with eg = 7(e;1) € Eg, ey € H.



Natural extension of T3 for Pisot units 3
Let e; = e — ey,

Spg = {(bn)nEZ | bpbpy1 -+ is B-admissible Vn € Z},

00 0
E Sg _ R‘t (bn)neZ — Z bnﬁ_n ez + Z b,,l\/lg”eH,
n=1 n=-—0o0
€[0,1) eH

/7\_[3 . X[j = l/)(Sj) — Xg, X = ng — b1e1.

For x = xeg+y, x € [0,1), y € H, we have

Ts(xeg +y) = (Bx — bi) ey + Mpy + bien,
—_——
N Ts(x) N
thus Tgo1 =1 oo, where o is the left-shift, and mo Ty = Tgom.
If 3 is a Pisot unit (|det Mg| = |cg| = 1), then 7’5 is bijective except
on a set of measure 0, (T3, X}3) is a natural extension of (Tg, [0, 1)).

?g is a toral automorphism since ﬂ;(x) = Msx (mod Z9).



Natural extensions for quadratic Pisot units 3

(golden mean)

(=)

f=33-1
0~ 2.618

(square of the

golden mean)

€1
X@k = l[)({(bn)nez € 8@ | bl = k}), ?(Xﬁ,k) = MﬁX@k — ke1



Natural extensions for cubic Pisot units (3

3B =p2+p3+1, 5~1.8393 B3 =p5+1, 8~ 1.3247

(Tribonacci number) (smallest Pisot number)
€




Shape of Xj
Since Xg = w(Sﬂ) with

Sz = {(bn)nez | babps1- - is B-admissible Vn € Z},

o) 0
Q,Z): SﬂHRdv (bn)nezi—)anﬂ_ne/@+ Z bnMgneHv

n=1 n=-—o00
we have
Xg = U (xe“g + Dg(x)),
where x€0.1)
'DB(X { Z b M eH b )ngz c Sﬁ? b1b2 e = dg(X)}.
Lemma

If 3 is a Pisot number, then Vg = {T” ) | n>0} is a finite set.
We have Dg(x) 2 Ds(y) if 0 < x <y < 1, with Dg(x) = Dg(y) if
and only if [x,y) N Vs = 0, hence #{Dg(x) | x €[0,1)} = #Vg.
Dg(x) is compact for every x € [0, 1).



Determining digits in ds(x)
Let 5 be a Pisot unit, x € [0,1) and dg(x) = biby---.
We have b, = k if and only if T/ }(xe3) € X5 . Note that
x3"leg = M7 (xes) = T Y(xes) (mod Z7),
thus x3" les € X3k (mod 79) if b, = k.
Conjecture

If 3 is a Pisot unit, then the intersection of X3 and X3
mod Z9 has Lebesgue measure zero for every { # k.
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Let 5 be a Pisot unit, x € [0,1) and dg(x) = biby---.

We have b, = k if and only if T/ }(xe3) € X5 . Note that
x3"leg = M7 (xes) = T Y(xes) (mod Z7),

thus x3" les € X3k (mod 79Y if b, = k.

Conjecture

If 3 is a Pisot unit, then the intersection of X\ and X3,

mod Z9 has Lebesgue measure zero for every { # k.

A (Pisot) number 3 > 1 is said to satisfy (F) if dg(x) is finite

(terminates with 0¥) for every x € Z[3~1] N[0, 1).

Theorem

If B is a Pisot unit satisfying (F), then, for every x € [0,1), n > 1,

b, = k if and only if x3" ez € X5 (mod Z9).

It is easy to determine for any § if (F) holds, some classes of numbers

satisfying (F) are known (Frougny—Solomyak 1992: ¢; > ¢; > --- > ¢4 > 0,

Hollander 1996), only quadratic numbers (Frougny—Solomyak 1992) and

cubic units (Akiyama 2000) are completely classified.



Tilings for Pisot units 3
Let 5 be a Pisot unit. For every x € Z[3] N[0, 1), let

T5(x) = ®(x) + Dg(x) with d(x) = xeg — =(x) € H.

We have 73(x) = xes + Dy(x) (mod Z9) since Z(x) € Z7.
Remember that X3 = U,c(o1) (xes + Dp(x)).
Theorem (Ito—Rao 2006, Ei-Ito—Rao 2006, Berthé-Siegel 2005)

The family {T3(x) }xez|gn[o,1) forms a quasi-periodic multiple tiling
of H. It is a tiling if and only if {Xj3 + z},czq forms a tiling of RY.
If these are tilings and #Vg = d, then T3(0) tiles H periodically.

(Conjecture: {75(x)}xezign[o,1) forms a tiling for every Pisot unit 3)
Multiple tiling:

» finitely many sets up to translation,

> every set is compact and the closure of its interior,

» dm > 1 such that almost every point lies in exactly m sets.
Tilingt m=1



Tilings for Pisot units 3

Lemma

{75(x) }xez[g)n0,1) forms a tiling of H if and only if there exists an
exclusive point'y € 13(0), i.e., y & Ts(x) for every x € Z[5] N (0,1).
Let Pg = {x € Z[B] N [0,1) | ds(x) is purely periodic}.

Note that =(Ps) = Z¢ N Xj.

Lemma

0 € 75(x) if and only if x € Pg.

0 is an exclusive point of T3(0) if and only if Pg = {0}, i.e., (F) holds.

Theorem (Akiyama 2002, Kalle-St)

75(0) has an exclusive point if and only if there exists y € Z[3] N[0, ¢),
e = minyep, (1+ [Bx] — ), such that dz(x + y) is finite Vx € Pg.
(cf. (W) property, conjectured to be true for every Pisot number [3)
Theorem (Akiyama—Rao—St 2004)

If c1 > ’C2|+--‘—|-|Cd
(Barge—Kwapisz 2006: tiling property for another class of 3)

, then {T5(x) }xezig)njo,1) forms a tiling of H.



Tiling of H for the Tribonacci number (3° = 32+ 3 + 1)

T5(~26 + 6+ 5)

¥ 4)

F5(—30% + 35 +5)

5(—262 + 50 - 2) m H(W +4B+3)
5(=302 4+ 55+ 1)

[N




Tiling of H for the smallest Pisot number (3 = 3 + 1)

a2
T,( 351 19) a 452 + 385 4)

{—4% + 20 5)

Ts(—B*+38 -2

)
TH(36-3 1 ’
T5(262 + 8 = a
Twﬂ’ 5)

T;(&dz 36-1)

Trs( 2/3+

732234

T4 — 35— ) {(36% — 48 )
>T,a<5s32—2s3—6> s PR,



Purely periodic 3-expansions for Pisot units (3
For x € Q(B), let =(x) € Q7 be the sum of all conjugates of xeg,
in particular =(r) = re; for r € Q.
Theorem (Ito—Rao 2005)
If B is a Pisot unit, then dg(x) is purely periodic if and only if
x € Q(B)N[0,1) and =(x) € Xj. In particular, dg(r) is purely
periodic for r € QN [0,1) if and only if re; € Xjp.

(Berthé-Siegel 2007: characterization for Pisot non-units 3)

Corollary
Let B be a Pisot unit and

v =sup {x € [0,1) | da(r) is purely periodic Vr € [0,x] N Q}.
Then ~ygey is on the boundary of X3, hence v € {Tﬁ )| n> 0}
or —ygen is on the boundary of Ds(3).
(Akiyama—Barat—Berthé-Siegel 2008: ~y3 for Pisot non-units 3)

/3 has a positive conjugate, in particular 32 = n3 —1 = ~5 =0,
ﬂ2:n,6+1:>'yﬁ:1.



75 for the smallest Pisot number (33 = 5+ 1)

Akiyama—Scheicher 2005: v3 = 0.66666666608644067488 - - -
X Dg(x) for x € [372,371) D [0.57,0.75]

€2




75 for the smallest Pisot number (33 = 5+ 1)

Akiyama—Scheicher 2005: v3 = 0.66666666608644067488 - - -
X Dg(x) for x € [372,371) D [0.57,0.75]

€2

Dg(0) for
B =3p82-26+1:
= V8 = 0



v and (F)

Theorem (Akiyama 1998, 1999)
If B is a Pisot unit satisfying (F), then ~g > 0.

Theorem (Adamczewski-Frougny—Siegel-St)
If B is a cubic Pisot unit, then v3 > 0 is equivalent with (F).

Theorem (Adamczewski-Frougny—Siegel-St)

If 3 is a cubic Pisot unit satisfying (F) and 3 has a Galois
conjugate o € C\ R, then v5 € Q.

Idea of the proof: If y5 € {T4(1) | n >0} \ {1}, then 75 & Q. Otherwise,
—7gen is on the boundary of Dg(y3). Every Dg(x) is the solution of a
graph-directed lterated Function System, consisting of contracting
similitudes with irrational rotation. Using the self-similarity, one can show
that every point —rey, r € Q, on the boundary of Ds(x) is a “spiral
point”, which means that there are both intervals in Dg(x) and in its
complement arbitarily close to —rey in every direction. Thus vg # r. O



(3-expansions of minimal weight
A word by - -+ b, € Z* is a (-expansion of minimal weight if
> i1 bl <377 [cjf for any word ci - - -y € Z* satisfying

n b m i
Z—J.:ﬁkzij. for some k € Z.
==

(Frougny—St 2008: If 8 is a Pisot number, then the set of S-expansions
of minimal weight is recognizable by a finite automaton.)
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A word by - -+ b, € Z* is a (-expansion of minimal weight if
> i1 bl <377 [cjf for any word ci - - -y € Z* satisfying

n b m i
Z—J.:ﬁkzij. for some k € Z.
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(Frougny—St 2008: If 8 is a Pisot number, then the set of S-expansions
of minimal weight is recognizable by a finite automaton.)

For1<ﬂ§3and%§a§ﬁ,let 1 ifxela/B,a)

Tha: [—a,a) = [-a,a), x — Bx— 0 ifxel[-a/B,a/p),
-1 ifx € [-a,—a/P).

and define dg o (x) for x € [—a, «) similarly to ds(x).
Theorem (Frougny-St 2008)

Ifﬁ2:ﬁ+1andﬁ§i1 gagﬁfil,orﬁ3:ﬁ2+ﬂ+l and

3 2
%gag2;1/16,or/83:ﬁ+1and/8§+1 §a§ﬁ;{i{ﬁ, then

every prefix of dg o(x) for any x € [—«, ) is a 3-expansion of
minimal weight.




Natural extensions for (3-expansions of minimal weight

2,53 B=FR+0+1a= 4%
B=01+V5)/2 a= pit

3
63:ﬁ+1,a:—ﬁ2’8+1




Symmetric B-transformations (Akiyama—Scheicher 2007)
For 6 > 1, the symmetric B-transformation is defined by

Sg: [-1/2,1/2) — [-1/2,1/2), x— Bx — |Bx+1/2].

(For 3 < 3, we have Sg = Tg3.,.)
Example: 3 = (1 ++/5)/2, natural extension domain = tiling




Double tiling of H by the symmetric (-transformation for

the Tribonacci number (3% = 3% + 3+ 1)




