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van der Corput sequences

digital expansion of n € N in base b € N, b > 2:

k
n:Zejbj_lzek~--6261, ¢,€{0,1,...,b—1}
j=1

van der Corput-sequence in base b:

b=2: bin. exp.

k
Xp = Zej-b_j = .€1€p- - €k
j=1
n 2 |3 4 5 6 7
10 | 11 | 100 | 101 | 110 | 111
Xn .01 |.111.001|.101|.011|.111




(-adic van der Corput sequences

greedy expansion of n € N with Fibonacci numbers:
(Fo=1 Fi=2 F=F1+F2)

J4
n= ZEJ:E',',l = €k -+ €2€1 With Zeij*l < Fy, € € {0, 1}
1 =1

(Gj: 1 = €1 :0)

. _ 145,
(-adic van der Corput sequence, = =572:
k .
Xp = Z Ejﬁi‘j = .€1€2 - €k
j=1
n 1|2 3 4 5 6 7

Fib. exp. | 1 | 10 | 100 | 101 | 1000 | 1001 | 1010

Xn .1].01].001].101 |.0001 | .1001 | .0101



(-adic van der Corput sequences

greedy expansion of n € N with Fibonacci numbers:
(Fo=1 Fi=2 F=F1+F2)

J4
n= ZEJ:E',',l = €k -+ €2€1 With Zeij*l < Fy, € € {0, 1}
1 =1

(Gj: 1 = €1 :0)

. _ 145,
(-adic van der Corput sequence, = =572:
k .
Xp = Z Ejﬁi‘j = .€1€2 - €k
j=1
n 1|2 3 4 5 6 7

Fib. exp. | 1 | 10 | 100 | 101 | 1000 | 1001 | 1010

Xn .1].01].001].101 |.0001 | .1001 | .0101

| X1 !




(-adic van der Corput sequences

greedy expansion of n € N with Fibonacci numbers:
(Fo=1 Fi=2 F=F1+F2)

J4
n= ZEJ:E',',l = €k -+ €2€1 With Zeij*l < Fy, € € {0, 1}
1 =1

(Gj: 1 = €1 :0)

. _ 145,
(-adic van der Corput sequence, = =572:
k .
Xp = Z Ejﬁi‘j = .€1€2 - €k
j=1
n 1|2 3 4 5 6 7

Fib. exp. | 1 | 10 | 100 | 101 | 1000 | 1001 | 1010

Xn .1].01].001].101 |.0001 | .1001 | .0101

| X2 X1 !




(-adic van der Corput sequences

greedy expansion of n € N with Fibonacci numbers:
(Fo=1 Fi=2 F=F1+F2)

J4
n= ZEJ:E',',l = €k -+ €2€1 With Zeij*l < Fy, € € {0, 1}
j=1 j=1

(Gj: 1 = €1 :0)

(-adic van der Corput sequence, § = 1445,

k
Xp = Zej'ﬁfj = .€1€2 - €k
j=1
n 1] 2 3 4 5 6 7
Fib. exp. | 1 | 10 | 100 | 101 | 1000 | 1001 | 1010
Xn .1/.01].001].101 |.0001 | .1001 | .0101
| X3 X2

X1
[ .




(-adic van der Corput sequences

greedy expansion of n € N with Fibonacci numbers:
(Fo=1 Fi=2 F=F1+F2)

J4
n= ZEJ:E',',l = €k -+ €2€1 With Zeij*l < Fy, € € {0, 1}
j=1 j=1

(Gj: 1 = €1 :0)

(-adic van der Corput sequence, § = 1445,

k
Xp = Zej'ﬁfj = .€1€2 - €k
j=1
n 1] 2 3 4 5 6 7
Fib. exp. | 1 | 10 | 100 | 101 | 1000 | 1001 | 1010
Xn .1/.01].001|.101|.0001 | .1001 |.0101
| 3 22 2 4 |
|




(-adic van der Corput sequences

greedy expansion of n € N with Fibonacci numbers:
(Fo=1 Fi=2 F=F1+F2)

J4
n= ZEJ:E',',l = €k -+ €2€1 With Zeij*l < Fy, € € {0, 1}
j=1 j=1

(Gj: 1 = €1 :0)

(-adic van der Corput sequence, § = 1445,

k
Xp = Zej'ﬁfj = .€1€2 - €k
j=1
n 1] 2 3 4 5 6 7
Fib. exp. | 1 | 10 | 100 | 101 | 1000 | 1001 | 1010
Xn .1/.01].001|.101|.0001 | .1001 |.0101
| o8 22 2 4 |
|




(-adic van der Corput sequences

greedy expansion of n € N with Fibonacci numbers:
(Fo=1 Fi=2 F=F1+F2)

J4
n= ZEJ:E',',l = €k -+ €2€1 With Zeij*l < Fy, € € {0, 1}
j=1 j=1

(Gj: 1 = €1 :0)

(-adic van der Corput sequence, § = 1445,

k
Xp = Zej'ﬁfj = .€1€2 - €k
j=1
n 1] 2 3 4 5 6 7
Fib. exp. | 1 | 10 | 100 | 101 | 1000 | 1001 | 1010
Xn .1/.01].001].101 |.0001 | .1001 | .0101
| 58 2 2 % |
|




(-adic van der Corput sequences

greedy expansion of n € N with Fibonacci numbers:
(Fo=1 Fi=2 F=F1+F2)

J4
n= ZEJ:E',',l = €k -+ €2€1 With Zeij*l < Fy, € € {0, 1}
j=1 j=1

(Gj: 1 = €1 :0)

(-adic van der Corput sequence, § = 1445,

k
Xp = Zej'ﬁfj = .€1€2 - €k
j=1
n 1] 2 3 4 5 6 7
Fib. exp. | 1 | 10 | 100 | 101 | 1000 | 1001 | 1010
Xn .1/.01].001].101 |.0001 | .1001 | .0101
B S S S S . S
|




(-adic van der Corput sequences

greedy [3-expansion of x € [0,1), § > 1:

X = Zejﬂ_j = .€162 - -+ with Z ejﬂ_j < 6, ¢ €1{0,1,...,16]}

Sp = {€x---€x€1 | €162 - € is a greedy expansion, €, > 0}
shortlex order on Sg: €x - - - €261 < €, - - - e} if

/ / / / /
k<kiork=k, e ey1 =6 €p1,€<¢

(-adic van der Corput sequence, 5 > 1 (Ninomiya 1998):

Xp = -€1€2 - - €, Where ¢, ---€2€1 is the n-th element of 53



(-adic van der Corput sequences

Ninomiya (1998):
If 3 is a Pisot number with irreducible 3-polynomial, then the
(B-adic van der Corput sequence is a low discrepancy sequence.

Can we calculate x, directly from a digital expansion of n?
B=1+V2(3>=28+1), Go=1,G =3,G =2Gj_1 + Gj_a:

n 1123 |4 |5 |6
G-exp. | 1| 2|10 | 11 | 12 | 20
Xn .1].21.01].11].02|.12

(language of greedy expansions not closed under reversal)



Dumont-Thomas expansions of real numbers

o substitution (morphism) on {1,2,...,d}*, o(1) starts with 1

My = (Jo(j)|i)1<ij<d incidence matrix of o with dominant
eigenvalue 5 > 1, left eigenvector (n(1),...,n(d)), n(1) =1
(|w|; denotes the number of letters i in a word w)

Example:
c: 1 — 1223

1
2 — 122 M,=12
3 — 222 1

3 =36"+3

OoON =
o W o



Dumont-Thomas expansions of real numbers

o substitution (morphism) on {1,2,...,d}*, (1) starts with 1
My = (Jo(j)|i)1<ij<d incidence matrix of o with dominant
eigenvalue 5 > 1, left eigenvector (n(1),...,n(d)), n(1) =1
(|w|; denotes the number of letters i in a word w)

Example:




Dumont-Thomas expansions of real numbers

o substitution (morphism) on {1,2,...,d}*, o(1) starts with 1

My = (lo(j)|i)1<ij<d incidence matrix of o with dominant
eigenvalue 5 > 1, left eigenvector (n(1),...,n(d)), n(1) =1

Example:
c: 1 — 1223 110
2 — 122 M,=1[2 2 3| B =382+3
3 — 222 100
0 1=mn(1)
| n(1)/6 . n@/8 . a)/8  a@)/8
! j x ]

0 y@s- @B i WK
| | ﬁx—n(lzzb (aB) = n(5) + (b




Dumont-Thomas expansions of real numbers

o substitution (morphism) on {1,2,... d}*, o(1) starts with 1
M, = (lo(j)|i)1<ij<d incidence matrix of o with dominant
eigenvalue 5 > 1, left eigenvector (n(1),...,n(d)), n(1) =1

\

Example:
c: 1 — 1223 1 10

2 — 122 M,=[2 2 3| p*=332+3

3 — 222 1 00
0 1 =n(1)
@/ /8 m2)/8 | nB)/B
{ w w w ¥ \
O ways | w@p | s "
| T xa22) e n(ab) = n(a) +n(b)
O s, @), w@s
{

B(6x —n(122)) - n(2)



Dumont-Thomas expansions of real numbers

0 1 =n(1)
Coo/B a8 w@)/8 | n@®)/8
[ [ [ [ X \
3
O w@ys | w@ys | aeys "
[ [ \
Bx —n(122 2
O s né)/?_ w2y "
| B(6x — n(122)) - n(2) |
x= 22 0D~ a22@n)-
A sequence of words my, my, ... is o-admissible if there exists a
companion sequence of letters bg = 1, by, by, ... such that

mjbj is a prefix of o(bj_1) for all j > 1.

Every x € [0, 1) has an expansion x = .ip(my)n(mz)--- with some
o-admissible sequence my, my, . ..



Substitutive van der Corput sequences

Order the sequences |my/| - - - |mo| |m1| such that my, my, ..., my is
o-admissible (and |mg| > 0) by the shortlex order.

(|w| denotes the length of w)

Then the substitutive van der Corput sequence is defined by

Xp = n(my)n(myz)------ n(mx)
if [my|---|ma||m1| is the n-th such sequence.



Substitutive van der Corput sequences

Order the sequences |my/| - - - |mo| |m1| such that my, my, ..., my is
o-admissible (and |mg| > 0) by the shortlex order. Then

Xp = n(my)n(mg)------ n(mx)

if |my]|---|ma||m1]| is the n-th such sequence.

Special case of 3-substitutions:

o: 1 — 12
2 — 123  with tog1--- td(tdprrl XK td)oo

: <ty tg(tyg—pyr--tg) for 1 <0< d
d—1 +— 1t-1d
d — 19¥(d—-p+1),1<p<d
Then 1= .t;--- tdfp(tdfp+l v td)oo’ i.e.,
ﬂd—tlﬁd_l—-~~—td:Bd_f’ftlﬂd—/’“f.--—td_p.

All words mj are of the form 1%, thus n(mj) = |m;| = ¢; and
(xn)n>1 is the B-adic van der Corput sequence.



Dumont-Thomas expansions of integers

o substitution on {1,2,...,d}, (1) starts with 1
u = 0°°(1) fixed point of o, u[j] denotes the j-th letter of u

For every n € N, there exists a unique o-admissible sequence
my, my, ..., mg with ]m1| > 0 such that

u[1]u[2] - - - u[n] = L (my)o?(my) - - - a0 (my).

u = Uk(l) e = Jk_l(m1b1) e = ak_l(ml)ak_2(m2b2) s

Then n= Zj'le |ck=i(m;)| and we have n < n’ if and only if

|my||my| -« |my| < |my||m)|---|m.| (shortlex order).



Reverse substitution
o is ascending if |o(b)| > |o(c)| and o(b)[i] < o(c)[j] for b < c,i <.
If o is ascending and primitive, then the reverse substitution 7 is
defined by

T(b)j]=cifo(d+1—c)[j]<d+1—-band
old+2—c)j]>d+1—bor|o(d+2—c)|<jorc=1.

(In the column j, the c-th line counted from below is the lowest
line with a letter < d+1—b.)

Example:
oc:1 — 1223 7:1 — 1113
2 — 122 2 — 111
3 — 222 3 = 2
Proposition
The sequences |m1| |ma|- - |my| such that my, my, ..., my is
o-admissible are exactly the sequences |m)||m)_4|---|mf| such

that m', mb, ..., m, is T-admissible.
1 29 9 k



Substitutive van der Corput sequences with ascending o

If o is ascending and primitive, then the substitutive van der
Corput sequence is given by

Xp = n(my)---n(mg)

if the 7-Dumont-Thomas expansion of n is

k
-
n=> |r*(m})
j=1

and my,..., my is the o-admissible sequence such that

ma - [me] = [mi] - [mi].

Remark: After a permutation of letters, G-substitutions are ascending.



Discrepancy function
D(N,[0,y)) = A(N,[0,y)) — Ny
with A(N,[0,y)) = #{x, € [0,y) : 0 < n < N}.

D(N, [0, -n(y1)n(y2)---))

= > (AN, Ln(n) - nlyiea), m() - nlyie)n(i)) ~Nn(x)8 ™)

i=1

If N =30, [7%7(m))], then

AN, () - 1(yi-1)s (1) - n(v)))
i lyil

with 0 < (N, y) < min(|mj|, lyi])+1



Substitutions of Pisot type

A(N, () - n(yi-1), n(v) - n(yi))) = Nn(yi)B~
k—i lyil d4+1—-yil{]

k
= ui(N,y)+Y ) Z T (mp) o= 7K (my) In(yi) B

j=1¢=1 b= j=1
with 0 < p;i(N,y) < min(|m;l, |yi|)+1, N = Z 1\7’ _J(mj)|

If o is of Pisot type (all eigenvalues A # 3 satisfy |A| < p < 1), then
d+1—c

Z (TR (mp) ] — ()| (my) |5~ = O(pK), hence
(Z:w Im)l o, an)--) ) = <§;|m,) _ O(log ),
D(Jz; [T (m))); [0,-77(y1)77(yz)--->) = O(;\yj\)



Substitutions of Pisot type

Theorem
If o is an ascending substitution of Pisot type, then the substitutive

van der Corput sequence is a low discrepancy sequence.

The interval [0, y) is a bounded remainder set if and only if the
o-expansion of y is finite or it coincides eventually with the
sequence my, my, ... satisfying m;jb; = o(b;_1).



