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Chapter 1

Introduction

1.1 Context and motivations

The main interest of our research has been in analyzing the tmal structure of large social
networks. How is a hode connected to the network? How can we afyze the whole set of
nodes of the network in a reasonable time? Does the way a node connected say anything
about the person represented by the node? Is there a correlan between the structure of
the network surrounding an individual and their age, genderor practices (mobile phone
uses, online popularity etc.)?

So the goal of this research is to characterize individualsyanalyzing the social network
in which they are embedded. Such a characterization is usefdor instance for service
providers, for whom the knowledge of their customers is veryimportant. It is essential
to know what services customers want and how their expectatins evolve so that o ers
or advertisement can be adjusted and sent to people who arekiely to react favorably to
them.

In order to obtain such a characterization of users , one can adopt dierent ap-
proaches. One can use socio-demographic data as age, gendeb, location etc. Other
information that can be used, which may be even more useful ah reliable than socio-
demographic one, is the traces left by customers while usingarious services. Mobile
phone providers thus know how many times a day a person makeshpne-calls, how long
their conversations are, with how many di erent people etc. In the same way, developers
of online platforms can also use traces of usage. For instaamn a platform of social net-
working and sharing of photos and videos like Flickr (www. ickr.com), users can declare
each other as contacts, upload photos or videos, make them jlic, write comments etc.
One can use this information (amount of published content, omments, number of contacts
etc.) as a characterization of each person's activity on theplatform. Di erent users can
then be proposed di erent services depending on their uses.

Nowadays, traces of uses are present everywhere and are generally easy to obtain.
Almost everybody has a mobile phone, an email address and merand more people use
online platforms like Facebook, MySpace, Flickr, Twitter, Wikipedia, Delicious, LinkedIn
etc. Some of these platforms are for social networking, othie for publishing contents
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4 CHAPTER 1. INTRODUCTION

(photos, videos, text etc.), for information etc. but all of them keep traces of human
activity. The development of Internet, of so-called Web2.Q of communications in general
but also of powerful computers being able to register, storand process large amounts of
data gives thus unprecedented opportunities for human behdor analysis. Traditionally
this was a eld of study for sociologists, but it becomes of iterest for more and more
scientists, from many domains. Such databases containingraces of uses are interesting
for instance for mathematicians and computer scientists, Wwo search for relevant and
tractable measures to characterize people uses, developgalithms and software to store
and e ciently process such large data etc. They are also inteesting for physicists who
try to discover the processes behind dierent activities or dynamics of people and for
economists who try for instance to unfold people motivationin making choices.

Traces of uses can be analyzed from di erent points of view. Oa approach is the com-
putation of di erent statistics on frequency or duration of c alls in the case of mobile phone
communications, or comments and published content in the cse of online platforms. This
gave interesting insights on the uses of di erent services omews groups [FSWO06], wikis
[HBBQ7], online dating communities [HELO4], question/ansver forums [ZAAQ7,[AZBAQS],
Youtube [CKR* 07, [MAAO8] and many other platforms. Another approach, the me we
adopt in this thesis, is that of analysis of the social network in which people are em-
bedded. When using di erent services, online or oine, people connect to each other.
These connections can be modeled as social networks, mergyaphs where the vertices
(or nodes) are the persons and the edges (or links) correspdro observed connections be-
tween them. It is important to take into consideration these connections because people
aren't isolated entities, they live together, interact and in uence each other. A often-
con rmed phenomenon is that of "word-of-mouth" [EBKG9, FES65, [ADO7]: when making
a choice, people often talk to other people, ask for advice ahare more likely to choose
something if someone they trust has already chosen it. More@r, people connecting in
the same way to the others might have similar behaviors, likethe same things etc. It
is thus important to see, analyze and characterize people ahtheir uses by taking into
consideration the context in which they evolve, the people v which they connect, so the
social networks in which they are embedded.

In sociology, the analysis of social networks hasn't appe&d with the databases of
traces of uses, but a lot of time before, when Internet and moile communications didn't
exist yet. Already present in the work of G. Simmel [Sim55a] English translation) in the
very beginning of the 20th century, it had a real developmentin the 1950s, when scholars
like John A. Barnes, Elisabeth Bott, Sigfried F. Nadel studied patterns of ties between
individuals [Bar54], kinship relations [Bot57] and social structure [Nad57]. Then, in the
1970s Harrison White and his students at Harvard University among which Mark Gra-
novetter and Barry Wellman, elaborated and popularized so@l network analysis. Since
then, questions like strength of personal ties [Gra78], saal capital [Cal88| [Bur92], social
roles in a network [[W71,[BE8Y] and many others keep croppingip. Traditionally, when
studying social networks, sociologists used to gather datay interviews with the analyzed
people. Such data is very rich, very detailed, but it takes time to obtain as one has to
interview all the persons in the study. Recordings of tracesof uses available nowadays
o er new possibilities for social network analysis. However one has a much less detailed
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image of human activities and relations between individuas. A lot of information is not
visible in the traces of uses and one cannot ask the studied pple about this missing data,
as in interviews. Thus, one has no idea about the type of relabn between two persons:
are they family, friends, colleagues, do they know each othreat all? Also, one does not see
all the connections between the two persons. Maybe they do ri@all each other by mobile
phone, but have other types of contact, by line phone or e-maietc. However, even if one
does not have the same quality as in data gathered from intenews, obtaining the data
is much easier, the amounts are much more important and they @ about many people.
The di culty thus changes from obtaining the data to analyzi ng it.

As a social network is, after all, a graph, one generally usegraph theory when study-
ing social networks. Moreover, large social networks (with let's say, some thousands of
nodes) are alsocomplex networks . This is a common name for large graphs modeling
relations between entities (persons, institutions, place etc.) found in real-life. A lot of
excitement has surrounded the eld of the analysis of comple networks since the rst
studies in the domain, at the end of the 1990s. What created &lthe excitement was
the constant discovery that real-world large graphs are vey di erent from the so-called
random networks, so are not random. "Random networks" here neans networks where
there is no constraint for linking two nodes by an edge: any tw nodes of the network
can be connected by an edge with a same probability. This de Bs a model of random
generation of networks which was introduced by Erdos and Reyi in the 1960s [ER60],
thus being the rst and the simplest network generation modd. Probably the rst paper
describing di erences between real-world graphs and randonones was/[[WS98] by Watts
and Strogatz. As the graphs analyzed in this paper were di erat from those generated by
the Erdos-Renyi model, the authors concluded that this modéwasn't adapted for gener-
ation of realistic graphs. As opposed to the Erdos-Renyi modl where any two nodes can
be connected by a link with the same probability, in real life there is probably a reason for
which two nodes become connected, there must be some factaitsat make a real-world
graph come to life and evolve in a certain way. The authors prposed another network
generation model and thus began a long series of models. Pralbly the most famous in
this series are the ones proposed by Kleinberd [KleD0] and Babasi and Albert [BA99],
but many others exist KKR *99,[KRRT99, BIN* 02] etc.

Since these rst studies, researchers have constantly notedi erences between real-
world graphs and random ones. Basically, no matter from whib context the graph comes
(sociology, biology, economy, linguistics, computer scigce etc.), in almost (if not) all the
cases, this graph has the same properties as all the other rdeaorld graphs, thus belonging
to the group of "complex networks". We present brie y some ofthese properties. Complex
networks have a heterogeneous distribution of the degree: ost of the nodes are connected
to very few others, while a small fraction of nodes are conneéed to a very large number
of nodes. Also, most of the vertices of the graph belong to a sae giant component: for
most pairs of nodes, one can go from one node of the pair to thetteer one by following
the edges of the graph. Even more, when going from the rst nod to the second one in
the most direct way one crosses only a small number of edgessually at most 20. And
this even if the graph has several millions of nodes. Anotheproperty shared by complex
networks is that of the high local density: if two nodes are conected to a common node,
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there is a high probability that they are connected to each oher, too. Here "high" means

a lot higher than in random networks. These properties have lken observed for instance
in citation graphs [Red98], protein-protein interaction networks [GR0O3,[WF01], biological

neural networks [MiOO™ 01, [SGS 02], food webs [[DWMO02], social networks modeling
online relations [MKG* 08, [ABAQO3] and many others. As said before, when creating a
random generation model, researchers try to identify the fators leading to the creation of

links and thus to explain the formation of real-world networks. The quality of the proposed

model of network generation is measured by the capacity of tt model to produce networks
that have (some of) the properties of real graphs.

There are several approaches for analyzing complex netwaskin general and social
networks in particular. Generally one can place the analys at one of the following three
levels: global, intermediate or local. At the global level me takes into consideration the
network as a whole and computes di erent properties for this €t. From the previously
listed properties, the computation of the giant component, of the distance between the
nodes and of the distribution of the number of contacts are irtluded in the global approach.
In the intermediate approach one analyzes each node by tako into consideration the
whole network. At this level one can compute for instance graps of nodes that are
densely connected inside the group and sparsely connected the other groups; this is
called community detection and has been the object of many stdies like [Eve80, GNO2,
VirQ03| BGLL08] and many others. Also at the intermediate level one can compute
the "importance" of each node, usually expressed in terms ofentrality (e.g. betweenness
[Fre77], closeness, eigen vectdr [BonB7], page rank [BPA8E.). Finally, at the local level,
a widely used measure is the clustering coe cient [WS98] HKB] measuring the local
density of the network. Brie y one computes how connected ae to each other the nodes
to which a given node is connected (as compared to the case wieeall these nodes are
connected to each other). In this local approach the idea isd analyze each node by taking
into consideration only the nodes surrounding it and not the whole network. This is the
approach that we consider in this thesis.

We want to answer the following question: given a possibly lege social network, de-
scribe its local structure, so the way each one of the nodes nnected to the surrounding
network. This description should thus o er a characterization of the individuals belonging
to a social network by taking into consideration only the structure of the social network
(and not other information on the individuals). The computation of this description
should take little time and memory so it can be applied to large social networks. To our
knowledge, existing methods either place the analysis at th intermediate level (so they
characterize the node by taking into consideration the whot network), either o er too
little information (like the clustering coe cient that onl y counts the connections between
the contacts of one node).

We propose a method to answer this question, so a method thatrelyzes the local
structure of a given graph and describes the way each node i®onected to the network.
This method takes into consideration the links each node hasvith other nodes and the
links between these nodes. We apply this method to two sociahetworks: one modeling
mobile phone communications and the other one modeling actity of MySpace users. In
these networks each node corresponds to a person; when arehlg each node we call
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the corresponding personega As we analyze the way ego is connected to the network,
this analysis can be called egocentred. Our approach here ielated to the analysis of

egocentred networks in sociology. In this approach, one stlies the personal relations a
given individual (ego) has with other individuals. The data for such studies is obtained

by interviews with ego who describes his relations with the ther persons and, sometimes,
the relations between these persons [Wel79, Wel85, Gri98,1605]. Here we try to adapt

this approach to large social networks, where the egocenttenetworks are obtained by

focusing on each individual and his links in the network. Theegocentred networks thus
obtained contain less information, are less detailed thantiose obtained by interviews with

ego. The advantage however is that the networks obtained fnm large graphs are all built

in the same way, from observed interactions, and thus are nosubjective to ego's opinion

on his relations and especially on the relations between hisontacts.

The proposed method computes a description of the way each e is connected to
the surrounding network and also of how the dierent persons go is connected to are
placed in relation with each other. As it is local, this method does not need the whole
social network in order to characterize one node (as oppose intermediate methods),
but merely the nodes to which ego is connected and the links h&een them. Thus, the
method can be applied even if one has only fractions of a cerita social network. It can be
applied as well to small networks built from interviews as tolarge social networks. Once
again, because it is local, its complexity when analyzing oa ego is also "local" i.e. it
depends only on how many contacts ego has in the network. This important because it
can be easily applied to large networks; to give an idea, oumplementation of the method
runs in 30 minutes for all the nodes in a social network with 3 nillion nodes and 6 million
edges on a computer with standard con guration.

After having obtained a characterization of the di erent per sons by taking into con-
sideration the social network in which they are embedded, oa can search for correlations
between this description and other measures characterizop the individuals. These mea-
sures can be socio-demographic data (age, gender, job et@} indicators of people activity.
For instance for the mobile phone network we use the intensit of communication of each
person (number of calls, duration, number of SMS etc.), whi¢ for the MySpace network
we use measures of online popularity. If the di erent parameers and the local structure of
the network (obtained by applying the proposed method) are bund to be correlated, then
one can use the parameters in order to infer the local structte and vice-versa. This can be
useful when some of the data is missing, for instance if one kahe social network in which
the individual is embedded but does not have the other infornation characterizing him.
Also, one can divide the persons in the given social networlknio groups depending on the
local structure of the network surrounding them: people comected in identical or similar
ways to the network are put in the same group; people with di erent local structures are
put into di erent groups. This approach is related to that of ¢ omputing "roles" of nodes
in a social network, where nodes occupying the same positipmaving the same function
in the network are grouped together. Note that when searchig for social roles (and so in
our approach here), nodes put together in the same group areat necessarily connected to
each other nor have common contacts, they are just connecteih the same way to the net-
work. The problems of dividing individuals into groups basel on a prior characterization,
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of research of correlations between indicators and of prediion of di erent parameters are
frequently found in data mining. We use some well-known techiques from this domain
in order to solve the di erent problems.

In the following section we present the structure of this thesis and its contributions.

1.2 Thesis overview and contributions

The rest of this thesis is divided into three parts.

Part I[] presents an overview of existing studies in the di erent elds of this thesis. We
begin by presenting some basic notions and algorithms of gpdn theory and of data mining
in Chapter 2l Next, we present the eld of complex networks, ®veral properties, how to
compute them and the di erences with random networks. Some mdels and algorithms for
random generation of graphs are also discussed. At the end @fhapter[3 a special place is
given to the problems of identifying frequent patterns and network motifs, two problems
related to the approach adopted in this thesis. Chaptei# the presents social networks and
several important topics in the domain, both in small detailed social networks obtained
from interviews and in large social networks modeling phoneommunications and online
activities. We also discuss some di erences between o ine ad online social networks by
comparing a mobile phone graph to a graph obtained from actiity on Flickr. This is an
original work, from which a part has been published in [PSS09SP09a]. We nish this
chapter by presenting some marketing studies using socialetworks.

Part I[]is the main part of this thesis. Chapter[J rst introduces the method for
characterizing the local structure of large social networlk. We present the method, some
algorithmic aspects and a comparison with other existing masures and methods. Part of
this chapter has been published in[[SP09b]. We continue in Cépter [@ with an analysis
of the online popularity of artists on MySpace in relation with the social structures in
which the artists are embedded. This study on MySpace populaty has been published
in [SCB10Q]. In Chapter[@ we then begin the analysis of a sociatetwork modeling mobile
phone communications. After some rst statistics, we study the contacts of each person
(ego) and their relative positions in the social network in relation with each other and with
ego. We nish this part by Chapter 8lon clustering of individu als in the mobile phone
network depending on the network structures in which they ae embedded. We compare
the group associated to each person with other information w have on the individuals i.e.
age, gender and intensity of communication. Parts of the wok presented in these last two
chapters have been published in [SP0%, SSPG10].

The last part concludes this thesis and presents some poss$ibdirections for future
work.

The appendix contains the French translation of the introduction and of Chapter [5,
the central chapter of this thesis.
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1.2.1 Publications

The research carried out during this PhD thesis leaded to thefollowing publications:

International conferences with reviewing process and pragedings

Alina Stoica, Thomas Couronre, Jean-Samuel Beuscart. To le a star is not
only metaphoric: from popularity to social linkage. The 4th International AAAI
Conference on Weblogs and Social Media (ICWSM)Washington, United States,
2010.

[CSB10]l Thomas Couronre, Alina Stoica, Jean-Samuel Beuscart. Orihe social network
popularity evolution: an additive mixture model. The 2010 International Confer-
ence on Advances in Social Networks Analysis and Mining (ASBIAM), Odense,
Denmark, 2010.

[SP09b] Alina Stoica, Christophe Prieur. Structure of neighborhoads in a large social
network. The 2009 IEEE International Conference on Social Computing (Socil-
Com), Vancouver, Canada, 2009.

Journals:
Christophe Prieur, Alina Stoica, Zbigniew Smoreda. Extradion de eseaux

egocentes dans un (tes grand) eseau social. Bulletin de methodologie sociologique
number 101, 2009.

Workshop and conferences with abstract-based submission

[SSPGIQ] Alina Stoica, Zbigniew Smoreda, Christophe Prieur, Jean-loup Guillaume.
Age, Gender and Communication Networks.NetMob, Workshop on the Analysis of
Mobile Phone Networks Boston, United States, 2010.

Alina Stoica, Christophe Prieur. Structure of ego-center@ networks in very large
social networks. The XXIX International Social Network Conference (Sunbelt), San
Diego, United States, 2009.
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In this part we present the dierent elds to which this thesis is related. We begin
by reviewing several basic concepts of graph theory and datanining. Next we make a
survey of existing studies on complex networks, by presentig their main properties, how
to compute them and also some existing network models and ratom graphs generators.
We continue with a survey of questioning and advances on soal networks, from di erent
points of view, going from detailed sociological approacheto analysis of large databases
on phone communications and online activities.

Section[4.5, discussing several di erences between an ondirand an o ine network, is
an original work.

We nish this part with a presentation of marketing studies t hat use social networks.
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Chapter 2

Basic notions

We present here some basic graph-theory concepts and an ovaw of data mining algo-
rithms.

2.1 Graph theory concepts

A graph G = (V;E) is a setV of elements calledvertices along with a set of so-called
edgese  V V connecting pairs of vertices inV: Network is a synonym for graph used
especially in sciences like sociology or biology. We intehangeably use the terms vertex
and node to refer to the elements of the seV, and similarly edge and link to refer to the
elements of the setE, although vertex and edge are usually associated to the nain of
graph, while node and link are associated to that of network.The graph G is undirected if
for all (u;v) 2 E also (v;u) 2 E i.e. edges are unordered pairs of nodes. If pairs of nodes
are ordered, so edges have direction, the graph directed ; in this case edges are usually
called arcs. The graphG is simple if it has no multiple edges (i.e. forallu;v 2 V there is at
most one edge connectingl to v) and no self-loops (¢;v) 2 E, for all v 2 V). Throughout
this document, unless speci ed otherwise, the consideredrgphs are simple and undirected.
The complement graphof a graph G = (V;E) is a graph G°= (V% E9 where the vertices
are the same as irG (i.e. V%= V) and the edges are all the possible edges between vertices
in V that are not present in E (i.e. E®= f(u;v);u;v 2 V and (u;v) 2 Eg).

Neighborhood: A vertex u 2 V is aneighbor of the vertexv 2 V ifand only if (u;v) 2
E; in this case the two vertices are said to bedjacent The setN(v) = fu 2 V;(u;v) 2 Eg
represents theneighborhoodof v, N [v] = N (v) [f vg represents its closed neighborhood
and d(v) = jN(v)j represents itsdegree

Paths and Connectedness: A path in a graph is a sequence of vertices such that
from each of its vertices there is an edge to the next vertex inthe sequence. A path where
the rst vertex in the sequence is the same as the last vertexn the sequence is called a
cycle. The length of the path is the number of edges the path uses. Thedistance between
two vertices u and v is the length of a shortest path fromu to v. If there is no such path,
the distance is in nite and the two vertices are not connectal. A connected componentis
a maximal set of vertices where for every pair of vertices the is a nite path connecting

15



16 CHAPTER 2. BASIC NOTIONS

them. A graph is connected if it has exactly one connected coponent containing all of
its vertices. The diameter of a graph is the largest distance found in the graph (when
taking any two of its vertices). Of course this de nition makes sense only for connected
graphs, so one usually restricts the computation of the diareter to the largest connected
component of the graph.

Graph isomorphism:  Two graphs G = (Vg;Eg) and H = (Vy; Ey) are isomorphic
if and only if there exists a bijective function' : Vg ! Vy (called isomorphism ofG and
H) such that any two vertices u and v are adjacent in G if and only if * (u) and ' (v)
are adjacent inH: When G and H are one and the same graph, the functiori is called
automorphism of G. The graph isomorphism is an equivalence relation on graphso it
partitions the class of graphs into equivalence classes, bed isomorphism classes.

Density: The density of a graph G = (V;E) with at least 2 vertices is the ratio
between the number of edges of the graph and the total numberfopossible edges: =
IEj

Subgraphs: Given agraphG = (Vg;Eg), agraphH = (Vy;En) is a subgraphof G if
Vy Vg and for all u;v 2 Vy, if (u;v) 2 Ey then (u;v) 2 Eg. H is aninduced subgraph
of Gif Vy Vg and forall u;v2 Vy, (u;v) 2 Eq ifand only if (u;v) 2 Eg. As a special
case, atriangle is a connected triplet of vertices {;v;w) with (u;Vv); (u;w); (v;w) 2 E:

Graph traversal: A graph traversal is a way of visiting all the vertices of a grgh
by following its edges. The most used graph traversals are tndepth- rst search (DFS)
and the breadth- rst search (BFS). In both, one starts with a node, called the root, and
explores its neighbors, their neighbors etc. until all the \ertices are explored. For each
node, its unexplored neighbors are called its children. Intie DFS one starts with the root,
then explores one child, its children, their children etc. lkefore passing to the next child.
In the BFS one starts with the root, then explores all its children, then their children etc.

Representation: Let n be the number of vertices of a graphG (i.e. n = jVj) and m
be the number of its edges (i.e.m = JEj). The adjacency matrix of the graphGisan n
matrix A such that Aj; =1if (i;j) 2 E and 0 otherwise. With this encoding, testing the
presence of an edge takes (1) time, which is time e cient. However, running through
the neighborhood of a vertexv takes ( n) time; moreover this representation takes (n?)
space which is ine cient if the graph is sparse (i.e. m 2 o(n?)).

Another graph encoding, more useful in the case of large grdys, is the adjacency list
representation where, for each vertex, one stores the (sorted) list of its nighbors. This rep-
resentation needs (m) space, which is e cient, and running through N (v) takes ( d(v))
time. However testing the presence of an edgeu(v) takes ( d(v)) time (O(log(d(v))) if
N (v) is sorted). This encoding is nevertheless much more e cietithan the previous one
for large sparse graphs.

Time and space complexity: Even if this is not necessarily connected to the graph
theory, we explain the three Landau notations: O, and o: Given two functions f and g,
one writes f (x) 2 O(g(x)) if and only if there exists a positive real number k and a real
number Xxq such that jf (x)] 6 kjg(x)j for all x > x ¢; in this casef is bounded above by
g asymptotically. One writes f (x) 2 ( g(x)) if and only if there exist two positive real
numbersk; and k, and a real numberxg such that k1jg(x)j 6 jf (x)j 6 kzjg(x)j for all x >
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Xo; in this casef is bounded both above and below byg asymptotically. Finally, one writes
f (x) 2 o(g(x)) if 8"> 0 there exists a real positive numberxg such that jf (x)j 6 "jg(x)j
for all x > x g; in this casef is dominated by g asymptotically.

For a useful introduction to graph theory and algorithms, see for instance [CLRO1].

2.2 Data mining

Data mining is the process of extracting patterns from data. It is the application of
statistical methods, data analysis and arti cial intellig ence to (often large) databases in
order to extract meaningful information. It is commonly used in a wide range of pro ling
practices, such as marketing, surveillance, fraud deteabin and scienti ¢ discovery. We
present here some useful data mining methods and several skical statistical measures.
We focus our presentation on the goals of the di erent methodsand on how they can
be used, rather than the mathematical considerations (whib explain how the method
works and why it gives good results). For useful books on theubject, see for instance
FPSSU96,/HTFO1].

Data mining methods can be categorized into two sets: desgtive methods and pre-
dictive methods. In both methods, one has a database of indiduals (or objects, elements
etc.) which are characterized by a set of variables: for eacmdividual, there is a value for
each variabld. In the rst category of methods (descriptive) there is no favored variable;
in the second case, there is one, also called the target vakite (or dependent or variable
to explain). Variables that can take only a few values can be sen as categories or classes;
they are called categorical variables. Variables that can éake any real value (maybe re-
stricted to some interval) are called continuous variables

Descriptive methods

Given a set ofp individuals and a set of n variables characterizing them, one needs to
group them in a limited number k of classes (or clusters) such that individuals with similar
characteristics are grouped together. The vector of valuesf the n variables characterizing
each individual is called feature vector. One has no a priori idea of the possible classes
nor, sometimes, of their number. This type of problem (callel clustering ) occurs often
in marketing, where companies need to divide the set of theicustomers in classes in order
to make o ers adapted to the customers' expectations and chaacteristics, in medicine,
where patients reacting similarly to medication need to be teated in a certain way, in
sociology, trade etc. There are several methods for answeg this question:

partition algorithms (k-means, density methods, Kohonen If organizing maps, re-
lational clustering etc.),

hierarchical methods (either agglomerative ("bottom-up") or divisive ("top-down™)),

fuzzy methods.

1Some values might be missing; this is a special case that we daot discuss here.
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There are several aspects that need to be taken into considation when doing a cluster-
ing; often the results depend on them. First, one often needa notion of distance between
individuals: the individuals who are similar must be close b each other according to this
distance. In most cases the chosen de nition of distance ishte Euclidean one:

d(u;v)=p(U1 vi)2+(uz v2)2+  +(uy vy)?2= (U vj)?

whereu and v are the two individuals characterized byn variables with valuesuy;:::u, and
Vi;iVip respectively. Other possible distance are the Manhattan ditance @(u;v) = ku
vky = in=1 jui Vvij), the angle between the corresponding vectors, the Hammindistance
(which measures the minimum number of substitutions requied to change one member
into another) etc. Second, the number of clusters in which tke population is divided must
be decided. There are some methods that compute this numbenbthemselves (e.g. the
relational clustering), others where it is easy to compute i (e.g. hierarchical clustering),
but also methods where this number must be given as input (e.g k-means). This can
be a problem if the given number does not correspond to the réadistribution of the
population. Third, the validation of the results might be di cult if one has no ideas of
how the individuals should be grouped (especially if the datset is very large). There
are di erent methods of validation depending on the clustering algorithm. Usually, the
algorithm tries to minimize the intra-cluster variance (th e mean of the square distance from
each individual to the center of the cluster) and to maximizethe inter-cluster variance (the
mean of the square distance from each cluster center to the ghbal center). The center
(or centroid) C of a cluster K is a vector representing the average of all the points in
the cluster i.e. for each variablei, its value is the arithmetic mean of the values for that

, I : 1P
variable of all the points in the cluster: Cg (i) = no ek Vi where nk denotes the
K

number of individuals in the cluster K, v is a point in the cluster and v; is its value for
the i th variable.

The k-means algorithm  assigns each point to the cluster whose center is nearest
(according to the chosen distance). For creatingk clusters, the algorithm works as it
follows: rst, it generates k random points as clusters centers (if these centers are not
given as input); then, it assigns each point to the nearest alster center and it compute
the new cluster centers; it repeats the two previous steps uil some convergence criterion
is met. The main advantages of this algorithm are its simpligty and speed which allows
it to run on large datasets. Its disadvantage is that it does rot yield the same result with
each run, since the resulting clusters depend on the initiarandom assignments. Also,
to compute the clusters, it minimizes intra-cluster variance, but does not ensure that the
result has a global minimum of variance. Therefore, when clstering a set of points, one
should also perform several k-means clusterings and chooslee one with the minimal
variance. As the number of clusters must given as input, one Ieuld perform several
clustering with di erent numbers k of clusters. To choose the best number of clusters, one
can compute the average silhouette! [KR90] of each clusterqnand take the one with the
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highest average@. For each point and its attributed cluster, the silhouette measures how
similar that point is to points in its own cluster compared to points in other clusters. This
value ranges from 1 (indicating that the point has been put in the wrong cluster) to 1
(indicating that the point is very similar to the other point s in its cluster). A clustering
with a higher average silhouette is therefore a better clusring.

In the Kohonen self-organizing map  [Koh90], the aim is to cluster the individuals
and also to build a bi-dimensional map with n layers (a layer for each variable describing
the individuals) where the individuals are placed dependig on their topological proximity.
The map's smallest entity is a cell, and each individual is paced in only ong cell (the
individual has the same position and therefore cell on all tke layers); there are jpj cells
wherep is the size of the population to cluster. The method has threesteps. The rst one
is the learning. The feature vectors of the cells are randomyl initialized. Then a subset
of the population to model is randomly selected; for each intvidual in this selection the
SOM nds the ("winner") cell whose feature vector is the most similar (i.e. is the closed
by a given distance). The feature vector of the winner cell isupdated to take into account
the feature values of the individual. The feature vector of the neighbor cells are then
modi ed to reduce the vectors gradient with the new values ofthe cells' feature vector.
The second step of the algorithm is the processing of the glath population to model: each
individual is placed in the cell with the closest feature vetor. Finally the last step is the
clustering of the cells with, for instance, a k-means algothm, based on the similarity of
their feature vectors.

In the hierarchical agglomerative clustering clusters are built by progressively
merging existing clusters, thus creating a hierarchy of clgters. The initial clusters are the
individuals themselves. At each step of the algorithm, the tvo closest clusters are merged.
Di erent de nitions of distance between clusters can be used the Euclidian distance
between their centers, between all their individuals, betveen the two far-most individuals
or, on the contrary, between the closest two, the increase iwariance for the cluster being
merged (Ward's criterion) etc. Each agglomeration occurs aa greater distance between
clusters than the previous agglomeration, and one can dec&lto stop clustering either
when the clusters are too far apart to be merged (distance cterion) or when there is a
su ciently small number of clusters (number criterion). As it needs to compute, several
times, the distances between all the clusters, this methodan be hardly applied on large
data.

As opposed to the rst two types of methods (partition algorithms and hierarchical
methods), the fuzzy algorithms do not place each individualin only one cluster, but rather
compute a probability of belonging to each one of the clustes.

Another set of descriptive methods, whose goals are quite dirent from those of the
clustering algorithms, are the factorial methods . Here the idea is to project the data in
a smaller number of dimensions (smaller than then characterizing the individuals), usu-
ally 2 or 3, and thus be able to visualize it. One very popular nethod in this category is
the principal component analysis [Pea01] which transforms then possibly correlated

2This is the method proposed and implemented by the statistic al tool of Matlab:
http://www.mathworks.com/access/helpdesk/help/toolb  ox/stats/bq _679x-18.html
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variables into a smaller number of uncorrelated variables alled principal components. The
rst principal component accounts for as much of the variability in the data as possible,
and each succeeding component accounts for as much of the raming variability as pos-
sible. The new variables are linear combinations of the inital variables. By computing the
values of these new variables for each individual, one has a&presentation of the individ-
uals in a smaller number of variables. One can also plot themni a 2D-space represented
by the rst two principal components and thus have an image of the similarity between
individuals.

Predictive methods

In this case there is a special variable among the characterizing the individuals. The
di erent methods try to estimate the value of this variable (c alled variable to explain or
dependent or target variable) depending on the values of thether variables characterizing
the individuals (called explaining or independent variables). If the target variable can have
only a few values, these values are considered as classesategories of individuals. In this
case, using the explaining variables, one tries to discovehe set of rules that make that
each individual is given a certain class. This way, if a new idividual enters the population,
one can attribute him a class depending on his values for thexplaining variables. This
problem is called classi cation . Another problem is the prediction , where the target
variable is continuous. In this case one needs to nd the reldon between the value
of the target variable and those of the explaining variables relation usually given by a
formula. The two types of problems occur often in medicine (vihere one needs to predict
the e ciency of medication, the probability that a patient r ecover), in industry (where
one needs to compute the probability of occurrence of a certa phenomenon), in sociology
(in order to predict the behavior of a person), in meteorolog, agriculture, banking etc.

The main classi cation methods are:

the decision trees,

the linear discriminant analysis,
the logistic regression,

the k-nearest neighbors method,

the methods based on neural networks: the support vector mdgnes, the genetic
algorithms, the expert systems.

The main prediction method is the linear regression.

In the classi cation methods, one usually uses a set of randualy chosen individuals
(among the existing population) in order to learn the rules (so build a model) by which
the di erent individuals are divided in the di erent classes. This is the learning set. Then
one takes a set of individuals from the remaining populationand test the precision of the
model on them. The precision can be measured by the fractionfdndividuals whose real
class is the same as the one predicted by the model. Nevertlesls, not all methods build a
model from a learning set; some methods simply attribute a @ss to each individual based
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on some measures and not on a set of rules. For instance, the thed of the k-nearest
neighbors attributes to each individual the class of the k nearest individuals from him
(according to a distance e.g. the Euclidian one). However,he choice ofk, of the distance
to use and the fact that the classi cation of each new individual requires the manipulation
of a whole set of already classi ed individuals make this metod di cult to use. One
usually prefers the methods where a model is built, especigl when classifying large data.

A decision tree is used in order to nd a set of rules that associate each indildual to a
class. It begins by identifying the variable that divides best the individuals in the di erent
classes such that one obtains some sub-populations, calledbdes. The population of each
node is then divided in other nodes based on the variable thasplits best the individuals
in classes. This is repeated until no division is possible owanted. By construction, the
nal nodes (the leaves) contain mainly individuals of a sinde class. Each individual is
associated to a leaf, so to a certain class, with a rather higlprobability when he ful lls
the set of rules allowing to get from the root to that leaf. The set of rules of all the leaves
represents the classi cation model, used to attribute clases to new individuals. This
method is fast and the classi cation rules are easy to undettsind. Moreover it does not
require any special conditions for the explaining variabls (as for instance some probability
laws or absence of collinearity). However, each level of the#ee depends on the previous
one, which makes that the tree might nd local optimums instead of global ones.

As a prediction method, the linear regression estimates the value of the target vari-
able depending on the explaining variables. More preciselyt estimates the conditional
expectation of the dependent variable - that is, the averagevalue of the dependent vari-
able when the independent variables are held xed. Regressh analysis is widely used
for prediction but also to understand which among the indep&dent variables are related
to the dependent variable, and to explore the forms of theseelationships. This method
works only under several conditions: the explaining varialtes are continuous and linearly
independent; other assumptions are also made on the sampleath and on the errors of
the modeling function.

We also present some useful stat|§t|cal measures. Tratandard deviation  measures

the dispersion of a variableX: E[(X «)2] where the operator E denotes the

average or expected value andq = E[X]: When the variable X has N values xy;::;; Xy
P :

the standard deviation is y = Nl N 1 (X x)2: If one cannot obtain all the values

taken by X for the given population, one can use a sample of the populatin. In this case
the standard deviation is only estimated; the denominator & replaced byN 1 instead
of N, where N is the size of the sample. Sometimes it may be useful toenter and scale
a variable X i.e. to transform X into a new variable Z with mean zero and standard
deviation one: zj = u for all i from 1 to N:

The covariance of twé variables X and Y is a measure of how much the two variables
change together and is dened as Cow ;Y ) = E (X E[XD(Y E[Y]) : If the two
valig;\bles haveN values respectivelyxq;::;; XNy andys; i yn , the covariance is CovK;Y ) =
W i= 1(XI (i y):

Often one needs to measure the intensity of the relationshigor the correlation) be-
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tween two variables X and Y. If the two variables are continuous this can be done by
computing the linear correlation coe cient (also called Pearson correlation)ry, between

the two variables: ry.y =corr(X;Y ) = COV(XX;YY) = ElX :)(yY V1. The Pearson correla-
tion is +1 in the case of a perfect increasing (positive) linar relationship, 1 in the case
of a perfect decreasing (negative) linear relationship, att some value between 1 and 1
in all the other cases, indicating the degree of linear depeatence between the variables.
As it approaches zero the correlation is weaker. The closere coe cient is to either 1
or 1, the stronger the correlation between the variables. Ifthe two variables take only a
few values(i.e. they represent classes or categories), one can verifi/the two variables
are independent by performing a 2 test (read chi-square). One can use this test to de-
cide if the category X dependents on the classy to which the individual belongs. If one
needs to measure the correlation between eontinuous variable and a categorization one
can perform a ANOVA test. This test tells if the mean of the continuous variable is the
same for the di erent categories. If this is true then the two variables are independent.
For instance, one can use the ANOVA test in order to see if the alary (the continuous
variable) is independent from the gender (the categories, mle and female). However, this
test says only if the means are di erent or not, but it does not say for which categories
the means are signi cantly di erent and for which they are not. A test that can provide
such information is called amultiple comparison test. Such tests are the Bonferroni and
the Schee tests.

The 2 and the ANOVA are exemples of hypothesis tests . Such tests are used to
prove a given hypothesisH1: For that, one submits the opposite hypothesisHg to a test
T that must be satis ed if Hg is true. The idea is to show that T is not satis ed which
means that Hg is false, soH; is true. Hq is called the null hypothesis whileH is called
the alternative hypothesis. To build the test T, one associates a statistic tdH using the
observations; this statistic must follow a theoretical law if Hg is true. Next one measures
the value v of the statistic on the given data and compares this value to he theoretical
values of the law. Also one chooses aigni cance level as a threshold from which the
hypothesis is rejected; usually this value is at most @5 Now one computes thep-value
which is the probability to observe such a value asv if Hg is true. If this probability is
lower than the signi cance level, the null hypothesisHg is rejected, soH 1 is accepted. On
the contrary, if the p value is higher than the signi cance level, the null hypothesis ca't
be rejected, so one does not know i1 is true.




Chapter 3

Complex networks

Informally, complex networks are modeling of large data. Inmany domains, sets of objects
and relations between them can be modeled as graphs where tlvertices are the objects
and the edges correspond to relations. At the end of the 1998, due to the exponential
growth of the size of relational databases, along with the deelopment of communication

tools, researchers began to analyze graphs modeling largatdsets (with at least several
thousands of recordings). Although graph theory has a long radition, the analysis of

graphs modeling large datasets became a new eld of study whih began to develop very
fast, being surrounded by a lot of excitement. This is due notjust to the development of

powerful computers able to store and handle such large datass but also (and especially)
to the discovery of a set of properties shared by these graphd.arge graphs (and by large
we mean at least 10 vertices and edges) modeling datasets from numerous domairsuch
as biology, linguistics, inter-personal communication, WWW etc. are constantly found to

share several characteristics [BA99, WS98, New03]. They artherefore grouped under a
common name, that of complex networks

There are numerous examples of complex networks extracteddm real-life phenomena.
They can model for instance the presence of words in sentergeinteractions between
proteins, collaborations between boards of directors, traes of phone calls or online activity,
mobility dynamics of people, connections by plane between igorts etc. They are the
object of study of many researchers, from several domainsoing from computer scientists,
mathematicians, physicists, to biologists, sociologistseconomists etc. The interest comes
from the importance of the study of such networks in understanding how nature works, how
people interact, how di erent relations appear and evolve et. Moreover these interactions
or relations are not random, they do not appear with an equal pobability between two
objects or two persons, but they are triggered by dierent fadors. This was a major
discovery in the analysis of complex networks: they are notandom networks. Even more,
as said before, they share several non-trivial propertiesAlmost every large network found
in nature, no matter its origin, follows a same set of characgristics. We detail these
properties, along with computational issues and examplesfacomplex networks presenting
them, in Section[3:1. We then present several models for netwk generation in Section3.2.
We nish this discussion on complex networks by showing someechniques for frequent

23
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patterns discovery and motifs identi cation in Section B3l

3.1 Complex networks properties

We present several properties shared by most complex netwks, there values in randomly
generated networks, some computational aspects and realesld examples.

In this section on complex networks properties, by randomlygenerated graph we mean
a graph where no particular constraint is imposed (besideshite number of vertices and
edges): there can be an edge between each pair of vertices lwthe same probability. This
model of graph generation was introduced by Erdos and RenyiHR60Q] and is a pioneer
work in the domain. The idea is very simple: we start with n nodes and we add edges such
that, for each pair of nodes, an edge is added with equal prolimlity p: This de nes a set
of graphs G(n; p) where (n;p) are the parameters of the model. Such graphs have some
interesting properties that we present in the same time as tlose of real-world networks.

For a graph G = (V;E), let n denote its number of vertices (i.e.n = jVj) and m its
number of edges (i.e.m = jEj).

Graphs randomly generated by the Erdos-Renyi model are usefbr comparisons with
real networks: for each real graph withn vertices and m edges, one generates random

graphs G(n; p) with p = - 2m , SO graphs that have the same number of vertices and

n 1
edges as the original one(. Sev)eral characteristics are fodrto be shared by real-world
networks but not by the randomly generated graphs. We presenhere each one of these
characteristics, their values in several examples from rddife and in random graphs but
also existing methods for their computation in large graphs Remember that we compute
these properties in graphs that have typically at least 10 vertices and an even higher
number of edges. A computation that takesO(n?) time (with n the number of vertices)
is impractical for such graphs. Therefore one needs to use eient (preferentially linear)
algorithms when analyzing complex networks.

Degree distribution.

De nition. Generally in complex networks most nodes have very low deges while
there is a small fraction of nodes with very high degrees. Whe plotting the distribution
of degrees, one obtains a curve that is very close to the axis¢e Figure[3.14)). This
is very dierent from the binomial degree distribution of ran dom networks (see Figure
[B(b)); in these random graphs the probability that a node has degeek is

n 1

P(degredv) = k)= ‘@ p" e
On the contrary, many real-world graphs have degree distrilnutions with probability density
functions of the form

p(x) = ax

where p(x) is the probability to encounter the value x, a is a constant and is an expo-
nent; distributions with such probability density functio ns are calledpower-lawsand is
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Figure 3.1: In many complex networks the degree distributio plot looks like (&), while in
random networks it looks like (b).

called the power-law exponent. A power law distribution is ometimes called ascale-free

distribution, which intuitively means that it looks the sam e regardless of on what scale
we look at it. More precisely, there exists a functiong such that p(bx) = g(b)p(x) for all

b (x and p(x) previously de ned): g(b) = b . The scale-free property means that when
multiplying x by a scaling factor b the shape of the distribution p(x) remains unchanged

except for a multiplicative constant: it does not depend on the scale. When plotted in a

log-log scale, a power-law distribution is a straight line 6ee Figure3.R).

Computation. Computing the degree distribution of a given graph is quite @sy, one
needs only to nd the degree of each node and then to count theumber of occurrences of
each degree. On the contrary, trying to match the degree digibution to a power-law is not
a simple task: the power law could be only in the tail of the digribution and not over the
entire distribution, estimators of the power law exponent could be biased, some required
assumptions may not hold etc. There are several methods empjed nowadays, like linear
regressions using the plot of the data on the log-log scale f@r having distributed the
data in equal-sized bins or in bins with exponentially increasing size), regression using the
cumulative distribution of the degree, maximum-likelihood estimators where the value of
the power law exponent is estimated such that the likelihood that the data came from
the corresponding power-law distribution is maximized, ard many others. Further details
on the mathematics of power-laws can be found in [Mit04[ New8, [CSNO7].

Deviations from power-laws. There are many studies on complex networks where the
degree distribution is computed and found to be skewed, withmany nodes having a small
degree and a small fraction of nodes having high degrees. Hewer, this does not nec-
essarily mean that the degree distribution is a power-law. There are several examples
of real-world complex networks that present deviations fran the power-law distributions;
often their distributions belong to one of the two following cases: power-laws with expo-
nential cuto s and lognormals. For power-laws with exponential cuto s, the log-log plot
of the distribution looks like a power-law (so a straight line) for the lower range of values
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Figure 3.2: The in-degree distribution on a log-log scale fiothe Epinions graph (an online
social network of 75888 people and 50860 edges[[DRO1]). This distribution follows a
power law.

of the degree and then decays very fast for large values (seegire [3.3(left)). Often the
decay is exponential and is usually called an exponential do. This distribution does
not scale and is thus not asymptotically a power law; howeverit does approximately scale
over a nite region before the cuto. This distribution captu res limitations of size found
in real world, as for example for the network of airports [ASBS00]. There is a cuto in the
possible number of nonstop destinations reachable from anigort: this might be because
airports have a limited capacity to handle new edges that thg end up reaching. The
lognormal distribution is a distribution whose logarithm is a normal distribution; its plot
in the log-log scale looks like a truncated parabola (see Fige [33(right)).

Examples of degree distributions in real-world complex natorks. The degree distribu-
tion was found to be a power-law or one of the two deviations fothe Internet [FFF99],
the web [AHOI], graphs modeling activity on online platforms MMG * 07], cita-
tion graphs [Red98], protein-protein interaction networks [GRO3,[WWF01], biological neural
networks [MiOO* 01, |SGS 02], food webs[[DWMO02] and many others.

Diameter

De nition. As de ned in Section 2.1, the diameter of a graph is the largesdistance
in the graph, where a distance is measured for each pair of ned as the length of a
shortest path between them. In other words, it is the minimum number of hops in which
any node of the graph can reach any other node. This de nitionmakes sense only for
connected graphs, so one generally restricts the computain to the largest connected
component. This is not a problem because in most complex newvks there is a giant
connected component that contains the 