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Plan
0 Complexity of LTL and its fragments

0 (A, B)-lemma.

© Small model property for subLTL.



@ Models: Infinite words over an alphabet X..

SUbLTL ::=tt |ff ‘ ngp ‘ FQO ’ Gg&| gpl\/gpg\ w1 N\ P2

® Semantics:
vE Xy if v=0"and v E .

© Negation is definable:
o (Fyp) = G(—yp)
o (Xup) = Xa(=p) V Vi, Xott
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® Propositional constants: Prop = {P,Q, ... }.

pu=P | 2P | Xp | Fo | Go | ¢1Vea| @1 Ao

® Models: infinite sequences of valuations.
© Models are words over the alphabet A = 2P,

O P translates to \/{X,tt: a € A, P € a}.
0 Xy translates to \/,_\ Xq¢.
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Thm[Sistla & Clarke]: Propositional version of LTL without until
IS Pspace-complete.

oFormula: G(P = X"P)
says that if there is P then after n steps there is P too.

o Coding of a computation of n space-bounded TM.

Thm[Sistla & Clarke]: If X is not allowed then the satisfiability
problem is NP-complete.

olf © has a model then it has one which is a lasso of poly-size.
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Obs: If X (without subscript) is added to the logic then the
satisfiability is Pspace-complete.

Obs: If X, Is allowed only in the context X,tt then the fragment
IS NP-complete (Sistla-Clarke fragment).

Question: What about subLTL? (the fragment with arbitrary use
of X, but no X).
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Obs: If X (without subscript) is added to the logic then the
satisfiability is Pspace-complete.

Obs: If X, Is allowed only in the context X,tt then the fragment
IS NP-complete (Sistla-Clarke fragment).

Question: What about subLTL? (the fragment with arbitrary use
of X, but no X).

Thm [Muschol & W.]:  The satisfiability problem for subLTL is
NP-complete. If a formula has a model then it has one which is a
lasso of a poly-size.
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0 G(X,tt = Xptt)

O G(Xytt V Xpatt)
0G(F(P,NFFR,)V F(P, A FF,))
0 G(Xape V Xbca V Xeap)

OG(F(P,ANF(P,ANFP.))V...)
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® Coding of SAT.

® For a formula over variables z1, ..., x,, we consider an alphabet
> = {0,1,...,0%,[7}

® Avaluation V : {x1,...,z,} — {0,1} is represented by a word
wy such that:
a; occurs in wy iff V(a;) = 1.

0 A propositional formula is satisfiable iff the subLTL formula
obtained by replacing each x; by F' X, ttis.
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®lLet A, B C X* be two finite sets of words.

® Swords(w) the set of finite factors of w.

® (A, B)-word is a word w such that
A C Swords(w) and B N Swords(w) = (.

Thm: If thereis afinite (A, B)-word then there is one of
polynomial size.
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Thm: If there is afinite (A, B)-word then there is one of
polynomial size.

® Consider a finite automaton whose states are (u, v) with « and
v a prefix of a word from a and b respectively.

a

e Transition relation: (u,v) — (u',v")

ou’ = wa or if ua is not a prefix of a word in A then «’ is the
longest suffix of ua which is a prefix of a word from A.

ofor v’ the same rule but with respect to B.
elnitial state (¢, ¢).

e Rejecting states (u, v) with v in B.
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® (A, B,p)-word is an (A, B)-word that starts with p.

Proposition: Let ¢ be a subLTL formula of size n. Then there
exists a set 7 (¢) of triples (A, B, p), where A, B C ¥=" are of

polynomial size in n and p € ¥=", such that for any word v € 3*:

v E ¢ iff ¥ isan (A, B,p)-word for some (A, B,p) € T(¢).

® Proof:
By induction on the structure of the formula.
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o A word w is an (A, B, p)-word iff $w is an (A’, B’)-word where:
A'=AU{$p}and B'=BU{b$: b€ X}.

Lemma: If there is a periodic (A, B)-word then there is one of

the form s* with |s| polynomial in the sizes of A, B.

o If ¢ has a model of the form v* then there is (A, B,p) € T ()
such thatvis a (A, B, p)-word.

o We know that A, B, p are of polynomial size.

0 Then there is another (A, B, p)-word s“ with |s| poly in |¢|. Itis
a model of .
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o If a formula has a model then it has an ultimately periodic
model, i.e., of the form uv.

@ If uv” E ¢ then there Is v of poly-size, s.t., us” F ¢ for all s E 1.

® The previous lemma gives us means to shorten v. We want to
shorten w.

Observation:
If uli, |ullv E Gy then ulj, |ullv E Gy for all j > 1.
If ult, |u|]v E F1 then ulj, |u|]v E Fy for all j < 1.

@ Important position: the last position where some F-formula is
true or the position just before some G-formula becomes true.
Obs: There is a poly-number of important positions.
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@ Important position The last position where some F-formula is
true or the position just before some G-formula becomes true.

Obs: There is a poly-number of important positions.

0 Between two important positions the same F' and G formulas
hold (but the truth of X-formulas may vary).

Lemma: Any subLTL formula ) using only the operators X,
(a € X¥) is equivalent to a disjunction of the form \/ _,, X,tt, for

some set V C =¥l of at most |+/| words.
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@ We fix an interval between some two consecutive important
positions ; and ;.

® Let /7 be the set of F' and GG-formulas that hold between : and ;.
@ For a formula v let @Z be obtained by putting tt for every F' or
(GG-subformula in R and ff for all the others.

© We have that there is 1/, such that  is equivalent to \/, ., X,tt.

veEVy
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@ An (Y, p, s)-word is a word w which:

e starts with p and finishes with s;
efor all positions 1 < k < |w| — |s|, the suffix w|k, |w|| starts

with a word from Y.

Lemma: If thereis an (Y, p, s)-word then there is one of
poly-size in Y, p, s.

@ For each Ga from R consider a = \/ ., X,itt.
Let Y be such that A\, a =V, ., Xutt.
Letp =upi+1,0+nland s =ulj —n+ 1, J].
Lemma: Ifwis (Y,p,s) word then for all £ < |w| — n the word

wlk, |w|] has a prefix in V,, for all subformulas Ga € R.
Lemma: The word uli + 1,j]is a (Y, p, s)-word.
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o We know that u|i + 1, j] is a (Y, p, s) word.
Lemma: Ifwisa (Y,p,s)wordthen wulj+ 1, |ul| E S;i1.

Proposition: Ifuwv” E ¢ and 7,7 € VIP are successive important
positions then there is a word w of size polynomial in n = || such
that ull,i|wulj + 1, |ul]v” E ¢.

Thm: If a formula has a model then it has one which is a lasso
of a poly-size.
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@ subLTL is a quite natural fragment of LTL that was overlooked
because of the syntactic conventions.

® Adding X or U to subLTL makes it PSPACE-hard. Any other
suggestions for extensions?

® What about LTrL version of subLTL? LTrL without U is
EXPSPACE-complete but X seems to be need in the coding.

® What about complexity of model-checking a path for subLTL.
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